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THE ITERATED STIELTJES TRANSFORM* 


BY 
R. P. BOAS, JR. AND D. V. WIDDER 


INTRODUCTION 
This paper is concerned with the iterate of the Stieltjes transform 
da(t) 
1 f(x) = f ’ 
(1) (x) 


which in turn is the iterate of the Laplace transform 


(2) f(x) = J e~*'da(t). 


It is knownf that (2) can be inverted by use of the differential operator of 


infinite order 
(- 1)* k k+1 
im (-) 


k! 


an operator which annuls the functions 
(3) f(x) = x*, k=0,1,2,---. 


It is also known{ that (1) can be inverted by use of the linear differential 
operator of infinite order 


im 


an operator which annuls the functions (3), where now & runs through the 
negative integers as well. 
When the transform (1) is iterated, one is led to the transform 


(4) fla) = du da(t) 
or, when it is permissible to change the order of integration, to the transform 
t 
(5) a) = f 
0 x—t 


* Presented to the Society, October 30, 1937; received by the editors October 1, 1937. 

t D. V. Widder, The inversion of the Laplace integral and the related moment problem, these 
Transactions, vol. 36 (1934), p. 107. 

t See the paper of D. V. Widder cited in §3. 
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To distinguish between these two cases we refer to (4) as the iterated Stieltjes 
transform and to (5) as the S: transform. We show that the existence of the 
integral (5) implies the existence of the repeated integral (4), but not con- 
versely. 

It should be observed that the kernel 


(x — #)~* log (x/t) 
becomes infinite as ¢ approaches zero. For this reason the integral (5) must 


be understood to mean 


lim 


log (x/t) 


When it is desirable to emphasize that this Cauchy value of the integral is 
intended, we write it as 


O+ 


f log (x/t) 


In the first part of the present paper the inversion of the integrals (4) and 
(5) is discussed. It is found that the inversion operator is again a linear differ- 
ential operator which annuls the functions (3) for k=0, +1, +2,--- and in 
addition the functions 


f(x) = x* log x, k=0,+1,4+2,---. 


For é an integer greater than unity we define an operator H;,,[/] by the rela- 
tion 


lf(x)] = | 


We are then able to show that if a(¢) is an integral and is of such a nature 
that (4) or (5) exists, then 


in Hx. [f(x)] = 


for almost all positive values of ¢. If a(#) is of bounded variation in every 
finite interval and is of such a nature that (4) or (5) exists, then 


+) + a(t —)] = a(0 +) + lim 


for all positive values of ¢. 
In the remaining part of the paper necessary and sufficient conditions for 
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the representation of functions in the forms (4) and (5) are discussed. The 
most important results are summarized in the following table. 


Class of the function a(t) Condition 
(A) Non-decreasing (¢>0) 
(B) Of bounded variation on (0, «) [f]| dts M 
(C) Integral of a function of L?, (p>1) Lf] 
(D) Integral of a function of L Lim.© .H:,:[f] exists 
(E) Integral of a bounded function | Hx.[f]| <M, (¢>0) 


f(x) = 
f(x) = o(1), XO, 


An entry in the right-hand column of this table indicates that those con- 
ditions for an infinite sequence of positive integers k plus conditions (6) are 
necessary and sufficient for the representation of f(x) in the form (4) with 
a(t) a function of the class described in the corresponding left-hand column. 
It is found that an additional condition must be added, except in cases (A) 
and (C), for representation in the form (5). 

The method of proof is such that from the conditions in the right-hand 
column one must be able to infer that 


f(x) = 


f(x) = o(a-"), 


(6) 


for all non-negative integers k. This is done by use of a result of R. P. Boas* 
concerning the asymptotic behavior of Euler differential forms. 

The proofs of our representation theorems are necessarily complicated by 
the fact, observed above, that the kernel of equation (5) is not bounded. A 
bounded auxiliary kernel 


log (x/t) urdu 
= f (x + u)%(t + u)? 


where 
OLf(x)] = x[2*f’(x)]”, 


is used. Conditions for the representation of f(x) in the form 


f(x) = J E(x, t)da(t) 


* See the reference in §14. 
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are first obtained, and the transition to the form (4) is then made by use of a 
Tauberian theorem. 

The two inversion formulas, for S: transforms, and the representation 
theorem (C) have been previously announced by D. V. Widder.* 


CHAPTER I. PROPERTIES OF THE TRANSFORMS 
1. The S, transform. Let a(u) be a function, defined on (0, ©), of bounded 
variation on every interval (€, R), (0<e<R< ©), and normalized by the con- 
ditions 
(1.1) a(0) = 0, a(u) = $[a(u +) + a(u — )], u> 0. 
For x >0 we consider the limit 


(1.2) f(x) lim f 


0+, Roe 


where (log x—log #)/(x—?#) is defined by its limiting value 1/x, for =~. 


DEFINITION 1.1. For any points x>0 for which the limit (1.2) exists, defin- 
ing a function f(x), f(x) is said to be an S2 transform, convergent for such points. 
We write 


(1.3) fx) =f. 


The function a(t) is called the determining function of f(x). 

THEOREM 1.1. If the S2 transform (1.3) converges for some xo>0, it con- 
verges for every x>0 and converges uniformly in any interval aSx<A, where 
0<a<A<o, 

It is necessary to show that the two integrals 

t 2/2 log (x/t 
2A 0+ x—t 


converge uniformly, a<x<A. 
To discuss the first integral (1.4), we set 


* log (x0/u) 

ai) = f (B) = 0, 
B Xo 

where B>2A is a sufficiently large constant. By hypothesis, 8( ©) exists. For 

asx<A and R>B, 


*D. V. Widder, The iterated Stieltjes transform, Proceedings of the National Academy of Sci- 
ences, vol. 23 (1937), pp. 242-244. 
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log (x/t) logx—logt x —?# 
da(t) = d 


log x%»— x — 


logx—logR x —R 


= B(R 
z—-R 


x xo —t dt 
oO 
B x—t xo — log #)? 


& — dt 
~ 


=J,—J2—Js3. 


log %9 — log ¢ (x — #)? 


Now let R- «. The term J; is 8(R) multiplied by a bounded factor which ap- 
proaches unity, so that limr...J1=8(©), uniformly for aSx<A. Since A(é) 
is bounded, it is easily seen that J: is dominated by an integral of the form 


f Mdt 
(C + log #)? 


where M and C are constants, independent of x, and that J; is dominated by 
an integral of the form 


 Mdt 
(C +t)? 


Thus Jz and J; approach limits as Ro, uniformly for a<*<A. To treat 
the other integral (1.4), we consider 


(1.5) lim 


«0+ 


2/2 log (x/t) 
J 


and set x=y!, t=u-!, and e=R-; the limit (1.5) becomes 


R ] u 
lim dy(u), y(u) = (— 2)da(o-), 
2/a 


which is a limit of the form already discussed. 

We have defined the S: transform only for a real variable x. If we regard x 
as a complex variable in (1.2) and admit all determinations of the logarithmic 
function, we may still call the function defined by (1.2) an S: transform. In 
this paper we shall not discuss the S: transform in the complex domain; but 
we state here, without proof, some of its properties. 
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THEOREM 1.2. If an S2 transform converges for any complex x0, with any 
determination of the logarithm, it converges for every x not on D, the positive real 
axis, with any determination of the logarithm, and for x on D if the principal 
value* of the logarithm is used. If, in a region S in which the Sz transform con- 
verges, the determinations of log x used form an analytic function, then the Sz 
transform represents a function analytic in S. The analytic function obtained by 
using the principal value of log x and continuing the result analytically has x =0 
as a singular point. 


2. Lemmas on Stieltjes integrals. We prove the following lemma: 


Lemma 2.1. Let f(x) be bounded, nonnegative, and monotonic on the (finite) 
interval a<x<b. Let a(x) have bounded variation on aSxb. Let f°f(x)da(x) 
exist. Then, according as f(x) is non-decreasing or non-increasing, 


b 
f(b) 1.b. [a(b) — a(x)] < f f(x)da(x) < f(b) u.b. [a(b) — a(x)], 
aszsb a 


fo) Leb. a(a)] f(2)da(z) u.b. [a(2) a(e)]. 
aszsdb a aszsb 


This lemma will usually appear in the form which it assumes when 
a(x) = {%o(t)dB(t), where B(é) is a function of bounded variation on a<x<b, 
and ¢(é) is a bounded function such that a(x) is defined. If a(x) is a Lebesgue 
integral, the lemma reduces to “Bonnet’s theorem,”{ since (taking for defi- 
niteness the case where f(x) is non-decreasing) 


a(x) — a(a) -f a’ (t)dt, 
and since the continuous function 
00) [ala 


takes on every value between its maximum and minimum, and, in particular, 
the value 


6 
f 


* —1r<[log x]<7, where the symbol denotes “imaginary part of.” 
t See, for example, E. W. Hobson, The Theory of Functions of a Real Variable and the Theory of 
Fourier’s Series, vol. 1, 1927, p. 618. 


6 
or 


1939] THE ITERATED STIELTJES TRANSFORM 7 


The two cases of the lemma are equivalent, by the substitution —y=z. 
We consider the case where f(x) is non-decreasing. Then 


= f(a) a(b) [a6) a(x) 
b 
< f(a) u.b. [a(b) — a(x)] + u.b. [a(b) — a(x)] f df(x) 
aszsb aszsb a 
= f(b) u.b. [a(b) — a(x)]. 


The inequality in the other sense is established similarly. 

Lemma 2.2. Let f(x) be bounded, nonnegative, and monotonic on the (finite 
or infinite) interval (a, b). Let a(x) have bounded variation on (a+, b—«)* for 
every (sufficiently small) «>0. Let A and B mean, respectively, either a or a+, 
b or b—. Then if a(b—) and fi f(x)da(x) exist, and if f(x) is non-decreasing, 
then 


f(b —) 1.b. [a(b —) — a(x)] <f f(x)da(x) < f(b —)u.b. [a(b —) — a(x)]; 
aszsb A aszsb 


if a(a+) and f2, f(x)da(x) exist, and if f(x) is non-increasing, then 


B 
f(a+)1.b. [e(x) — a(a+)] f f(x)de(x) < f(a +) u.b. [a(x) — a(a +)]. 
aszsb a+ aszsbd 


Let us consider the case )< «, A =a; the details for the other cases are 
similar and may be left to the reader. We determine, for «€>0, a function 
5=6(e) >0 such that 


-) | =| f daii)| lim 6(e) = 0. 
b-8 
Then by use of Lemma 2.1, 


f(@da(t) = f(b — 6) 1.b. da(t) 


a aszsb-5 


2 Jb 0) Lb. f f | 


> f(b — 6) 1.b. f da(t) — «f(b — 8). 
aszsb r 


©, at+e means if b=+0, b—e means 
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Let e—0; then we obtain our inequality in one sense. The opposite inequality 
is obtained similarly. 


Lemma 2.3. Let $(t) have bounded variation on a<x<b for every b>a; let 
$( ©) exist. Then if [2y(t)db(t) exists for every b>a, and if Y(t) is, for t greater 
than some to, non-negative, monotonic, and bounded, the integral [°y(t)dd(t) 
converges. If y(t) depends on a parameter, and if ty and the bound for W(t) are 
independent of the parameter, the convergence is uniform with respect to the 
parameter. 

In the applications which we shall make, the lemma will usually occur 
with ¢(#) an integral. When ¢(¢) is a step-function, the lemma reduces to 
“Abel’s test” for infinite series.* 

The lemma is a simple consequence of Lemma 2.2. Assume 0<y(t) 
<B,(t>to). Given e>0, choose 7 so large that for >T’=T, 


| — ¢(T’)| < «Bo. 
Take S'’>S>T. Then 


W(S’) u.b. | — o(S”)|, 
Ss8’’sS’ 


s’ 
d < 
J, | | 5”) - 
S<8S’’ss’ 


according as ¥(#) is non-decreasing or non-increasing, respectively ; and 


s’ 
¥(t)do(t) | S’>S>T. 
Ss 


This establishes the stated convergence. 

Lemma 2.4. Let d(t-"), Y(t") satisfy the conditions of Lemma 2.3 with a>0. 
Then the integral W(t)db(t) exists. 

This is reduced to Lemma 2.3 by the change of variable ¢=-". 

One simple application of Lemmas 2.3 and 2.4 is worth stating separately. 


Lemma 2.5. If the S2 transform (1.3) converges, the integrals 


1/2 dali dalt 
(2.1) f a(t) f a(t) 
2 1-t 

converge. 


If (1.3) converges, it converges for x =1. Since the functions —1/log ¢ and 
1/log ¢ are positive, monotonic, and bounded on (0, 1/2) and on (2, ©), re- 


* K. Knopp, Theory and A pplication of Infinite Series, 1928, p. 314. 
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spectively, the convergence of (2.1) follows by Lemmas 2.4 and 2.3 from the 


convergence of 
logt 
f da(t). 


3. The determining function of an S; transform. We prove the following 
theorem: 


THEOREM 3.1. If (1.3) converges, then a(0+-) exists, and 


(3.1) a(t) — a(0 +) = o(— 1/log 4), t—0, 
(3.2) = o(1/log #), 
(3.3) a(t) = o(t/log to @, 


From Theorem 1.1 and Lemma 2.5 we see that 


f f f =. f a) 
1-t ow 2 1—t 


converge; a simple application of Lemmas 2.3 and 2.4 then shows that 


(3.4) f dal), 

(3.5) f log ¢ da(t), 
(3.6) f "Flog 
(3.7) f 


exist. The existence of (3.4) implies the existence of a(0+). If we then write 


t t 
a(t) — a(0 +) = -f » B= u da(u), 


o+ log u 


we have, because (3.5) converges, 


B(t) o(1), i— 0, 

a(t) — a(0 +) = og ut) , 0<i<i, 
log t 0+ 

= o(— 1/log é), t— 0. 


This is (3.1). 


= 
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Since (3.7) converges, 
1 
J tda(t) J jo dB(u) , B(t) J u— log u da(u). 


The convergence of (3.6) implies that B(«) =0; hence 


f t'da(t) = B(u)d(1/log x), 
t 

= t), t— ©, 
This is (3.2), and (3.3) may be obtained from it; or we may proceed as follows. 

Because 
log ¢ da(t) 
ite 

converges, 


= J log u da(u) = o(t), t+ «,* 


Then with 6(2) =0, 


log u da(u) = dB(u) 
log u i) log u 


=— B(u)d(1/log u) = o(t/log 2), t— ©, 


4. Properties of the Stieltjes transform. The Stieltjes transform in its 
usual form 


da 
(4.1) f(x) = J 


assumes a(t) of bounded variation in 0 <¢<R for every positive R. We shall 
need to consider also the transform 


dal) dal 
(4.2) f(x) f x +t 


where a(é) is of bounded variation in (e, R) if only 0<e<R<o. For ex- 
ample, if a(¢) =¢ sin (¢-!) when 0 <#<1, and if a(¢)=0 when ¢=0 and when 
1<i< ~, then (4.2) exists although (4.1) is undefined. On the other hand 
f(x) =2- can have the representation (4.1) but not (4.2). 


*D. V. Widder, The Stieltjes transform, these Transactions, vol. 43 (1938), pp. 7-60. 
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By an obvious change of variable we have 


da(t) _ da(t) 1 t da(1/t) 

The first integral on the right is in the form (4.1); the second is also except 
that x has been replaced by its reciprocal. This enables us to derive easily the 
facts we need concerning (4.2) from the known results about (4.1).* In par- 
ticular we showed in §3 that the convergence of (4.2) at x =1 implies the exist- 
ence of a(0+). 

We summarize what we shall need in the following theorem: 


THEOREM 4.1. If (4.2) converges for some xo >0, it converges for every x >0, 
and converges uniformly on any interval R2x=5, (0<5<R< ~); f(x) is ana- 
lytic for x >0, and its derivatives may be evaluated by Leibniz’ rule; furthermore, 


(4.3) a(0 +) exists; 

(4.4) a(t) = o(t), t— ©; 
(4.5) {™ (x) = x—0,n=0,1,2,---; 
(4.6) (x) = o(a-*), x—+>o,n=0,1,2,---. 


5. The S; transform as an iterated Stieltjes transform. The S, transform 
was obtained by formally changing the order of integration in 


da(u) 

t+u 
In this section we shall show that this formal process is not always permissi- 
ble; that is, that (5.1) may converge when (1.3) does not. We shall show, 
however, that when (1.3) converges, (5.1) also converges, and we shall ob- 
tain necessary and sufficient conditions for the convergence of (5.1) to imply 
that of (1.3). 

DEFINITION 5.1. Let a(t) be a normalized function, of bounded variation on 


every (e, R), (0<e<R< ~). Then the iterated integral (5.1), if it exists, is called 
an iterated Stieltjes transform; a(t) is called its determining function. 


Lema 5.1. The function 


1 
H(u) = ] 
() log u °6 ute 


decreases if 0<«<e-! and 0<u<e-'—e. 


* G. H. Hardy and J. E. Littlewood, Notes on the theory of series (XI): On Tauberian theorems, 
Proceedings of the London Mathematical Society, (2), vol. 30 (1930), pp. 23-37; D. V. Widder, 
op. cit. 
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For the proof, we have 


1 1 1 u 
logu\u ute u(log «)? ute 
—1 { log (u + 
ute log u 


7 u log u 


which has the sign of the expression in the braces. For 0 <u <e-', the function 
u log u- increases; and if 0<u+e<e-', then 


1 
(u + «) log > u log —> 
€ 
lo 
g (u + 
log u 
and we have H’(u) <0. 
THEOREM 5.2, If the S2 transform 
t 
(5.2) f 


converges, then the iterated Stieltjes transform 
da(u) 
J J. t+ u 
converges, and the two are equal. 
By Lemma 2.5 and an application of Lemmas 2.3 and 2.4, it can be shown 


that 
da(u) 
converges; by Theorem 4.1, it converges uniformly on (€, R), (0<e<R< 
Hence for x >0, 


x2x+R da(u) x+e da(u) 
= f log _ f log 
0+ 0+ 


Uuteu—x 
=J+J. 


We shall show that lime... J =0, lim..o J =f(x). 
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We take any x>0 and fix it throughout the discussion. Then 


f og (7 ) da) 


é 
x+te (7 * da(u) u+e da(u) 
= log f -(f +f ) tog 
2-8 x ute/dx—u 


In J, 


1 1 1 
x—ud, \ite t 


— d(x +6) 


1 xt+e u 
me 
x—U x ute 


Fix 5, (0<65 <x); then 


With fixed 4, it is clear that J1=0(1), (e—0). 


For u>0, 
xteuc-e 
log ( ) 
x u 


is a positive, decreasing function of u; since 
f da(u) 
— 
converges, the integral J; converges, by Lemma 2.3, uniformly with respect 
to e, (0<e<1). Then we may let e—0 under the integral sign in J; and thus 
obtain J;=0(1), (e—0). 
Since e—0, we may suppose that «<(2e)-!. Let ¢=(2e)-1. Then {+e 


<1/e, and by Lemma 5.1, H(u) decreases for 0<u<f. But H(u) =0, H(u) is 
bounded (uniformly with respect to ¢ for 0 <¢< (2e)-', lim,.o H(u) =0, and 


J2= log (1/4) 
0+ x— 


By Lemma 2.4, this integral converges uniformly with respect to e, since 
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converges, and we may therefore let e—0 under the integral sign. Hence 
J2=0(1), (e0). 
Finally, log [(w+¢)/u] is positive decreasing in J3; and 


< log .b. f = 
= 


x—U 
o(1), 


To show that J-0, we set x=y—!, R=7n7', and t=u—". Then 


d u 
I -{ log “) B(u) = yf t da(t-), 
0+ nt+uy/y—u 0+ 


which is an expression of the same form as (5.3); the S. transform 


log (x«/t) 
0 x-—t 


converges if (5.2) does, as the change of variable u=-' shows. Hence 
limr..« I =0. 


THEOREM 5.3. If the iterated Stieltjes transform 


ae da(u) 
py 
t+u 


converges, the S2 transform 


f log (x/t) da(t) 
0. 


converges (and is equal to (5.4)) if and only if 
(5.5) a(t) — a(0 +) = o(— 1/log 2), t— 0, 


(5.6) f u—'da(u) = o(1/log #), to, 


If the S, transform converges, it is equal to (5.4) by the previous theorem; 
conditions (5.5) and (5.6) are satisfied, by Theorem 3.1. 
To establish the converse, we take any fixed x >0 and consider separately 


da(u) 
(5.7) f 
t 0+ t+u 


e— 0. 
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da(u) 
6.9) 
o+ +tJ, ¢ +u 
For each of these integrals, we must show that the order of integration can 


be changed. We need to do this only for (5.8). For, in (5.7) let us set ¢=s~', 
u=v-!, Then (5.7) becomes 


ds vda(v-") 
(5.9) = yf f ? 
Ytsdy s+ 


which has the same form as (5.8), if we write 


Bu) = — rdale), Bly) = 0; 
also 
f = ya(t-2) = 0(1/log 1), 


if (5.5) is satisfied. Thus if we may change the order of integration in (5.8) 
when (5.6) is satisfied, then we may change the order in (5.9) if (5.5) is satis- 
fied, and hence in (5.7). 


We consider 
dt da(u) 
I (R) = f f ? 

which by hypothesis approaches a limit as R- ©. The integral 

da(u) 

2 t+u 

converges uniformly for 0<#<R, as one sees by applying Theorem 4.1, after 
setting u=v+2, t=s—x. Therefore 


R dt 


x+R u) da(u) 
= l log — . 
f {log + og 


has the same limit when as J(R). We consider, for R > 2x, the difference 


We wish to show that 
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— J(R) = log da(u) + R da(u) 


u— xX u— 


Qz R Rd 
+(f + ) tog == aw) 
z u+Ru-x 


1s. 


[January 


We note that the integral J, converges by (5.6) combined with Lemma 
2.3. Using Lemma 2.2 and applying (5.6), we obtain 


| Ollos if da(u) 


xX 


do(u) 
< O(log R) u.b. f 
R— x |\JR u 
= o(1), 
It is a simple consequence of (5.6) that 
da(u) 
(5.10) B(t) = o(1/log t— 


Therefore, since log [(u+R)/u] is positive decreasing, (u>R), we have 


R’ da(u) 
| I2| < log 2 u.b. f = o(1), R- o, 
R’2R 
Also, 
x+R 
I,= 
4 B(u) 
x+R x+R B(u) 
= B(R) | — B(2x) | f d 
= o(1), 
by use of (5.10). 
Finally, 
2z log (x + R) — log (u+R 
=| f g ( ) g ( | 
x— 
2z 
| da(u) | = o(1), 


To complete our discussion of the relations between the S; transform and 
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the iterated Stieltjes transform, we need to establish the following theorem: 


THEOREM 5.4. There exists a function a(t) of bounded variation on (0, ©), 
such that 


da(u) 
(5.11) f f 
+ t 0+ t + 
converges, and 
t 
(5.12) f 
diverges. 


Let {un}, {u/}, (w=1, 2,---), be sequences of points such that 
0 <tr! 41<tn<Un <1, and such that the series 
log un — log up, 


n=i 10g Up nal log Un 


converge (for example, «,=2-"*, u,/ =2-"*+), Then the function 


(log Un, <Uu< Ur 
a(u) = — (2 log = Un, = Uy , 
0, elsewhere, 


has the desired properties. 
The total variation of a(u) on (0, ©) is 


< 
n=l log Uy, 
Moreover, 
1 a(u -1 “n’ du log u, — log 
o+ n=1 log Up u log up, 


Also, a(u) 20; a(0) =a(0+) =a(1) =0; a(u) —a(0+) ¥0(—1/log u), (u—0), 
since a(u,) =(—2 log u,)-! (but a(u) =O(—1/log u), (u-0)), and 
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(the change of order of integration is legitimate because the integrand is non- 
negative). Hence, by use of Lemmas 2.3 and 2.4, (5.11) converges. But (5.12) 
must diverge, since (3.1) is not satisfied. 


CHAPTER II. INVERSION OF THE TRANSFORMS 


6. The inversion operator. In the remainder of this paper, unless the con- 
trary is specified, all quantities are to be real, and the domain of all functions 
is (0, ©). 

DEFINITION 6.1.* For a function f(x) of class C?*-', an operator Lx,2[f(x) | 
is defined by 


(6.1) Li, 2[f(«)] cr(— x) [xk f(x) k= 1, 2, 
1 


— 2)! 


(6.2) a= 1, Cy, = 


DEFINITION 6.2. For a function f(x) of class C***, an operator H,,,2[f(x) | 
is defined by 


(6.3) Hi, 2[f(x)] = 


THEOREM 6.1. If f(x) is an iterated Stieltjes transform 


da(u) 
(6.4) fe) = 


then 


(6.5) Hx, z[f(x)] F,(u, x)da(u), 


0+ 


where 


6.6 F,(u, x) = d?x* 


(6.7) dy = (2k — 1)!cx. 


We have 
4(t)dt da(u) 
Ke) «+t u 
by Theorem 4.1, f(x) and $(#) are of class C*; their derivatives may be evalu- 
ated by Leibniz’ rule; and, for »=0,1,2,---, 
()(f) = t-7-1 t 0, 
(6.8) o™(t) = 
= o(t*), to, 


* D. V. Widder, op. cit. 
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Now for k=2 


=| ——d 
0 (x + 


If we integrate by parts k times, we find, by (6.8), that the integrated terms 
all vanish, so that 


[eo] =f 


Thus 
(2) JO 
(x + 2)" 


0 t 


We integrate by parts &—1 times; the integrated terms all vanish, and we ob- 
tain 


= 


Bes 
(6.9) Lx, z[f(«)] -f 
dy (t) 
t 
g(x) =f. 
then 


Li, 2[g(x)] = aust 


Applying this formula twice to (6.9), we obtain 


= 


= se ° 
0 (xt (ut 


We now wish to change the order of integration in (6.10). Writing 


(6.10) 


k 


(u + 


A(u, t) = 


| 
— 
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we see, by use of (4.3) and (4.4), that 
f [a(u) — a(0 +)]—A(u, t)du 
0+ Ou 
exists, and that 


0 
f [a(u) — +)] — = f A(u, t)d[a(u) — a(0 +)] 
0+ u 0+ 
u*da(u) 
o+ (¢ + u)** 
Now consider the integral 


k=2. For we anticipate the inequalities of Lemma 7.3; combined with (4.3) 
and (4.4), they show that the last integral exists and is equal to 


(6.11) 


f [a(u) — a(0 +)]— Fi(u, x)du 
0+ ou 
— u)dt 
(x + t)?*(u + t)2#+1 
The repeated integral is easily seen (compare (7.5), (7.6)) to be dominated by 


= — f [a(u) — a(0 +) f 
0+ 0 


ef | a(u) — a(0 +)| uF x)du, 
0 


which (because of (4.3), (4.4), and Lemma 7.3) converges (k =>2); hence the 
order of integration in the repeated integral can be changed, so that 


0+ o (x + Joy Ou 
Referring to (6.11), we obtain (6.5). 

CoROLLARY 6.1.1. For k2=2, 


| log (x/t) 


x—t 


| = F,(t, x). 


We may write 


= 0, Osu<t, 
1, u>t. 


» t= 
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Then by Theorem 5.2 
log (x/t) du da(v) 
by Theorem 6.1 


0+ 


x—t 


7. Properties of the function F;.(u, x). We have the following lemma: 
Lemma 7.1. If m=1, 2,--- ;n=2, 3, -++3">m, then 
 (m— 1)!\(n — m — 1)! 
J, 
This is the familiar formula for the beta function. 
Lemma 7.2. If k=2,3,--- , then 


f F,(u, x)du = 1, 
0 


k—1\? 
uF ,(u, x)du = f F,(u, = 
0 


0 
These formulas are obtained by applying Lemma 7.1 twice to each of the 

repeated integrals in question, after changing the order of integration. 
Lemma 7.3. If k=2,3,--- andx>0 is fixed, then 

(7.1) Fi(u, x) = O(u-***), 

(7.2) Fi(u, x) = O(u*), 


(7.3) x) = O(u-*), 
Ou 


(7.4) — F,(u, x) O(u**), 
Ou 
Since u/(u+t) <1, 1/(u+#) <t-!, and t/(u+?#) <1, (u>0, ¢>0), we have 


which gives (7.1). We have also the following relation from which (7.2) fol- 
lows: 


dt o 
F,(u, < d? mint f <d f 
o (x + #)**(u + o (x + 


21 
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Since 
— u)dt 


o (x + + 


and since for «>0 and ¢>0 the inequality |t—x| /(u+#) <1 holds, it follows 
that 


(7.5) — F,(u, x) = kd2u*'x*-! 
ou 


k 
— F,(u, x); 
u 


Ou 


hence (7.3) and (7.4) follow from (7.6) combined with (7.1) and (7.2). 
Lemma 7.4. F,.(u, x), as a function of u, increases for u<x and decreases for 
uUu>x. 
It is sufficient to establish this for x=1, since F;.(u, x) is homogeneous of 
degree —1, so that 
F,(u, x) = 1). 


We have, from (7.5), 


— F,,(u, 1) f w f 
kd? du o (1 + + o (1 + #)?*(u + 


If we make the change of variable t=u/s, and replace s by ¢ in the result, 
we find that 


bead 
= wt f 
o (1 + + 
1 u 
wt f | 
LI+¢ ut+t 


0 (1 a. t)?*+1 (4 + 


I, —Te 


which has the sign of (1—1). 
8. Some preliminary limits. We establish the following lemma: 


Lemna 8.1. If 0<y<1, then 


(8.1) lim f —— =0 


If 0<y<1, then the function u(u+1)-*, which has a single maximum 
(at w=1), increases on (0, y), and 


7.6) | x) | 
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u*-ldu v du 
0 < kd ‘| < f 
(u + 1)* (y + 9 1)? 


the last expression approaches zero (k— © ), since it is the general term of a 
convergent infinite series. In fact, the test ratio for the series is 


22k+1) 
k—-1 (y+ 1)? 
which approaches a limit less than unity (k-— ©). 
Lemma 8.2. Let 


(8.2) 
v 
= f . 
0 (% + #)°*(1 + 
Then 
(8.3) lim kH,(y) = 0, 0<y<1, 
(8.4) lim k[1 — Hi(y)] = 0, y>1, 
(8.5) lim H,(1) = 4. 
ko 


We consider first 0<y<1. In (8.2) change the order of integration and 
make the change of variable x = ut. Then 


(8.6) di *H(y) -f af (u + 1)2*(¢ + 1)?* 


since the integrand is nonnegative, and the domain of integration in (8.7) 
includes that in (8.6). Thus 


{ ° t*-ldt 
(t+ yr (t + 1)2* 


0 


=2 


(¢ + 1)?*Jo (4+ 1)?* 
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and 


H 2d f 
x(y) k G+ De’ 


since by Lemma 7.1 it is seen that 


k—1 
a f = < 1. 
o (w+ k 


Then by Lemma 8.1, lim,...kH;(y) =0, (O<y<1). 
Now consider y>1. We have by Lemma 7.2 


x)dx = (=) 
k 


H.(y) = na, x)dx = )dx. 


But 
(8.8) F,(1, x) = (a7, 1) = x? F,(1, 27), 


and (8.4) thus follows by what has already been established. 
Finally consider H,(1). Using (8.8), we obtain 


H;(1) =f ra, x)dx = f ona, a = f x)dx; 
0 1 


k — 1\? 
2H,(1) -f F,(1, = — 1, @, 
0 
Lema 8.3. If then 
(8.9) lim F,(u, x) = 0. 


It is sufficient to consider F;.(u, 1), because F,(u, x) .(u/x, 1). Since 
F,(0, 1) =0, we have by (7.6) 


v y 
0 < Fi(y, 1) -f — F,(u, 1)du ef uF ,(u, 1)du. 
0 Ou 0 
That is, 
0<F;,(y,1) ef F,(1, u)du = kH;(y) = o(1), 
0 


if 0<y<1, by Lemma 8.2. Since 


F(x, u) = xu-'F,(u, x) = uF, 1), 


6 
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we have F;(y-!, 1) =F:(y, 1); and (8.9) for u/x <1 implies (8.9) for u/x>1. 
It is interesting to compare Lemma 8.3 with the following lemma: 


Lemma 8.4. If x>0, then 
1 
Fils 2) ~—(—) , 


x \8r 
For, 


1 (2k — 1)\(2k — 1)! 
F,(x, x) = d?x?* =— 
o (4k — 1)! 
and an application of Stirling’s formula gives the result. 
9. A singular integral. We prove the following lemma: 


Lemma 9.1. If uB(u) is bounded and integrable on 0SuSx for some in- 
teger m=0, then for0<i<x 


z—6 
I; -f B(u) — F,(u, x)du— 0, @, 
0 Ou 


That the integrand is integrable for sufficiently large k follows from 
Lemma 7.3. By (7.6) 


z—6 
| Tx | < ef u-| B(u) | x)du. 
0 


Set and assume | <B, For k>m-+1, we have 


1—z~ 15 
f B(av) | Fi(ox, x)dv 
0 


bat f B(xv) | F,(v, 1)dv 
0 


f ,.(v, 1)dv 
0 


15 
= f f 
0 (1+ + 0)? 


1—z—18 {2k-2m—1q4 


< «-™'Bkd?2 f 
0 0 (1 + + 
mH — 2736) 
o(1), @ 
by Lemma 8.2, since d;/dim=O(1), (kR->@~). 
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Lemma 9.2. If B(u) is bounded and integrable on (x, R) for every R>x>0, 
and if B(u) =O(u™), (u—> ©), for some integer m=O, then for every 5>0, 


n= f B(u) — F,(u, x)\du—-0, 
ou 


We proceed as in Lemma 9.1. Assume |8(u)u-"| <B for u2x. For 
k>m-+1, we then have 


IIA 


f B(u) | Fe(u, x)du 
z+8 


IIA 


1)dv 


o (1 + #)?*(¢ + v)** 


{2k-2m—-1 
f 
Wels 0 (1 + 


k — m — 1\? 
— Hy.(1 + 
= o(1), k— @, 


TueoreM 9.3. If is integrable on every (e, R), (0<e<R< and if 
there exist integers m=0,n=0, such that 


. OW-"), 


Olu"), 


IIA 


k—m 


then for k sufficiently large, the integral 
0+ 


exists, and 
(9.3) lim G;(x) = 


for every x>0 for which either 
t 
(9.4) | au = tx, 


or b(x+) and o(x—) exist with 
(9.5) = 4[6(x +) + o(x —)]. 
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We note that (9.4) is satisfied for almost all x, and, in particular, wherever 
¢(x) is continuous.* 
We show first that (9.2) exists. For R>1, 


R R 


R 0 
= FA(R, — — 
1 Ou 
By Lemma 7.3 and (9.1), if k2=>-+2, this expression is 
R 
O(R-*-)O(R") — f O(u")O(u-"-*) du, 
1 
which approaches a limit as R-. A similar argument shows that 


1 
f x)o(u)du, kiam+2, 
0+ 


converges. 
Since by Lemma 7.2 f¢ F:.(u, x)du=1, (k=2), we have 


(9.6) Dalz) =Gi(2) 42) = f 
0+ 
Let x be a point where (9.4) is satisfied, and set 


B(t, x) -f [o(u) — o(x)|du. 


Dale) = 2) = f Blu, =) Fal, 
0+ 0 


the integrated terms vanishing (for k sufficiently large) by (9.1) and Lemma 
7.3. Assuming (9.4), we find that B(u, x)=0(|u—x|), (w—«); we can there- 
fore choose 6, (0<5<-x), so that, e>0 being given, 


(9.7) | B(u, x)| Sel x— ul, |x—u| <6; 


— D,(x) = + B(u, x) x)du 


then 


* See, for example, E. C. Titchmarsh, The Theory of Functions, 1932, p. 364. 


Then 
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By using (9.1), we see that 8(u, x), as a function of wu, satisfies the hypotheses 
of Lemmas 9.1 and 9.2, and hence that 


lim (hh + Ts) = 0. 
Since, by Lemma 7.4, F;(u, x) increases for u<x and decreases for u>x, 
z z+6 
| Z2| <f | B(u, x) | x) -f | B(u, x) | duFi(u, x); 
z—8 z 
and if we use (9.7), 


z z+6 
|Ie| < ef (x — u)d,F,(u, x) — ef (u — x)duF;,(u, x) 
z—6 z 


= — — 5, x) — Fi (x + 6, x) +e F,(u, x)du 


< ef F,(u, x)du =e, 
0 


since F,(u, x) 20. Therefore 


lim sup | D,(x)| ¢; 
to 


and since ¢ was arbitrary, 
lim Gi(x) = ¢(x). 


Now suppose that (9.5) is satisfied. Set 


o(x =), u<%, 
A(u) = o(x), u= x, 
o(x +), u> x, 


w(u) = o(u) — 0(u); 


then w(uz) is continuous at u=x, and w(x) =0. Hence 
G(x) = f F,(u, x)w(u)du + f F,.(u, x)0(u)du; 
0+ 0 


w(u) satisfies the hypotheses of the theorem and satisfies (9.4) at u=x. By 
what has already been established, 


lim xjw(u)du = w(x) = 0. 
0+ 


to 
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On the other hand, 


f F,(u, x)0(u)du = —) f “Flu, x)du + o(x +) f x)du 
0 0 z 
= d 
f F (ux, x)du + xo(x +f Fi(ux, x)du 


= d . 
o(x F,(u, 1)du + o(x Hf F,(u, 1)du; 
an 


(9.8) Fy(u, 2)0(u)du = (x +) + [a(x —) — +)] J "Ful, 


But 
1 
f F,(u, 1)du -f uF (1, u)du 
0 0 


1 
= H,(1) -f (1 — u)F,(1, u)du; 
0 
and for 0<e<1, 


f — u)du = f “a = writ, + — aut, 


ba 


F,(1, u)du + ef F,(1, u)du 
0 0 


+ 


By use of Lemma 8.2, we see that 


1 
lim sup f (1 — u)F,(1, u)du < e, 
0 
and hence that 
1 
lim F,(u, 1)du = lim H,(1) = 1/2. 
0 


Thus (9.8) gives 


lim f Fy(u, 2)0(u)du = 3[6(x +) + —)], 


and the proof of Theorem 9.3 is complete. 


| 

ry 

a 
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Corotiary 9.3.1. The hypothesis (9:1) may be replaced by the requirement 
that the iniegrals 


1 
f u"d(u)du, f u-"o(u)du 
0+ 1 


exist, for some integers m,n =0. 
We have only to verify (9.1). For w>1, set 


Then 


= f = f 
= ¥(u)u" — nf "ly (t)dt = O(u"), o, 


A similar argument applies when u—0. 
10. Inversion formulas. We consider first the integral 


d 


where is integrable on every (e, R), (0<e<R<«), 
THeoreM 10.1. If f(x) has the form (10.1), then 


(10.2) = lim f(z) | 
for almost all x>0. 


Because of Theorem 5.2, this inversion formula serves also for S2 trans- 
forms of the form 


f(x) = J 


t 


By (4.3) the integral 
o(é)dt, 


exists; by (4.4) 


fsa = ow, 
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Hence ¢(#) satisfies the hypotheses of Corollary 9.3.1, and 
lim Fi(u, x)o(u)du = 
0+ 
for almost all x. But by Theorem 6.1 
0+. 


The same reasoning leads to the following corollary: 

Cororrary 10.1.1. If f(x) has the form (10.1), then (10.2) is true whenever 
= 

THEOREM 10.2. If f(x) is an iterated Stieltjes transform of the form 


da(u) 


with a(t) a normalized function, of bounded variation on every (e, R), 
(0<e<R< ~~), then 


(10.4) a(x) — a(0 +) = lim f f(x) x>0. 
to 0+ 
Because of Theorem 5.2, this inversion formula serves also for the S: 


transform 
_ log 


We begin by showing that the integral in (10.4) is defined. We write 
B(u) =a(u) —a(0+), (420), and consider, for y>e>0 and k=2, the integral 


= f x)dB(u) 


€ 0 


the integrated terms in the integration by parts vanish because of (4.3), (4.4), 
and Lemma 7.3. We may change the order of integration in equation (10.5) 
and obtain 


(10.5) 


y v 
(10.6) f Hy, 2[f(x) |dx = -f f 5, x)dx 
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if 


(10.7) 


is finite. By (4.3), (4.4), there is a constant A such that 
| B(u)| < A(u +1), 


du 


B(u) — Fi.(u, x) 
Ou 


then, by use of (7.6) and Lemma 7.2, 


dus kA f x)du 
0 


Hence the integral (10.7) is finite, and (10.6) is true. But xF;(u, x) is homo- 
geneous of order zero, so that by Euler’s theorem 


0 
B(u) x) 


1 
— F,(u, x) = — — — [sF,(u, 
ou u Ox 


and (10.6) becomes . 
(10.8) = u-1p(u) [yFu(u, y) — €) 
Write 
=e f u'B(u)F,(u, e)du. 
0 


For k2=3, at least, J(€) is defined; we shall show that lim,.. J(€) =0. We can 
find, given 6>0, constants 7 and A >0 such that 


| B(u)| < 46, 
| B(u) | < Au, u =n. 
Then 
I) s 18 e)du + Ae = Ae. 
0 0 2 k 


For ¢<6/(2A), we have |I(e)| <5; and 6 was arbitrary. Hence we may let 
e—0 in (10.8) and obtain 


f les = fp > 0, 
0+ 0 


- 
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The function u-'8(u) satisfies the hypotheses of Theorem 9.3, and satisfies 
(9.5) for every positive u. Therefore 


tim = = — a(0 +), y>0. 
0+ 


11. The saltus operator. We make the following definition: 
DEFINITION 11.1. Am operator hi.,.[f(x) | is defined by 


hi, f(*)] = e[f(2)]. 
THEOREM 11.1. Under the hypotheses of Theorem 10.2, 


(11.1) lim hy, -[f(x)] = a(x +) — a(x —), x>0. 
ko 
We consider first the point x =1. Introduce the functions 
a(i —), u <i, 
¥(u) = a(1), u=1, 
a(1 +), u>i, 


w(u) = a(u) — ¥(u); 


w(u) is continuous at w=1, w(1) =0. Clearly 
0+ 0 
Now 


(11.2) 
by Lemma 8.4. For k23, 


where n, (0<7 <1), is chosen so that | w(u)| <¢/2 on (1—7, 1+7), €>0 being 
arbitrary. Now w(u) satisfies the hypotheses of Lemmas 9.1, 9.2, so that we 
obtain 


lim (hh + = 0. 
to 


| 
| 
| 
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By Lemma 7.4, F;(u, 1) increases on (1—7, 1) and decreases on (1, 1+7), 
so that 


| 


IIA 


1 1+9 
| co(u) | 1) — f | wo(u) | 1) 


me 


IIA 


by Lemmas 8.3 and 8.4. Thus 


8r\1/2 
lim sup (=) 
k 


and ¢ was arbitrary. Using also (11.2), we obtain (11.1) for x=1. 
To establish (11.1) for we set x=xoy, t= 20s, in (10.3); a 
simple computation gives 


g(y) = Xof(xoy) = J. B(v) = 


By what has already been proved, 


Se, 


1)dw(u) 
0+ 


k 
Hix(g(y)] ~ ++) — —)], ko 
But 
Ha = F,(u, 1)da(xou) = Fy (xq 'u, 1)d 


F,(u, xo)da(u) = k, f(x) ]. 
0+ 


Hence (11.1) is established in general. 


CHAPTER IIT. REPRESENTATION OF FUNCTIONS BY ITERATED 
STIELTJES TRANSFORMS 


12. Theorems on linear differential operators. We consider operators of 
the form 


(12.1) L{f(2)] = 


where ,-:(x) =B,_:x‘; the B; are constants, and B,¥0. We shall call an 
operator of the form (12.1) an Euler operator* of order n. In this section we 


* Because L[f(x)]=g(x) is an “Euler differential equation.” E. L. Ince, Ordinary Differential 
Equations, 1927, p. 141. 


n 
t=0 
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collect the properties of Euler operators which we shall need later. 


THEOREM 12.1. If LIf(x)] is an Euler operator of order n, there exists an 
operator L[f(x)], of order n, called the adjoint of L{f(x)], such that for any func- 
tions f(x) and g(x) of class C*, 


where 

(12.3) P[f(x), g(x)] = x = (— (x) 


where the A;; are constants. Moreover, 


(12.6) Ag A, ¥0, 


where the A; are constants; in particular, L[ f(x) ] is an Euler operator. 


The formulas (12.3) and (12.5) are the standard expressions.* To reduce 
them to (12.4) and (12.6), respectively, one carries out the indicated differen- 
tiations and collects terms. The details are left to the reader. 


THEOREM 12.2. If L[f(x)] is an Euler operator of order n, if f(x) and g(x) 
are of class C", and if 


(12.7) f?(x) — 0, 
as x—0 and as x—> ~~, then 


0+ 0+ 


if either integral converges. 
Because of (12.2), 


R R 


R 
O<e<R< oe, 


* See, for example, E. L. Ince, op. cit., pp. 123-124. 


| 
| 
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By (12.4) and (12.7), 
P[f(x), g(x)] = o(1), @. 
THeEorEM 12.3. If L[f(x)] is an Euler operator of order n, a fundamental 
set of solutions of the differential equation L[f(x)]=0 is 
(12.8) x, log x,--- , x*(log 4=1,2,---,f, 
where the a; are complex constants, the b; are positive integers, and >4_,b;=n. 
Conversely, any set of functions of this form determines (except for a constant 


multiple) an Euler operator of order n, for which the functions form a funda- 
mental set of solutions. 


This is essentially a restatement of known results.* We have 
(12.9) Lif(x)] = (x). 
t=O 
If we set x =e’, it is easily verified that 


xifO(x) = | (D 


j=0 


where D denotes d/dz, so that 


n i-1 n 
t=O j=0 t=0 
The linear differential equation with constant coefficients, M[g(z) ]=0, has, 
as is well known, a fundamental set of solutions 


with 


where the a; are roots, of respective multiplicities b;, of the algebraic equation 
> j.oBs_t'=0. Replacing z by log x, we obtain the functions (12.8). 

Conversely, let the functions (12.8) be given. There is a polynomial 
P(t)=)>-?_,B,/_it‘ having as roots the a; with multiplicities b;. We can write 
P(t) in the form 


(12.10) P(t) = > » (¢ — j). 


* E. L. Ince, op. cit., pp. 141-142. 
¢ An empty product denotes unity. 


i 
=n, 
t=1 
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Then the operator L[f(x) |, defined by (12.9), with the constants B; of (12.10), 
will have the functions (12.8) as a fundamental set of solutions, as the first 
part of the proof shows. Since P(é) is, except for a constant multiple, uniquely 
defined, L[f(x) ] has the same property. 


THEOREM 12.4. If L[f(x)] is an Euler operator of order n, and f(x, y) is of 
class C" and homogeneous of order —1, then L.[f(x, y)]=Ly|[f(x, y)]. 


From the expressions (12.1) and (12.5) for L[f(x)] and L[f(x)], we see 
that it is sufficient to establish the theorem for the special operator L[f(x) ] 
=x*f(x), (k=1, 2,---), that is, to prove that 


(12.11) (~ 1)* — (y*f(x, y)) = f(z, y), k=1,2,---+,m. 
dy* Ox* 
For k=1, (12.11) is 
of of 
oy Ox 


which is Euler’s theorem for a homogeneous function of order —1. 

We proceed by induction; assuming (12.11) for k—1, we establish it for k. 
The function x—*+y*f is homogeneous of order zero; applying Euler’s theo- 
rem, we have 


Oy Ox 
1 
(— 
ox 
o*f 
as _ 
(- 


hence (12.11) is established for k. 
THEOREM 12.5. Hi,2[f(x)] has as a set of fundamental solutions 


(12.12) x", x" log x, =—k,—k+1,---,—1,0,1,---,k—2. 


There are 4k —2 of these functions; they are clearly linearly independent; 
it is easily verified that L,,.[f(x)] annuls x*, and transforms x" log x into a 
constant multiple of x", (n= —k, —k+1,---,k—2), so that H;,.[f(x)] an- 
nuls all the functions (12.12). 
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12.5.1. Hz,2[f(x)] is an Euler operator. 
13. An auxiliary kernel. We make the following definition: 
DEFINITION 13.1. An operator Q[f(x)] is defined by 

(13.1) QLf(=)] = = + + 
It is evident that Q[f(x)] is an Euler operator. 
DEFINITION 13.2. A function E(x, t) is defined by 


] t 
= ES). 
x—t 
Lemma 13.1. Ifx>0,t>0, then 
urdu 
(13.2) E(x, t) = 2x : 
o (x + + u)? 
We have 


log (x/t) du 


du 1 du 
= -f (x + u)*(¢ + u) at +f (x + + 
0 (x + u)%(¢ + u)? 
Lemma 13.2. If x>0 is fixed and n=0,1,2,--- , then 


(13.3) E(x, t) = O(t-*-? log 2), to, 


ot” 


(13.4) E(x, t) = O(-"), t— 0. 


ot” 
We have, from (13.2), 


B(x, = 2x(— 1)*(n + 1)! f 
at” o (x + + 
ot” o (x + + u)? 


(m + 1)!E(x, 


From (13.2), we see that (13.4) holds for »=0; then (13.4) for »>0 follows 
from (13.5). Also, 


= 
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log (x/t) 


and (13.3) for 7=0 follows; we obtain (13.3) for m>0 by use of (13.5). 
Lemma 13.3. For k23, 


(13.6) Hz, = 
where M;.,2[f(x) | is an Euler operator of order 4k—5. 


Simple computation shows that, for any real , 


Q[x"] = + 1)2", 
Q[x" log x] = n2(m + 1)x" log x + (3m? + 2n)x*. 


Hence Q[f(x)], applied to the functions (12.12), gives either zero or a linear 
combination of the functions (12.12) other than 1, log x, and x—' log x. By 
Theorem 12.3, there is an Euler operator M;,2[f(x)], of order 44—5, having 
the functions (12.12), other than 1, log x, and x—' log x, as fundamental solu- 
tions. Then M;,2{Q[f(x)]} annuls all the functions (12.12) and hence differs 
from H;,2[f(x)] at most by a constant multiple. If this constant is suitably 
determined, (13.6) follows. 

14. A general representation theorem. We prove first the following theo- 
rem: 


THEOREM 14.1. If f(x) is of class C*, 'f 


(14.1) f(x) = o(1), 
(14.2) f(x) = o(a-), x—0, 
and if 

(14.3) f “Ayal f(x) Jat < O(x), LO, 
(14.4) f < O(x-*#+2) , 


each of (14.3) and (14.4) holding for an infinite sequence of positive integers k, 
then 


(14.5) = lim Hy alf(x) ]E(a, «> 0, 


and, forn=0,1,2,--- , 


f 
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(14.6) f(x) = o(x-*), Go, 
(14.7) {™ (x) = x—0. 

Let k be an integer greater than unity for which (14.3) holds. Since 
H;,,z|f(x)] is an Euler operator, we may apply a result of R. P. Boas,* in 
virtue of which (14.1) and (14.3) imply (14.6) for m=1, 2, --- , 4k—4. Since 
(14.3) holds for infinitely many &, (14.6) holds for all m. Similarly, (14.4) and 
(14.2) imply (14.7) for m=1, 2,---. Since f(x) satisfies (14.6), (14.7), the 
function Q[f(x)] also satisfies (14.6), (14.7) (see (13.1)). With Lemma 13.2, 
these relations imply 


for 0, i, p=0, g=0. Then by Theorem 12.2, 
0+ 0+ 


if either integral converges. But E(x, ¢) is homogeneous of order —1; by 
Theorem 12.4, Definition 13.2, Lemma 13.3, and Corollary 6.1.1, we have 


Mi, e[E(x, t)] Mi,2[E(x, 


log 


= F,(t, x), k22. 
Hence (14.8) becomes 


(14.9) f =f na, 
o+ 0 
where the right-hand integral converges for k=>3, by Lemma 7.3 and the in- 


equalities satisfied by Q[f(¢)]. But Q[f(é)] satisfies the conditions of Theorem 
9.3 and is continuous for ¢>0; hence 


tim = OL], >0. 


With (14.9) this yields (14.5). 


*R. P. Boas, Asymptotic relations for derivatives, Duke Mathematical Journal, vol. 3 (1937), 
pp. 637-646, Theorem 2, with ¢(x) =x0(x) =x, and Theorem 3, with ¢(x) =2—10(x) =x. 
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15. The iterated Stieltjes transform with non-decreasing determining 
function. We make the following definition: 

DEFINITION 15.1. A function f(x) will be said to satisfy Conditions A if and 
only if 

(i) f(x) is of class C* on (0, ~); 
(ii) f(z) =0(1), ©); f(x) =0(a-"), (x0); 
(iii) for an infinite sequence of positive integers k, 
Hy, z[f(x)] = 0, 


THEOREM 15.1. Conditions A are necessary and sufficient for f(x) to have 
tne representation 


(15.1) fx) dt da(u) 


with a(u) normalized and non-decreasing. 


That Conditions A, (i) and A, (ii) are satisfied if f(x) has the form (15.1), 
we know by Theorem 4.1; Condition A, (iii) follows from 


Hy = Falu, be 2, 
0+ 
since x) =0. 
If f(x) satisfies Conditions A, —f(x) satisfies the hypotheses of Theorem 
14.1, so that 
(15.2) Q[f(«)] = lim f f(x) |E(«, ddt, x>o0. 
0+ 


Formula (13.2) shows that E(x, #) is a positive decreasing function of ¢, 
(0<t<); and E(x, x)=1/(6x) (by Lemma 7.1). We then have, since 


[f(x)]=9, 
f Ayal f(a) = f Ayal f(a) = E(x, x) f f(x) at, 
0+ 0+ 0+ 


a,(x) = Hx,u[f(x) |]du 6x f f(x) |E(«, 


We define a;(0) =0. If we refer to the proof of Theorem 14.1, we then have, by 
relation (14.9), 


(15.3) ax(z) 6x z>0. 
0 


| 
f 
| 
| 
| 
| 
| 
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But by (14.6), (14.7), there is a constant A such that 
s AA 0<t<o; 


hence, using (15.3) and Lemma 7.2, we have 


a,(x) S f (1+ x)dt 


6A 4 
( 
and 
(15.4) < 6A(x + 1), 0<x< 


where A is independent of &. 

The functions a;(x) (for & is the sequence of Conditions A) are non-de- 
creasing and are bounded, uniformly with respect to , in each interval (0, ), 
(n=1, 2,---). By a theorem of E. Helly,* we can select a subsequence con- 
verging in (0, 1), a further subsequence converging in (0, 2), and so on; by 
use of the diagonal process, we then obtain a subsequence {az,(x)}, converg- 
ing in (0, ~) to a non-decreasing function a(x). The relation in (15.2) states 
that 


f(x)] = lim B(x, t)da,(t) = lim f R(x, t)da,(t). 
J 9 


too 0+ 


By use of (13.4), (15.4), and the Helly-Bray theorem, it follows easily that 


=f dda, 


or that 
urdu 
=2f daw f — 
(15.5) «sf 2. 
o (x + 
da(u) 
(+ 


The changes of order of integration, here and for the remainder of the proof, 


* E. Helly, Uber lineare Funktionaloperationen, Sitzungsberichte der Akademie der Wissen- 
schaften, Vienna, vol. 121 (1921), p. 265. 

+ See, for example, G. C. Evans, The Logarithmic Potential. Discontinuous Dirichlet and Neumann 
Problems, American Mathematical Society Colloquium Publications, vol. 6, New York, 1927, p. 15. 
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are legitimate because the integrands are positive and a(¢) is non-decreasing.* 


Since [x*f’(x) ]’=0(1), (x), we may integrate (15.5) on (x, ©), obtain- 


ing wa 
w(t t 
24? d 
= -2f af 
ty(t)dt 
o (x +2)? 
Since xf’(x) =0(1), (x0), we may now integrate on (0+, x) obtaining 
d 
f 
0 + t 


The convergence of this integral implies, by use of Lemma 2.3, the conver- 


gence of 
“hae 


— a(0 +) da(u) 
x 0 (x + #)? 0 ita 


Then we have 


xf’ (x) 


since 


da(u) 
= J 


has the properties ¢() =0, and ¢(#)~a(0+)/t, Thus 
~ a(0 +) dt dau) 
x? 0 (x + t)? o + 


since f(%) =0, we may integrate on (x, ©), obtaining 


f'(x) = 


* The theorem which we use here is the analogue for Stieltjes integrals of the Fubini theorem 
for Lebesgue integrals; see S. Saks, Theory of the Integral, Monografie Matematycane, vol. 7, Warsaw, 
1937, p. 77. 

+t D. V. Widder, paper cited in §3, p. 10. By the way in which a(¢) was defined, we have a(0)=0, 


i 
| 
| 
(v) 
+»)? 
& 
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a(O +) da(u) 


f(x) = + 


t+u’ 

since f(x) =o0(x-'), (x0), and since the integral has the same property, 
a(0+)=a(0)=0, and the proof is complete. If a(¢) were not normalized, 
normalization would not affect the representation (15.1); actually, because of 
Theorem 10.2, we see that our construction yields a normalized function a(t). 


«+t 


THEOREM 15.2. Conditions A, and the additional condition 


(15.6) = log x), 
are necessary and sufficient for f(x) to have the representation 
(15.7) f(x) = f dt f da(u) 

oo t+u 


with a(t) normalized, non-decreasing, and bounded, on (0, ©). 


If f(x) has the representation in question, Conditions A are satisfied be- 
cause of Theorem 15.1. To establish (15.6), we change the order of integration 
in (15.7)* and write 


f(x) = (fi+f sain, x>1, 


= fi(x) + fo(x). 


Then 
f(x) < = f log (x/t)dax(2) 
- [a(1) — a(0 +)] — log ¢ da(t) 
= log x), 
filx) < J = log 2), 


Conversely, if f(x) satisfies Conditions A, f(x) has the representation 
(15.7), and it remains to show that (15.6) implies that a(#) is bounded. Now 
(15.6) implies that for some constant M, 


af (x 
(15.8) lim sup i=) 
log x 


sM. 


* See the last footnote but one. 


a 
; 
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We may change the order of integration in (15.7), obtaining 
* log (x/t) 
(a) =f 
0+ 


since a(t) is non-decreasing and (log x—log #)/(x—?#) is a positive decreasing 
function of ¢, we have, for any R>0, 


sta) aad 


2 da(t) = [a(R) a(0 +)] EE 
hence 


xf(x) 


og x 


If a(#) were unbounded, we could choose R so large that a(R)—a(0+)>2M 
and then obtain from (15.9) 


lim inf 


> 2M, 
log x 


which would contradict (15.8). Hence a(é) is bounded. 

16. A Tauberian theorem. Representation theorems for the iterated 
Stieltjes transform with determining function in a class other than that of 
non-decreasing functions are less easily established than the theorems of §15; 
there are no available theorems on change of order of integration to carry 
us, in general, from 


dt dau) 
t+u 
We shall use, instead, certain consequences of a Tauberian theorem of Hardy 
and Littlewood,* which we quote as a lemma. 
Lemma 16.1. If is integrable on every (€, R), (0<e<R<@), if 
t)dt H 
(16.1) ma) = f ~—) 
o x 


* G. H. Hardy and J. E. Littlewood, Notes on the theory of series (XI): on Tauberian theorems, 
Proceedings of the London Mathematical Society, (2), vol. 30 (1930), pp. 23-37; 33. 


to 


a 


: 
} 
| 
im 
| 
te 
‘la 
gi 
= 
way 
ist 
BS 
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with 0<o<p, H#0, and if, for almost all t not less than some to, 


(16.2) o(t) = — Ker", K>0; 

then 

(16.3) = f o(u)du ~ r~, t— @, 
0+ T'(o)'(p — o + 1) 


The theorem remains true when H=0 if p>o, and (16.1), (16.3) are inter- 
preted as h(x) =0(x-*), B(t) =o(t-*), respectively. 

We have modified the original statement of the theorem somewhat, but 
the modifications are unimportant in their effect. 

We shall need also the theorem resulting from one case (p=o0=1) of 
Lemma 16.1 by the substitutions ¢=«~', y=x~'. For convenience, we state it 
as the following lemma: 


Lemna 16.2. If the Stieltjes transform 
y(u)du 
+ yru 
converges, if Y(u) > —M, (M>0), for almost all u, (0<u< ~), and if 
tim = 6, G #0, 
y0+ 


g(y) = 


then 
f u—y(u)du = G. 
0+ 


We use Lemmas 16.1, 16.2 to establish the following theorem: 
THEOREM 16.3. Let W(t) be integrable on every (€, R), (0<e<R<~), let 


(16.4) y(t) = O(1), 
(16.5) y(t) = t—0, 
and let 
1 

(16.6) baad ‘f (u)du 
exist. Assume that f(x), of class C®, satisfies 

(16.7) f{™ (x) 


for n=0, 1, 2, 3, and let 


THE ITERATED STIELTJES TRANSFORM 


o (x 


ow, 


(16.8) [x2f’(x)]” = 2 


= f u-y(u)du, 
is defined, and 


= f 0O<x< 


We integrate (16.8) on (x, y), (0<x<y); application of Lemma 2.3 shows 
that the integral converges uniformly on (x, y); therefore 


+ y + 2é)dt 


As y>~, [y?f’(y) ]/0, by (16.7). By use of (16.4) it is easily shown that 
we have 


(16.9) 


— x) 


Il 
‘2 


By (16.7) and (16.8) 
d. 
= 
o (x 


by (16.4), |#()| <Mt, (t>1), for some constant M. By Lemma 16.1, with 
p=3,0=1, H=0, 


+ 


= oft), 
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by 
Then 
& 
t — @, 
Then 
t u2 t 
ot) = = —— aw 
o 4)? o (x + u)? 
(u) ———— du 
{x + u)* 
t> 
Hence 
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ty (t)dt do(t) _ o(t)dt 
Collecting results, we find from (16.9) that 


=o(1), 


J, (x + + [x*f"(x)] yo; 
by (16.4), for fixed x>0 and some constant MV, 
t>1 
(x + t 


It follows easily from (16.8) that f(x) is analytic. The relation [x?f’(x) ]’=0 
is impossible (except in the trivial case f(x) =0, which we exclude from further 
consideration) because (16.7) excludes all linear combinations (with constant 
coefficients, not all zero) of the fundamental solutions 1 and 2—! of [x?f’(«) ]’ 
=0; hence [x?f’(x) ]’=0 at most on a set S of isolated points. For x not in S, 
we can apply Lemma 16.1, with p=o =2, obtaining 


t(t)dt 
o (x +2)? 


This holds for x in S as well, by continuity. 
We integrate this relation on (y, x), (0<y<-), and obtain 


= - 


As y—0 we have, by (16.7), y*f’(y) =0(1) and thus 
t)dt 


o («+ A)(y+ 
also, by (16.4) and (16.5), for fixed x >0 and some constant M, 


t 
<M, t#>0. 
By Lemma 16.2 
f(s) =f 


for all x>0 for which f’(x) 0; since f’(x)=0 at most at a set of isolated 
points, this relation holds, by continuity, for all «>0. 


* We leave to the reader the proof of the simple Abelian theorem used here. 


y— 0; 
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A simple application of Lemma 2.3 shows that @(#) is defined; we then 
have 


— xf'(x)=— | ade 
f(a) amp 
A 
where A =lim;,.o, #0(é) is defined because (16.6) exists. We now have 
A 
[@e-—- 
x? o+ (x + #)? 


Integrating on (x, y), (0<*<y), we have 


1 1 A(t) dt 
fle) — (- +0 
6(t)dt 1 A 
and 
0<ti<o, 
t 


for some constant M. By Lemma 16.1 (with p=o=1), 
A Ot 
f(z) -— -f dt 
x o «+t 


for all x >0 for which f(x) —Ax-!0, and hence (by continuity) for all x>0, 
since (16.7) excludes f(x) =Aa-!. But f(x) =o(x-!), (x0); and by (4.5) we 
obtain 


6(t) 
f —- dt = x—0. 
+t 


Hence A =0, and the proof is complete. 
17. Determining function of bounded variation on (0, ©). We introduce 
the following definition: 


DEFINITION 17.1. A function f(x) is said to satisfy Conditions B if and only 


if 


(i) f(x) is of class C* on (0, ~); 
(ii) =o(x-"), (x0); f(x) =0(1), 


(iii) for an infinite sequence of positive integers k, 


v4 
¥} 
as 
4 
| 
& 
‘a 
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fi His[f(x)]| dt < M, 


where M is independent of k. 


THEOREM 17.1. Conditions B are necessary and sufficient for f(x) to have the 
representation 


da(u) 
f(s) =f. art t+u 


where a(u) is a normalized function of bounded variation on (0, ~). 


If f(x) has the form (17.1), Conditions B, (i) and B, (ii) are satisfied, by 
Theorem 4.1. As for Condition B, (iii), by Theorem 6.1 


| Hil = t)de(u) 


i) 


0 
and 


fi dt s fo af t) | da(u) | 


J | dac(u) | F,(u, t)dt* 


To establish the converse we apply Theorem 14.1. Conditions (14.1), 
(14.2), and (14.3) are evidently satisfied. To establish (14.4) we write 


(17.2) f Haul f(x) Jadu, 1>0; 
v 
then 
f |dt = f den 


1 
ax(1) — + (4k — » f ar, 


20, 


* We have again used the Stieltjes analogue of the Fubini theorem. See the third footnote in §15. 


do(u)| = M. 


1939] THE ITERATED STIELTJES TRANSFORM Si 


since a;(#) =0(1), (t-0); this holds for the sequence of integers k of Condition 
B, (iii). Theorem 14.1 now gives 


(17.3) = tim f Ble, 
re 


where a;(¢) is defined by (17.2), and we think of & as restricted to the sequence 
of Condition B, (iii); Theorem 14.1 also shows that relations (14.6), (14.7) are 
satisfied. 

Condition B, (iii) states that the functions a;(¢) have uniformly bounded 
variation on (0, ©). By Helly’s theorem* we can pick a subsequence {a:,(¢) } 
converging to a function a(#) of bounded variation on (0, ©). The function 
E(x, t) is continuous on (0, ©) and approaches zero as t—  ; it follows easily 
from the Helly-Bray theoremf that we may take the limit under the integral 
sign, over the sequence {k,}, in (17.3). That is, 


= E(x, t)da(?) 


= t)da(t) , 
0+ 


fi da(t)| < M. 


Using the expressions (13.1), (13.2) for O[f(«)] and E(z, #), we obtain 


2d: 
(17.4) =2f J (e+ u)? 
w(t) dt 


o 
(17.5) v(t) f 
o+ (¢ + u)? 
We now apply Theorem 16.3. Clearly (16.4) and (16.5) are satisfied; also 
da(u) 
{= 
g(t) f 


exists because a(#) has bounded variation on (0, ©), g(#) =o0(t-"), (t-0), (by 
Theorem 4.1), and 
* E. Helly, loc. cit. 


+ G. C. Evans, loc. cit. 
t For the change of order of integration, see the third footnote in §15. 
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= — 
so that the limit (16.6) exists. Conditions (16.7) are contained in (14.6), 


(14.7), which we saw above to be consequences of Conditions B, (ii) and B, 
(iii), through Theorem 14.1. Then by Theorem 16.3, 


f —— du 


dt 
=— u)du 
0+ + t t 
dt da{u) 
(where we have used the fact that g(«)=0). By the definition of a(?), 
we obtain a(0) =0; that a(#) is normalized follows from Theorem 10.2 and 
(17.2), because of the way in which a(#) was defined. 

18. Determining function the integral of a function of L7, (p>1). We 
make the following definition: 

DEFINITION 18.1. A function f(x) satisfies Conditions C if and only if 

(i) f(x) is of class C*.on (0, ©); 

(ii) f(x) =0(1), (x); f(x) =0(x-"), (x0); 


(iii) for an infinite sequence of positive integers k, 


f(x) 


fi Hi[f(x)] < M, p>1, 
0 


where M is independent of k. 


THEOREM 18.1. Conditions C are necessary and sufficient for f(x) to have the 
representation 


at 
(18.1) f(x) =f. 


with o(u) of class L? on (0, ©), (p>1). 
If f(x) has the form (18.1), Conditions C, (i) and C, (ii) are satisfied, by 
Theorem 4.1. As for Condition C, (iii), 


then, by use of Hélder’s inequality and the Fubini theorem, 
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(=) fi o(u) |?du = fi (u) f x)dx 


-f f =) | |Pdw 


f F,(u, 6(u) ax, 1/p + 1/q = 1, 


= x)/9F.(u, x) | (2) | au) 


am ff x) | | au) 


We may take M =," |$(u)| 

To establish the converse, we apply Theorem 14.1. We need only verify 
(14.3) and (14.4). To do this, we have, for the sequence of integers of Condi- 
tion C, (iii) by Hélder’s inequality, 


k+2) 


Then by Theorem 14.1, 


with & in the sequence in question; and (14.6), (14.7) are satisfied. By the 
weak compactness of the space L?,* there is a function ¢(f) of L?, such that 
for every function w(t) of Ls, (1/p+1/q=1), 


*S. Banach, Théorie des Opérations Linéaires, Warsaw, 1932, p. 130. Banach gives the theorem 
in question only for a finite interval, but it is equally valid for the infinite interval. 
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—+ 0 0 
It follows from Lemma 13.2 that E(x, ¢) belongs to every L’, (¢>1); hence 
= sete, nat, 
0 
with ¢(¢) belonging to L?(0, ©). That is, 
ty(t)dt 
o (x 
o(u)du 


(¢+ 4)? 


the change of the order of integration is justified by Fubini’s theorem. 
We now apply Theorem 16.3. By Hélder’s inequality 


l/p 
f | rile, 1/p+1/q=1, 


= t-0,t- @; 


v(t) =t 


thus (16.4) and (16.5) are satisfied, and the limit (16.6) exists. Conditions 
(16.7) are included in (14.6) and (14.7), which we have already established. 


Moreover, 
o(u)du 
ow 
is seen to exist, by another application of Hélder’s inequality; ¥(¢) = —ig’(é); 
and g(*)=0. By Theorem 16.3 


dt 
= —d 
f(a) J. 
dt o(u)du 
o+ +i 0+ t+u 


t>0, 


g(t) = 


and the proof is complete. 

19. Determining function the integral of a function of class L. Theorem 
18.1 fails when p=1, since for p=1, Conditions C reduce to Conditions B. 
To treat the case p=1, we introduce the following definition: 


[January 
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DEFINITION 19.1. A function f(x) satisfies Conditions D if and only if 
(i) f(x) is of class C* on (0, ©); 
(ii) =0(1), (x f(x) =0(a-), (x0); 
(iii) for some infinite sequence of positive integers k, Hx,.[f(x)]| belongs to 
L(0, ©), and for m and n in the sequence, 


lim | HmtLf(x)] — Ha [f(~)]| dt = 0. 


THEOREM 19.1. Conditions D are necessary and sufficient for f(x) to have 
the representation 


@ d 


with integrable on (0, ©). 


If f(x) has the form (19.1), Conditions D, (i) and D, (ii) are certainly 
satisfied. To verify Condition D, (iii), we note that for k=2 


(A) = | au na 


| F.(u, t)du 


> J | | ae, 


so that H;,.[f(x)] belongs to L(0, ©), (k=2). In addition 
| Lf(x)] = F,(u, t)| — ¢(0)| du 


1) | — | du; 


f | Hee[f(x)] — o()| dt < f dt f 1) | o(ut) — o(t)| du, 
0 0 0 
if the iterated integral converges. It will converge if 
(19.2) f F,(u, 1)g(u)du 
0 


converges, where 


g(u) = J | p(ut) — de. 


| 

| 

E 
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But for some constant A 
g(u) < A(L + w); 
hence (19.2) converges (k =>3). Furthermore, g(u) is continuous at u=1, and 


g(1) =0.* Corresponding to an arbitrary «>0, we determine 6, (0<6<1), so 
that 


g(u) <e, |u—1| <6. 
Then 
1-8 1+6 
- o@las (f+ f+ newman 
0 0 1-6 1+6 


Ins ef F,(u, 1)\du = e, 
0 


1-6 


1-8 
I; af (1 + uw )F,(u, 1)du 24 f uF ,(u, 1)du 
0 0 


IIA 


1-5 
= 2A F,(1, u)du 
0 
= 2AH,(1 — 4) = o(1),T 


(1 + w")F;(u, 1)du < 24 f F,(u, 1)du 


1+6 


= raat u*du 
146 0 (u + t)?*(1 + 


{?*-3qt 
2a? f f 
148 0 (u i)?*(1 + 


+9} 


o(1), 


IIA 


It follows that a 
tim f | - | at = 0, 
0 


ko 
which implies Condition D, (iii). 


*D. V. Widder, A classification of generating functions, these Transactions, vol. 39 (1936), 


p. 267. 
+ Hi(1—85) is the function of Lemma 8.2. 
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We now establish the sufficiency of our conditions. Condition D, (iii) im- 
plies* the existence of a function ¢(é), integrable on (0, ©), such that 


ae = f ae 


lim [f(x)]du = f t>0, 


0 


where & runs through the sequence of Condition D, (iii). Consequently, 


f f | | de +1 


for k greater than some ko, and k in the sequence. Thus f(x) satisfies Condi- 
tions B, and by Theorem 17.1 


dt da(u) 
=, 
o+ +t o+ + u 
with a(#) a normalized function, of bounded variation on (0, ©). By Theorem 
10.2, 


a(t) — a(0 +) = lim ew, t>o. 
0 
But 
lim f(x) |du = f $(u)du, 
0 0 


ine 


where {k;} is a certain subsequence of the integers, and consequently 
t 
ali) a0 +) = f ewan. 
0 


Hence f(x) has the form (19.1). 
20. Determining function the integral of a bounded function. We intro- 
duce the following definition: 


DEFINITION 20.1. A function f(x) satisfies Conditions E if and only if 
(i) f(x) is of class C* on (0, ©); 
(ii) =0(1), (x); f(x) (x0); 
(iii) for an infinite sequence of positive integers k, 
| <= M, 0<x<om, 


where M is independent of k. 
* See, for example, E. C. Titchmarsh, The Theory of Functions, 1932, pp. 387 ff. 
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THEOREM 20.1. Conditions E are necessary and sufficient for f(x) to have 
the representation 


(20.1) f(x) = f. =. 


xtitdJo, t+tu 
with o(u) bounded almost everywhere. 


If f(x) has the form (20.1), we have only to verify Condition E, (iii). For 
k=2 we have 


< uf F,(u, x)du = M, 
0 


| Hx, 2[f(x)] | - if F,(u, x)o(u)du 


where |¢(u)| <M almost everywhere. 
To show that the conditions are sufficient, we use Theorem 14.1, whose 
hypotheses are evidently fulfilled. It follows that 


= lim J ]E(a, pdt. 


By the weak compactness of the space of functions bounded almost every- 
where,* there exists a function ¢(#), bounded almost everywhere, such that 
for every function w(t) of L(0, ©) 


lim Hx lo(t)dt = f o(t)w(t)dt. 


0 


Since E(x, 4) belongs to L(0, ©), we obtain 


urdu 
2f"(x) = 2 =2 
o(u)du 
o (+4)? 
We now apply Theorem 16.3. Since 
|¥@| <M, 


the conditions of that theorem are satisfied, and 


f(x) 


6(x) -f dt G+»? 


* S. Banach, loc. cit. Banach gives the theorem only for a finite interval. 


(20.2) 
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For y>x we have 


— = (2 — 9) f 

since the integral defining y(#) is evidently uniformly convergent (x <t<y). 


Hence 


o(u)du 
0 (x + u)(y + u) y 


@ 


ow) 
x+u u 
for almost all u, and for fixed x. By Lemma 16.1 (with p=o=1), 
o(u)du 
20.3 = 
(20.3) (4) 


for all ¢>0 for which 6(é) ~0. Since 6(¢) =0 at most on a set of isolated points 
(except in the trivial case f(x) =0), (20.3) holds by continuity for all ¢>0. 
Substitution of this formula for 6(¢) into (20.2) completes the proof. 


CHAPTER IV. THE REPRESENTATION OF FUNCTIONS BY S2 TRANSFORMS 


21. Determining function non-decreasing; determining function the in- 
tegral of a function of class L”, (p>1). In these two cases the S2 transform 
and the iterated Stieltjes transform are equivalent. The Sz transform is ob- 
tained from the iterated Stieltjes transform by a formal change of the order 
of integration. If the determining function is non-decreasing this formal proc- 
ess is legitimate; it is also legitimate if the determining function is the in- 
tegral of a function of class L, (p>1). In fact, if @(#) belongs to L?, (p>1), 


then 

| <(f | (f » 1I/pt+i/q=1, 

1/p 

=(q- f | (x) 


t+u 
and since ¢—/»/(~+#) is integrable on (0, ©), (x>0), 


dt 
0 x+t 0 i+u 


exists and dominates 


j 
{ 
t 
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dt (u)du 
x+t+itd, tit+u 
We may therefore state the following theorems: 
THEOREM 21.1. A necessary and sufficient condition that 
=f 
0+ 
with a(t) normalized and non-decreasing, is that f(x) satisfy Conditions A. 


THEOREM 21.2. A necessary and sufficient condition that 


f(z) = goat, 


with p(t) belonging to L»(0, ©), (p>1), is that f(x) satisfy Conditions C. 


Corresponding to the representation theorems for the iterated Stieltjes 
transform in the other cases, there are representation theorems for the S: 
transform; in each case an auxiliary condition is imposed to make applica- 
tion of Theorem 5.3 possible. 

22. Alemma. We can make the following statement: 


22.1. Let 
Huy) = 
0 


Then there is a constant A such that 
(22.1) y?H SA, 0<ys1/2, 
uniformly with respect to k, (k=2). 

We refer to the proof of Lemma 8.2 (page 23), where we find the relation 


wie 
H ads f - 


Since é(#+1)-? increases on (0, y"/*); we have 


Hily) < (2-57) f ) 


But 


(2k — 1)! 
— 2)! 


* H;(y) is the function of Lemma 8.2. 
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By use of Stirling’s formula, we see that there is a positive constant B such 
that 


dy, < Bki222*, 


Since 0 <y <1/2, there is a constant \ <1 such that 
Ayll2(yll2 4. 1)-2 


Then 
S 4 < k= 2, 


for a suitably chosen constant A. 

23. Determining function of bounded variation on (0, ©). We prove the 
following theorem: 

THEOREM 23.1. A necessary and sufficient condition that f(x) have the repre- 
sentation 


(23.1) f(x) = 


with a(t) a normalized function, of bounded variation on (0, ©), is that f(x) 
should satisfy Conditions B, and that for an infinite sequence of positive in- 
tegers k, 


< 1/4, 


(23.2) log — | f Hi, ulf(x) 


where e(#) =0, and is independent of k. 


We show first that if f(~) has the form (23.1), then (23.2) is satisfied. By 
Theorem 5.2, f(x) is an iterated Stieltjes transform; hence 


-f F,(u, t)da(u), k2=2, 


= nate) = dat f “Pe, dat 


the change of the order of integration is legitimate because under our hy- 
potheses, the last integral is absolutely convergent.* 


The function 
f F,(u, t)dt 
0 


* See the third footnote in §15. 
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is a decreasing function of u. For, ¢F;(u, ¢) is homogeneous of order zero, 


Fils, ) = — — — (ales, 0) 
Ou u dat 4 
and 

z= 

— f F,(u, t)dt = f — F,(u, t)dt 

Oud Ou 

= — «u'F,(u, x) <0, u>0,x>0. 


We now have, from (23.3), 


+f, f t)dt = 1, + Ie. 


Using Lemma 2.2, which applies because [> F.(u, #)dt is a positive decreasing 
function of u, we obtain 


( tim pat) ub. | a@(y) — a(0 +)|. 


OSysz 
But 
z ° k—1\2 
f F,(u, t)dt <f F,(u, t)dt = (—) <i, 
0 0 k 
and 
(23.4) < u.b. | a(y) — a0 +)]. 
Osysz'/2 
Let 
f | da(u) | = M. 
0 


Since />F,(u, t)dt is a decreasing function of u, 


uf t)dt = f F,(x'/?, t = 
0 0 


lA 


| 


= F,.(1, u)du = MH;,(x'/?). 
0 


According to Lemma 22.1, then, there is a constant A such that 


| AMx4, 1/4. 


Combining this with (23.4), we have 


THE ITERATED STIELTJES TRANSFORM 63 


|i + I2| S e(x), 1/4, 


e(x) = u.b. | x(y) — a(0 +) | + AMx"4, 


Osysz)/2 


The function e(x) is independent of k, (k =>2); and e(x) =0(—1/log x), (x0), 
since by Theorem 3.1, 


u.b. | x(y) — a(0 +) | = o(— 1/log x'/*) = o(— 1)/log x). 


Conversely let us suppose that f(x) satisfies the conditions of the theorem. 
Conditions B imply that 


(23.5) (2) dt da(u) 
f o+ + t 0+ t + 

with a(«) a normalized function of bounded variation on (0, ©). By Theorem 
10.2, 

a(u) — a(0 +) = lim f Hy f(x) |dt, u>0. 

0+ 
Therefore 
| a(u) — a(0 +) | log (1/u) = lim log (1/u) f f(x) |dt 
0+ 


But by (23.2), 


log 


S e(u), 1/4, 
0 


for some sequence of integers k. Hence 


(23.6) | — a(0 +)| log (1/u) < e(u), O<us 1/4. 
Furthermore, 
and for ¢>0, 
(23.7) if = o(t/log t— 


Conditions (23.6) and (23.7) are the conditions of Theorem 5.2; since they 
are satisfied, we may change the order of integration in (23.5) to obtain the 
representation (23.1) for f(x). 
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The condition (23.2) appears highly artificial; one might hope to replace 
it by a weaker condition which, together with Conditions A would still be 
sufficient for f(x) to have the representation (23.1). This, however, does not 
appear to be possible. Inequality (23.2) states that 


f = o(— 1/log x), x—0, 
0+ 


where the function o( — 1/log x) is independent of &; if the uniform o( — 1/log x) 
is replaced by a uniform O(—1/log x) and a non-uniform o(—1/log x), then 
Theorem 23.1 ceases to be true. This is verified by the following theorem: 


THEOREM 23.2. There exists a normalized function a(u), of bounded varia- 
tion on (0, ©), such that 


dt da(u) 
fe) =f t+u 


converges, 
t 
f og (x/t) da(t) 
0+ 
diverges, 
(23.8) log (1/x) f || <M, k22;0<2x1, 
0+ 


with M independent of k, and 
(23.9) log (1/2) Heal = o(1), x—0, 
0+ 


for each k=2. 


The function a(x) is defined by means of the sequences {u,}, {u,/ }, asin 
Theorem 5.4; the sequences are now further restricted by the conditions that 


< Ue, Un < 2Un, 


and that 
(Un 
n=1 


converges. For example, we might have 


ty, = Un = (1 + Un. 


The first two statements of the theorem were established in Theorem 5.4. 
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The proof of the necessity of the conditions of Theorem 23.1 shows that 
(23.8) is satisfied if 
a(u) = O(— 1/log x), u—0, 


(which is readily verified in this case), and that 


ar ( fo + f "Fula, 


with 
Tz = O(x'/*) = o(— 1/log x), x—0. 
It remains only to show that for k=2, 
(23.10) I, = o(— 1/log x), x—0. 
Take x<u?. We have /,=Q+R, where 
—1 


@- 2 


n=notl log Un 


and mp is determined by the condition u,, <2"? <uny1; 


( z 
— (2 log tad f F (Uno, t)dt, = u,,, 
0 


— (log tad f F (Un, t)dt, t., < < Unos 
0 
R= — (log f — Fu(ttng, t)\dt, ny < < tea, — 1, 
0 


— (2 log f t)dt + f [F t) Fi 


\ wl? = un. 
Now 


0 % 
F,(u, t)dt = — —F;,(u, x);* 
Oud o u 


hence 


f [Fi (ttn, t) — , t)\dt = — tn) x), < < 
0 


* See p. 32. 


ii 

& 
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so that 

Un — Uy 
(23.11) Q=« ———Fi(u,’, x). 


n=ngt1 Un log Un 


[January 


For n=mo+1, we have <u,,<x"?; since we have 
and (Lemma 7.4) F,(u, x) is an increasing function of u for u<w,,,,, (k22). 


Thus, for 
Fy(un’, x) S Fi(un, x), 
But 


s2k-lds 


S 
0 (s + Un ) 
Ax Ax 
= < 
Un 


IV 
to 


n=n+1, 


where A, depends only on k. The function —1/log u increases for 0<u<1; 


hence for n=)+1, one has 
—1 —1 —1 
< 


< = 
log u, logu,, log x'/? 


Relation (23.11) now gives 


0<Qs = 
log Une log nmi Ure 


= O(— x/log x) = o(— 1/log x), 


If <u,,, then 


0< f t)dt 
0 


log Un, 


t*-\dt 
log x 0 (s + #)?*(s + t,,)?* 


~ log x 0 (5 + + u,,)?* 


Un, log x Un, log x log x 


«—0. 
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where A? depends only on k. Therefore, 
0< ks 
log x 
If, on the other hand, u),, <x"? <w,,-1, then 
— 1 z 
0< f [Fx(tng, t) — t) |dt 
log 
— Ung) 
Un, Ung 
— 
< 
log x 


Fi(tng, %), ang < tag < Wags 


where A;’ depends only on k, since 


Fy x)s Ax/tng < Ax/Un, 


and (thy — Ung) Ung is the general term of a convergent series. Therefore, 


—Af'x Axi? 
og x og x 


We have shown that 
Q + R = o(— 1/log x), x—0, 


and the construction is complete. 
24. Determining function the integral of a function of class L. The theo- 
rem which we establish is little more than a corollary of Theorem 23.1. 


THEOREM 24.1. A necessary and sufficient condition that f(x) should have 
the representation 


* log (x«/t) 
(24.1) f(x) = J. o(t)dt, 


with p(t) of class L on (0, ©), is that f(x) should satisfy Conditions D and (23.2). 


The conditions are necessary, by Theorems 19.1 and 23.1, since (24.1) can 


be written 
* log ( 
on ——— dai), 
fs) =f 


0+ 


67 
ting S < 
(24.2) 
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(24.3) f = f | o(u)|du=M<o, 
0+ 0 
The conditions are sufficient. By Theorem 19.1 


0 


this we may write as 


da(u) 
i+@ 


where a(¢) is defined by (24.2) and has the property (24.3); and we have 


(24.4) a(t) = lim f f(x) |du, 
0+ 
By Theorem 17.1 
f | f(x)]| dt < M, k=2,3,---. 
0 
Then f(x) satisfies the hypotheses of Theorem 23.1, and 
log (x/t) 
(24.5) g(a) = f 
0+ 
where 
A(t) = lim f(x) |du, 
0+ 


Comparing this with (24.4), we obtain 
BQ) = a(t) = o(u)du, 


and (24.5) reduces to (24.1). 

25. Determining function the integral of a bounded function. We prove 
the following theorem: 

THEOREM 25.1. A necessary and sufficient condition that f(x) should have 
the representation 


(25.1) a) = f goat, 
0+ 
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with o(t) bounded almost everywhere, is that f(x) should satisfy Conditions E, 
and that for an infinite sequence of integers k, 


(25.2) log x S x 2 4, 


where limz.. €(x) =0, and €(x) is independent of k. 


To establish the necessity of the conditions, we have only to establish 
(25.2), because of Theorems 20.1 and 5.2. We have 


Aral = f Fi(u, t)o(u)du, 


Take x>1. Then 


= + To. 
To discuss J2, set 


au) = f recat. 
By Theorem 3.1, 
(25.3) B(u) = o(1/log x), 


then, since F;(u, 4) =O(1/u), we have 


f Fy (u, )o(u)du = — f 


1 1 


uF (u, t)dB(u) 
(25.4) 
0 
= B(1)F;.(1, 2) +f B(u) — (uF .(u, t))du. 
1 Ou 


By the homogeneity of F;.(u, 


0 0 
— (uF t)) = —t—F,(u, t); 
x t)) t) 


therefore 


(25.5) B(u) (uF .(u, t))du = — ‘f Blu) t)du. 


It is easily verified that, for each k, the integral on the right is uniformly con- 
vergent for 4=5>0, and hence that we may take the symbol 0/d# outside the 
integral sign. Using (25.5) in (25.4), then, we obtain 


(25.6) I, = ac) f tF,(1, dt -f B(u)Fi.(u, du} +12’. 


2 

3 
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Consider the integral 


(25.7) f B(u)F.(u, (f +f.) B(u)F,.(u, x)du. 


(25.8) | f alu, x)du| < u.b. | B(u)| f F,(u, x)du 


u.b. | B(u)|. 


There is a constant B such that |8(u)| <B, (1<u<). Then 
| f B(u)F;.(u, x)du Bf F;,(u, «)du 
1 1 


= Bs F x)dv, 


Bf F,,(v, 1)dv 


Bf vF (1, v)dv 


< Bf F,(1, v)dz, 
0 


BH,(a-"/?). 


Applying Lemma 22.1, we then have 

(25.9) if B(u)F,.(u, x)du|} S ABx-"!4, 
1 


Now 
B(u) = o(1/log x), ©, 


Combining (25.9), (25.8), and (25.3) and referring to (25.7), (25.6), we see 
that for x=4 


(25.10) | 74’ | = B(u)F.(u, x)du| e,(x)/log x, 
1 


where =0(1), (wx), and e(x) does not depend on k. 
We have still to discuss 


1 
raat f F .(u, t)p(u)du 
z 0 


\ 


THE ITERATED STIELTJES TRANSFORM 


Ij = aa) f rma, t)dt. 


For ¢>u, F;(u, #) is an increasing function of « (Lemma 7.4); therefore for 
t>1, 


1 
F,(u, t)o(u)du MF (1, t), 
0 
where | ¢(u)| <M almost everywhere. Hence 


M f tF,(1, #)dt, 


| i+ 12 | < (M+| A(1)| 


But for x>1, 


z 
f tF,.(1, = f sF,(1, s~4)ds, 
z 0 


z 
-f F;(s, 1)ds -f sF,(1, s)ds 
0 0 


27) 
< f F,(1, s)ds = 
0 


Again by Lemma 22.1, we see that 

| i+ | €2(x)/log x, x24, 
where €:(x)=0(1), (x), and is independent of k. Combining this with 
(25.10), we have (25.2). 


We now establish the sufficiency of our conditions. By Theorem 20.1, 
Conditions E imply that 


(25.11) dt o(u)du 


with |¢(«)| <M almost everywhere. By Theorem 10.1 
(25.12) ¢(u) = lim Hy,u[ f(x) 
ko 


for almost all u. Since (25.2) is satisfied, we have 
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and 
and 
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< e(x)/log x, x24, 


z 


for an infinite sequence of integers k, with e(x) independent of k, and 
e(x) =0(1), (k->~). Then for & in the sequence, 


Hx, f(x) 


€(%1) €(%2) 
~ log x1 log 


Let k—> in the sequence. By (25.12) and bounded convergence, 


1 t 


~ log x1 log xe 


Therefore 


converges, and, if we set x,=x and let x,.—, we obtain 


(25.13) f als 1 ) 


~ log x log x/’ 


Moreover, 


(25.14) oe < Mt = o(— 1/log 4), t— 0. 
0 


Relations (25.13) and (25.14) are the conditions of Theorem 5.3; this theorem 
now permits us to change the order of integration in (25.11), obtaining the 
representation (25.1) for f(x). 


HARVARD UNIVERSITY, 
CAMBRIDGE, Mass. 
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PREFACE 


This paper treats of three families of abstract groups, defined by the fol- 
lowing sets of relations:* 
(l,m|n,k):  R' =S™ = (RS)" = (R“S)* = 1; 
(1, m, q): R' = §™ = (RS)* = (R-'S“RS)¢ = 1; 
= B = = (AB)? = (BC)? = (CA)? = (ABC)? = 1. 


Here, “R'=1” means “R is of period 7.” When this and the remaining rela- 
tions imply R/4=1, (d>1), we acknowledge a case of collapse: total collapse 
if the relations reduce every generator to the identity, otherwise partial. 

These groups are interrelated in various ways, of which the most impor- 
tant are as follows: (m, m|n, k) is a subgroup of index two in (2, m, 2n; k); 
(2, m, n; q) is a subgroup of index two in G™-"-4, 

The study of these families is justified by the number of important groups 
which they contain. In particular, the families include the following simple 
groups: 

* The symbols are designed to admit the combination (I, m|n, k; q) (symmetrical between 
l and m, and between » and k), which would mean the group defined by R'=S"™=(RS)"=(R-1S)* 
=(R4S—1RS)¢=1. 
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B.(5) (order 60)~(5, 5] 2, 3)~(2, 3] 5, 5)~(2, 3, 5; 5) 
$.(7) (order 168)~(3, 3|4, 4)~(4, 7|2, 3)~(2, 3, 7; 4), 
$1(9) (order 360)~(5, 5|.2, 4)~(3, 4, 5; 2), 
$.1(8) (order 504) ~G*.7, 
%,(11) (order 660)~G*>5, 
¥.(13) (order 1092)~(, 7| 2, 3)~(2, 3, 7; 1), or 7), 
$1(17) (order 2448) ~(4, 9| 2, 3), 
%,(19) (order 3420) ~(2, 5, 9; 2)~ 
(23) (order 6072) ~(2, 3, 11; 4), 
$.1(29) (order 12180) ~G*.7.45, 


Following Schreier and van der Waerden,* I let $:(¢) denote the group 
commonly called LF(2, g) or PSL(2, q), g being a prime or a prime power. 
When g is odd, I let ,(g) denote the group of all linear fractional transforma- 
tions in the Galois field of order g, otherwise called PGL(2, q); this contains 
¥.(g) as a subgroup of index two. The groups ¥1(9) and $,(9), being the alter- 
nating and symmetric groups of degree six, will usually be denoted by Go1/2 
and Go. 

The above definitions for $1(5) (or Gs1/2) are merely redundant forms of 
Hamilton’s definition} 


The first definition for $,(7) is due to G. A. Miller; the second is immediately 
deducible from Burnside’s; the third is essentially Dyck’st (but was put into 
precisely this form by H. R. Brahana§). The second definition for $1(13) is 
due to Brahana§ (/=6) and Sinkov]|| (J=7); the first is easily deduced from 
it. The first definition for $:(9) (or Ge1/2), and the definitions for %(8) and 
(17), have already been published ;{] but (3, 4, 5; 2), G55, (2, 5,9; 2), G9, 
(2, 3, 11; 4), G75 are quite new. 

We shall see (Theorem G) that, for every prime 4, the linear fractional 
group $:(p) is a factor group either of some (2, 3, ~; g) or of some G*.™»?, 
This result may be compared with the following.** For the group $:(2”), every 
pair of generators of periods two and three satisfies the definition of some 

* Schreier and van der Waerden [1]. Their Theorem 1 shows that $(p) is the group of isomor- 
phisms of 3:(~) (p prime). We shall make frequent use of this theorem. 

+ Hamilton [1]. 

t Miller [1], p. 364; Burnside [1], p. 422; Dyck [1], p. 41. 

§ Brahana [2], pp. 351, 354. 

|| Sinkov [1], p. 239. 


{ Todd and Coxeter [1], p. 31; Sinkov [3], p. 70; Coxeter [7], p. 56. 
** Sinkov [6] , p. 454. 
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The following seven theorems will be proved: 

Tueorem A. The groups (2, m|n,k) for nXxk, (3, m|2, k) for m#k, 
(5, m| 2, 3) for m#5, and (1, m| 2,2) for l1>2 and m odd, all collapse. Apart from 
these cases, if 1 and m are even, or if 1 and k are even and n=2, the group 
(1, m| n, k) is finite when 2 sin sin x/m>cos r/n+cos and infinite other- 
wise. 


THEOREM B. For all infinite groups (1, m|n, k), 


2 sin sin r/m S cos r/n + cos 
THEOREM C. If g>1 and 1/m+1/n<1/2, and m and n are either even or 
equal (or both), the group (2, m, ; q) is finite when 
cos 2r/m + cos + cos x/q < 1, 
and infinite otherwise. 
THEOREM D. For all infinite groups (2, m,n; q), 
cos 2r/m + cos + cos x/q = 1. 
THEOREM E. [f the smallest of m,n, p is greater than 2, while the next is 


greater than 3, and if these three numbers are either all even, or one even and the 
other two equal, the group G™:"+? is finite when 


cos 2r/m + cos 2x/n + cos 2x/p < 1, 


and infinite otherwise. 
THEOREM F. For all (noncollapsing) groups G™"-”, save G?-"-2 (n odd), 


(1 — cos 2x/m + cos 2x/n + cos 2x/p)(1 + cos 
— cos 2x/n + cos 2x/p)(1 + cos 2x/m + cos 2x/n — cos 2x/p) = 0; 


and for all infinite groups G™-">?, 


cos 24/m + cos 2x/n + cos 2x/p = 1. 


THEOREM G. Jf p is a prime, congruent to 1 or 3 (mod 4), the group B1() 
or Bi(p) (respectively) is a factor group of G*":”, where n is the ordinal of the 
first Fibonacci number that is divisible by p. When p=3 (mod 4), P1(p) is a 
factor group of (2, 3, p; n/2). 

In the final section, we see that G-"»” has an elegant representation on a 
“semi-regular map” of m-gons and n-gons (or m-gons and -gons, or p-gons 
and m-gons). Although the representation has not (so far) given any new in- 
formation about the groups, it provides an alternative method for enumerat- 
ing the operators, whenever the order does not greatly exceed five hundred. 
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Moreover, the representation seems to clarify the phenomenon of “collapse.” 
Tables I, II, III, at the end of the paper, summarize the special results, 
and at the same time serve as an index. In Table III, it is noteworthy that 
the group G*:’.», with p=12 or 13 or 14, has order 121314. (Although 
G3.7.12 — G3.7,14 G3.7,18 is a different group of the same order.) 
A considerable part of this work is the fruit of discussions with Dr. 
A. Sinkov, extending over several years. To him I would express my sincere 
gratitude. 
Cuapter I. (I, m|n, k) 
1.1. Introduction; the polyhedral groups. The group (I, m| n, k), which is 
defined by 
(1.11) R! = S™ = (RS)" = (R-“S)* = 1, 
may be regarded as a factor group of 
(1.111) R' = S$" = 1" = RST = 
In terms of S and 7, it takes the form 
(1.12) S™ = T* = (ST)! = (S°T)* = 
The group (1.111) is known* to be finite when 
1 1 


1 
—+—+—>1, 
l m n 


and infinite otherwise. When  =2, we denote it by [/, m]’, since it is the rota- 
tion group of the regular polyhedront {/, m}. 1ts factor group (J, m|2, k) is 
the rotation group of the regular skew polyhedront {/, m|k}. 

The dihedral group [2, m]’, defined by R?=7?=(RT)™=1, may be de- 
noted more briefly by [m], since it is the complete group of the regular m-gon 
{m}. Finally, [m]’ denotes the cycle group of order m, defined by S"=1. 

By interchanging R and S in (1.11), we get (1, m| n, k)~(m, 1| n, k). Again, 
writing R-! for R, we have (1, m|n, k)~(1, m|k, n). Hence 


(1.13) (l, m| k) ~ (m,1| n, k) ~ (m,1| k,n) ~ (1, m| k,n). 


When naming special groups, we shall usually arrange the symbols so that 
lsm,n3k. 


* Threlfall [1], p. 28 (r=3). 

+ Todd [1 l p. 214. When 1//+-1/m<1/2, the polyhedron can be constructed in the “Minkow- 
skian” space whose dimensions are two space-like and one time-like; see Coxeter [4], p. 24. 

t Coxeter [7], p. 48. 
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When /=2, (1.11) takes the form 
R? = S* = (RS)* = (RS)* = 1. 
Hence 
(1.14) (2, m | n, k) collapses (partially or totally) if n # k, 
but 
(1.141) (2, m| ~ [m, n]’ 
(finite when 1/m+1/n>1/2). In particular, 
(1.142) (2, 2| m,n) ~ (2, n| 2, 2) ~ [n] 
(where [] is the dihedral group of order 2n). 
When /=3, (1.11) takes the form 
R® = = (RS)" = (R-'S)* = 1, 
where, of course, R-! may be replaced by R?. Putting S’=RS, we derive 
R® = (R-1S’)™ = = (RS’)* = 1. 


Hence 
(1.15) (3, m|.m, k) ~ (3, n| k, m) ~ (3, k | m, 


By (1.14) and (1.15), 
(1.16) (3, m| 2, k) collapses ifm # k, 
but 
(1.161) (3, m| 2, m) ~ [3, m]’ 


(finite when m <6). 
When m=5 and n=2, (1.12) takes the form 


S5 = JT? = (ST)! = (S*T)* = 1. 
Putting S’ =S?, we derive 
= T? = (ST)! = (S/T)* = 1. 
Here, S“T may be replaced by S’*T (conjugate to its inverse). Hence 
(1.17) (1, 5| 2, k) ~ (k, 5| 2,2). 
By (1.16) and (1.17), 
(1.18) (k, 5| 2, 3) collapses if k ¥ 5, 
but 
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(1.181) (5, 5| 2, 3) ~ [3, 5]’ 
(where [3, 5]’ is the icosahedral group). 
Consider now the group (J, m| 2, 2), defined by 
R! = S™ = (RS)? = (R-S)? = 1. 
Let U=SR, V = R-'S, and suppose that m=2q+1. Then 
= = $% = (UV):, 
and 
R=S"U = (UV). 
Since U?=V?=1, it follows that R*=1. Hence 
(1.19) (1, m | 2, 2) collapses if | > 2, m odd. 


We have already seen (1.142) that (2, m|2, 2)~[m]. The case when / and m 
are both even will be considered for general values of ” and k. 

1.2. The criterion for finiteness, when / and m are even. The group 
(1, m|n, k) clearly possesses an automorphism which replaces the genera- 
tors R and S by their inverses. Let T denote an involutory operator which 
transforms the group according to this automorphism. By adjoining T, we 
derive the new group 


(1.21) R'=S$" = = (RT)? = (ST)? = (RS)" = (RS)* = 1, 
whose order is twice that of (J, m|n, k). 


Now suppose that / and m are even, and consider the group generated by 
reflections* 


L? = L’? = M? = M” = (LL’)"? = 


(1.22) 
= (LM’)" = (ML')" = (LM)* = (L'M’)* = 1. 


L M 


M 


This possesses an automorphism which interchanges L and L’, M and M’. 
Let T denote an involutory operator which transforms the group according 
to this automorphism. We adjoin T by inserting the extra relations 


* Coxeter [4]. In that paper, Lemmas 1 and 2 are unnecessary. In the proof of Lemma 3, after 
obtaining the invariant form Dei? , we can introduce a euclidean metric by writing xj=c;1/*y,;. 
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T? = 1, LT = TL’ = R (say), 
MT = TM’ = S (say). 
The generators L, L’, M, M’ may now be eliminated by substituting 
L= RT, L’ = TR, M = ST, M’ = TS; 
and the augmented group takes the form 
T? = (RT)? = (ST)? = R' = S™ 
= (RS)* = (R'S)* = 1, 
which is the same as (1.21). 
If | and m are even, (1, m|n,k) has the same order as the above group gener- 
ated by reflections, both being subgroups of index two in the same larger group. 
This result enables us to assert that (J, m|n, k) never collapses, as long as 
1 and m are even and greater than 2 (see (1.14)*). Moreover, it provides a 
definite criterion for finiteness. For we knowf that the group generated by 
reflections (1.22) is finite or infinite according as A is or is not positive, where 
1 —cos2r/l1 —cosr/k —cosm/n 
— cos 1 —cosr/n 
—cost/k —cosa/n 1 — cos 2x/m 


—cosr/n —cosr/k —cos2x/m 1 


}(1 + cos 2n/l)(1 + cos 2x/m) — (cos r/n — cos a/k)?} 
-{(1 — cos 2x/l)(1 — cos 2x/m) — (cos + cos w/k)?} 


(2 cos cos r/m + | cos — cos ) 


-(2 cos r/l cos x/m — | cos r/n — cos ) 
-(2 sin sin r/m + cos + cos 
-(2 sin sin — cos r/n — cos r/k). 
Of these four factors, the first three are essentially positive (J, m>2), the 


first and third obviously, and the second because / and m, being even, must 
be at least 4, so that 


2 cos cos x/m = 1 =| cos — cos r/k|\. 
Thus the criterion for finiteness reduces to 


(1.23) 2 sin sin r/m > cos r/n + cos 


* If =2, the g.g.r. has only three generators, since L’ = L. It follows, even from the present point 
of view, that, to avoid collapse, we must have n=k. 
t Coxeter [1], p. 137; [2], p. 602; [4], p. 24. 


80 


1939] ABSTRACT GROUPS 81 


1.3. Particular cases. The finite groups, according to this criterion, are 
(2i, 2j | 2, 2), (4,4 | 2, 2), (4, 6 | 2, 3), (4, 8 | 2, 3). 
The orders of these are equal to the orders of the groups generated by reflec- 
tions* 
li, 2, 4], [R, 2, k], [3, 3, 3], [3, 4, 3], 

namely 427, 4k?, 120, 1152. 

The group (2i, 2j|2, 2), defined by 

Sti = T? = (ST)* = (S°7)? = 1, 

has an invariant cyclic subgroup of order 7 (generated by S?), whose quotient 
group is the dihedral group of order 4i. (It has also, of course, a cyclic sub- 
group of order 7, whose quotient group is the dihedral group of order 4j.) Re- 
turning to the definition in terms of R and S, we easily verify that (2i, 2; | 2, 2) 
is generated by the permutationst 
R = (a1 dz +++ be;)(be (0; 541), 

The group (4, 4|2, &) is well known as one of the groups of genus one.t 
It is generated (when k >2) by the permutations 


(1.32) R=(1234)(5678)---, S=(12)(3456)---, 


(1.31) { 


where the final cycles (of two or four numbers) end with 2k. 

The group (4, 6| 2, 3) is the symmetric group of degree five,§ generated by 
the permutations (1 4 2 5), (1 5)(2 3 4). 

The group (4, 8| 2, 3) has a central of order two|| whose quotient group is 
generated by the permutations (1 8)(2 7 3 6)(4 5), (16374528). 

For all larger values of » and k, and for all larger even values of / and m, 
(1, m|n, k) is infinite; for example, (4, 4|3, 3), (4, 6|2, 4), (6, 6|2, 3), and 
(4, 10| 2, 3) are infinite. 


* Todd [1], p. 224, (4). Their graphical symbols (Coxeter [4], p. 21) being disconnected, the first 
two of these are direct products of dihedral groups, namely [i] [j], [&]x [&]. 
{ In this case 
M and M’ are analogous, with 6 and j in place of a and i, and 
t Edington [1], pp. 197-202. In this case L= (2 4)(68) - ,M=(4.6)(8 10) --- , L’=(13)(57) 
-++,M’=(3 5)(79) ---,and T=(1 2)(3 4)(56)---. 
§ In this case L=(1 2), M=(2 3), M’=(3 4), L’=(4 5), and T=(1 5)(2 4). For the geometrical 
aspect, see Coxeter [7], p. 49. 
|| Since the polytope {3, 4, 3} has central symmetry. 
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1.4. The criterion when / and k are even and m=2. We observe that the 
criterion (1.23) remains valid when /=2 and n=k; it then has wider scope, 
since m may be odd. Moreover, it agrees with the fact that (3, m| 2, m) is 
finite only when m<6. This suggests its possible significance in yet other 
cases. We shall see that it is applicable to the whole class of groups (/, m| 2, k) 
for which / and & are even, and greater than 2, while m>3 (but may be odd). 

According to the criterion, (J, m|2, k) should be finite when /=k=4 
and m=5, but infinite for all greater even values of / and &, and for all 
greater values of m. Elsewhere* we saw that the group (2f:, m|2, 2p2) is 
finite when m=5 and p; = p2=2, but infinite for all greater values of m, py, pe. 
Since the argument is rather subtle, an outline of it is repeated here. 

From the group generated by reflections 


(1.41) R? = (RiRiz1)'? = (RiRiz2)*? = 1, 


(implying / =k when m =3), we derive the group 
S™ = Re = = (RoS-2RoS?)*/2 = 1, 


whose order is m times as great, by adjoining an operator S, of period m, 
which cyclically permutes the R’s (so that R;=S-‘R,S‘). The augmented 
group and (J, m| 2, k) are of the same order, having a common subgroup of 
index two. The group (1.41), and so also (J, m|2, k), is infinite when m>5, 
since R;R;,3 is then of unspecified (and therefore infinite) period. It is known 
also to be infinite when m=5 and //2 or k/2>2. 

When m=5 and 1/2 =k/2=2, (1.41) is the abelian group of order 32 and 
type (1, 1, 1, 1, 1), generated (say) by the transpositions 


R; = 5), = 0, 1, 2, 3, 4. 


Hencet (4, 5| 2,4), of order 5X32 =160, is generated (in the form (1.12)) by 
the permutations 


(1.42) S = (01234)(56789), T= (19)(28)(37)(46). 


(The “common subgroup” is generated by S and (0 9 8 7 6)(5 43 2 1); T inter- 
changes these.) 

1.5. Theorem A. We summarize the results of §1.1, §1.2, and §1.4 in the 
following theorem: 

Tueorem A. The groups (2, m\n, k) for nXk, (3, m|2, k) for m¥k, 
(5, m| 2, 3) for m#5, and (l, m|2, 2) for 1>2 and m odd, all collapse. Apart 


* Coxeter [6], p. 284, (4.9). 
t Coxeter [6], p. 284. 


82 
= Rj 


1939] ABSTRACT GROUPS 83 


from these cases, if | and m are even, or if | and k are even* and n=2, the group 
(1, m|n, k) is finite when 


2 sin sin r/m > cos r/n + cos 


and infinite otherwise. 


The groups which this theorem shows to be finite are 
(l, m | 2, 2) (lL and m even), (2, 2 | n, 1), 
(2,4| 3,3), (3,4|2,4), (4,4| 2, &), 
(4,5| 2,4), (4,6| 2,3), (4,8| 2, 3). 


(See Table I, at the end of the paper.) 
1.6. Other groups that satisfy the criterion. The remaining solutions of 
(1.23) are 


(2,3|4,4), (2,3|5,5), (2,5]| 3, 3), 
(3, m | 3, 3) (m < 6), (3, 3| 3, &), 
(3,3| 4,4), (3,4]3,4), (3,5| 2,5), 
(4,5|2,5), (4,7| 2,3), (5,5| 2, 3). 
By (1.141), 

(1.61) (2, 3| 4, 4) ~ [3, 

the octahedral group. Similarly, by (1.141), (1.161), and (1.181), 

(1.62) (2,5 | 3,3) ~ (2, 3| 5, 5) ~ (3, 5| 2,5) ~ (5, 5 | 2, 3) Gaye, 


the icosahedral group. 
The group (3, 3| 3, ) is another of the groups of genus one.} It is generated 
by the permutations 


(1.63) (123)(456)---(--3k), (3812)(345)---(-- 3k —1), 
and is of order 3k”. By (1.15), 
(1.64) (3, k | 3, 3) ~ (3, 3| 3, &). 


Millert proved that (3, 3|4, 4) is Klein’s 168-group, generated by permu- 
tations of the form 


(1.65) R=(01~)(264), S=(023)(165), 


* Perhaps (5, m |2, 3) should not have been mentioned, since its / and k are odd; but it seemed 
desirable to bring together all the known cases of collapse. 

t Edington [1], p. 208. 

t Miller [1], p. 364. 
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which are equivalent to the linear fractional substitutions 


(—). (4x + 2) (mod 7). 


By enumerating cosets* of the octahedral subgroup generated by RSR and S, 
we easily verify the order 168 and obtain the alternative representation 


R= (123)(456), S=(234)(576). 


The group (4, 7| 2, 3) is the same, since it can be derived from Burnside’st 


Sz = Sz = = (S752) = 1 
by putting S;=S?, S,=T. Thus 
(1.66) (3, 4| 3, 4) ~ 3,3] 4,4) ~ (4, 7| 2, 3) ~ Bi(7). 
Finally, by (1.17), 
(1.67) (4,5 | 2,5) ~ (5, 5| 2, 4) ~ 


(5, 5|2, 4) having been usedt as an example to illustrate the “Todd-Coxeter 
method” for enumerating cosets. 
These results show that (I, m|n, k) is finite (or collapses) whenever (1.23) 


is satisfied; that is, whenever 
2 sin sin r/m > cos + cos 


Hence we obtain the following theorem: 

TueoreEM B. For all infinite groups (1, m\n, k), 

2 sin sin S cos r/n + cos 

1.7. Finite groups which violate the criterion. The converse is false, since 
(5, 5| 2, 4), which violates (1.23), is the same group as (4, 5| 2, 5), which satis- 
fies it. So too, (3, m|3, 3) violates (1.23) when m26, although (3, 3|3, ) 
satisfies it universally. We proceed to describe six further cases, namely: 
(1.71) (3, 3| 4, 5) ~ (3, 4 | 3, 5) ~ (3, 5 | 3, 4), of order 1080, 
(1.72) (6, 7 | 2, 3) ~ (7,7 | 2, 3) ~ B.(13), § 
(1.73) (4, 9 | 2, 3) ~ $1(17). 


* Todd and Coxeter [1]. 

t Burnside [1], p. 422. 

t Todd and Coxeter [1], p. 31, (5). 

§ The fact that (6, 7 | 2,3) and (7,7 | 2, 3) are finite, while (6, 6| 2, 3) is infinite, shows that any at- 
tempt to “improve” the criterion would be futile. 


1939] ABSTRACT GROUPS 85 


The group (3, 3|4, 5) shows the efficiency of the Todd-Coxeter method 
so clearly that I shall perhaps be forgiven for writing out the work in full. 
Taking the icosahedral subgroup generated by RSR and S (and using rows 
instead of columns), we proceed with the enumeration of cosets as follows: 


S 


This verifies the order, 18 X60 =1080, which was first obtained by Miller,* 
and gives us the permutations 
. = (1 2 3)(4 5 6)(7 8 9)(10 11 12)(13 14 15)(16 17 18), 


(1.74) 
S = (23 4)(5 7 10)(6 11 8)(9 16 17)(12 13 14). 


(To see how much labor has been saved, compare pages 365-368 of Miller’s 
paper.) The permutation 
Z = (1 15 18)(2 13 16)(3 14 17)(4 12 9)(5 10 7)(6 11 8) 
= (R-'S-!RS)5 


(1.741) 


generates the central, of order three, whose quotient groupf is the alternating 
group Go1/2, generated by (1 2 3)(4 5 6) and (23 4). © 

The groups (6, 7|2, 3) and (7, 7|2, 3) are equivalent to definitions for 
$1(13) which were given by Brahana and Sinkov, respectively.{ Identifying 


* Miller [1], p. 368. 
t (3, 3| 4, 5; 5), in the notation of the footnote to p. 74 above. 
t Brahana [2], p. 354; Sinkov [1], p. 239; Coxeter [7], p. 56. 


R R R x Ss §S R S R S R S R S 
4 5 6 4);2 3 4 2/2 3 4 5 7 8 6 4 2 
7 8 F MS 6 Hh 
10 11 12 10 | 6 11 8 6/16 17 9 7 10 11 8 9 16 
13 14 15 13 | 9 16 17 G {15 13 14 15 15 13 14 15 15 
16 17 18 16 |12 13 14 12 |18 16 17 #18 18 16 17 18 18 
15 18 18 
| 18 18 18 18 
1 3 4 6 11 10 5 4 2 1 1 
3 2 3 2 3 2 3 2 3 2 3 
7 9 16 18 18 17 9 8 6 5 7 
10 = 12 13 15 15 14 12 11 8 7 10 
1413 14 13 14 13 14 13 14 13 14 
17 16 17 16 17 16 17 16 17 16 17 
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our T with theirs, namely 

(1.75) T = (1 12)(2 11)(3 10)(4 9)(5 8)(6 7), 

we find that the other generator of (6, 7|2, 3) or (7, 7|2, 3) (namely, S) is, 
in Sinkov’s notation,* (Su7)* or (Sis7)*, respectively. Thus (6, 7| 2, 3) is gen- 
erated by T and 

(1.751) S = (03108259)(167 » 11124), 

while (7, 7| 2, 3) is generated by the same T and 

(1.752) S = (0129111 105)(23786 4). 

In the case of (4, 9| 2, 3), by enumerating the 272 cosets of the cyclic sub- 
group generated by S, I found the order to be 2448. This irresistibly suggested 
(1.73), which Sinkov showed to be true.f He cited two linear fractional sub- 
stitutions (mod 17) which lead to the permutations 

S = (06 10 1434155 16)(1 13 © 72121198), 
T = (1 16)(2 15)(3 14)(4 13)(5 12)(6 11)(7 10)(8 9). 
Although there are, as we have seen, infinitely many finite groups which 


violate the criterion (1.23), it still seems improbable that all the unknown 
groups (J, m|n, k) will furn out to be finite. On the contrary, my conjecture 


is that they are all infinite. We shall see later (2.67) that (3, 3|4, 6) is cer- 
tainly infinite. 


CHAPTER II. (J, m, n; q) 


2.1. Various forms of the abstract definition. The group (I, m, u; q), de- 
fined by 


(2.11) R' = S™ = (RS)" = (R-S-RS)¢ = 1, 


involves the numbers /, m, » symmetrically, since its definition is equivalent 
to 

(2.111) R! = §* = T* = RST = (TSR)¢ = 1. 

When n=2, so that RS=S-'R-!, we havet RS-!R-!S=R*S*. Hence 
(2, 1, m; q) is defined by 

(2.12) R' = S™ = (RS)? = (R*S?)¢ = 1. 

When m=3 and n=2, so that TR-'T=RTR, we have TR-'TR=RTR?, 


* Sinkov [3], p. 71. I have replaced Sinkov’s symbols 13 and 14 by 0 and «, respectively. 
t Coxeter [7], p. 56. 
t Edington [1], p. 195. 
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which is conjugate to R*T. Thus the definition 
R! = T? = (TR)? = (TR"TR)¢ = 1 
for (2, 3, 1; q) is equivalent to 
(2.13) R! = T? = (RT)? = (R°T)* = 1. 
2.2. The abelian case (g=1). We proceed to prove that (/, m, n; 1) col- 
lapses unless it is of the form (bcd, cad, abd; 1), where a, b, ¢ are co-prime in 
pairs, and that it is then the direct product of cyclic groups of orders abcd 


and d. 
Consider the abelian group (/, m, n; 1) in the form 


(2.21) R'=S™=(RS)"=1, RS=SR. 
Let NW denote the least common multiple of / and m. Then 
(RS)* = = 1; 


so N must be a multiple of (or the group would collapse). Thus, on account 
of the symmetry between /, m, n, each of these three members must divide 
the least common multiple of the other two. 

Let mn/l=x, nl/m=p, lm/n=v. Then n? =u; so we may 
write \=a"*d, u=b*d, v=c"d, where a, b, c, d are positive integers. Thus 
(2.22) l = bcd, m = cad, n = abd. 

By absorbing into d any common factor of a, b, c, we may suppose* that 
(a, b,c) =1. 

Further, since NV =abcd/(a, b) must be a multiple of m=abd, c must be a 
multiple of (a, b). Hence (a, 6, c) =(a, b) and 
(2.23) (b, c) = (c, a) = (a, 6) = 1. 

We are thus led to consider the group R'¢=S4=(RS)*4=1, RS=SR, 
where a, b, c are co-prime in pairs. Accordingly, we may choose (positive or 
negative) integers a, B, y, a’, B’, y’, such that 

ab — Ba = 1, ya—a'c = 1, B’c — 7’b = 1. 
Then 


abe a= ed == Batl) od = S*, 


R8aSab Bead — R8 a°cd — R(ab-1) Red 
( ) ? 
yabd = R (Ba—ab) yabd = R — R->4 


‘abd — , 
7 a S(ab-Ba) y abd — Se c—-l)ad — S 


* Following the usual notation, we let (a, b, - - - ) denote the greatest common factor of a, b, - - - 
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and therefore 
R4 = = yb)ad_ 
S4 ox S(va-a'e)d eta’ ac)bd | 
(RS)4 = R4S¢ = 2b) ab)ed | 


Since S = R8*S«*(RS)-8*, it follows that every operator of the group is ex- 
pressible in the form 


Os y<d, 
and that the group is the direct product of cyclic groups, of orders abcd and d, 
generated by 
Thus, under the condition (2.23), 
(2.24) (bcd, cad, abd; 1) ~ [abcd]’ X [d]’, 


the product of two cyclic groups. 

2.3. The polyhedral groups and (2, 3, 7; ¢). When /=m=2, the last rela- 
tion of (2.11) is (RS)?*=1; so (2, 2, 2; q) collapses unless either = orn =q 
and x is odd. In the former case we have the dihedral group 


(2.31) (2, 2, 29; 9) ~ [24], 
and in the latter, 


(2.311) (2, 2,9; 9) ~ q odd. 


The definition (2.13) enables us easily to evaluate g for the polyhedral 
groups [3,/]’, (/<6), regarded as (2, 3, J; g). For the tetrahedral group (l=3), 
R®T =T; so g=2. For the octahedral group (l=4), R®°T =(TR)~'; so g=3. For 
the icosahedral group (l=5), R®°T =(TR?)-'; so 


(2.32) (2, 3, 5; ~ (3, 5 | 2,4), 
whence, by (1.16), g=5. Thus 

(2.33) (2, 3, 3; 2) ~ [3, 3)’ ~ Gaye, 
(2.34) (2, 3, 4; 3) ~ [3, 4]’ ~Gu, 
(2.35) (2, 3, 5; 5) ~ [3, 5]! ~Gsye. 


In each case, any other value of g would cause collapse. 
In the form (2, 3, 5; g)~(q, 5| 2, 3) (see (1.17)), (2.32) remains true when 
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the fives are replaced by sevens, although the obvious generalization fails. 
For, writing S? for R in (2.13) with ]=7, we obtain 


S? = T? = (S*T)? = (ST)* = 1. 
Thus 


(2.36) (2, 3,739) ~ (gq, 7 | 2, 3). 


This provides an elegant proof for Brahana’s result* that (2, 3, 7; g) col- 
lapses when g=2, 3, or 5. (We use (1.14), (1.16), and (1.18), respectively.) 
His definition t 

Q¢ = = (QR®)? = = 1 


is equivalent to (2.13) (/=7) with T=QR’. 
By (2.36) and (1.66), 
(2.37) (2, 3, 7; 4) ~ $:(7). 
In the form 
Ai = Ap = (A142) = (A2A1) = 1 
(see (2.12)), this definition was given by Dyck.{ Thus (2.36) (with q=4) re- 


lates Dyck’s definition to Burnside’s. 
By (2.36) and (1.72), we have 


(2.38) (2, 3, 7; 6) ~ (2, 3, 7; 7) ~ $:(13). 
These definitions are due to Brahana and Sinkov, respectively.§ By (1.75) 
and (1.751), (2, 3, 7; 6) is generated by 
R = (0102938 5)(17 1146 12), 
. = (1 12)(2 11)(3 10)(4 9)(5 8)(6 7); 
and by (1.752), (2, 3, 7; 7) is generated by the same T and 
(2.391) R = (09115121 10)(276438 0). 


(2.39) 


Sinkov has shown|| that (2, 3, 7; 8) has a factor group of order 10752. 
When written as a factor group of (8, 7| 2, 3), this takes the form 


= S? = (RS)? = = = 1. 


2.4. A lemma on automorphisms. We shall often have occasion to use the 
following general principle, which the reader will have no difficulty in proving. 


* Brahana [2], pp. 350, 352. 

t Ibid., p. 349; quoted by Sinkov [3], p. 68. 
t Dyck [1], p. 41; Burnside [1], p. 422. 

§ Brahana [2], p. 354; Sinkov [1], p. 239. 

|| Sinkov [5]. 
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If a group G is augmented by the adjunction of an operator T, of period n, 
which transforms G according to an inner automorphism of the same period, 
and if the order of the central of G is prime to n, then the augmented group is 
the direct product GX {T}. 

The necessity* for mentioning the central is illustrated by the following 
example, due to R. Brauer. Let G be the trigonal dicyclic group{ (of order 12), 
B’=C'=1, C-1BC=B-", with generators B=(1 2 3), C=(2 3)(4 5 6 7). 
Then the operator 7=(2 3) transforms G in the same manner as C. But 
{B, C, T}, being generated by (1 2 3), (2 3), and (4 5 6 7), is the direct prod- 
uct of the symmetric group of order six and the cyclic group of order four (not 
the direct product of the dicyclic group and the group of order two). 

2.5. The derivation of (2, m,m;q) and (2, m, 2n; k) from (4, m| 2, 2q) and 
(m, m|n, k). The group Rn=S"=(RS)"=(R2S?)7=(R-1S)*=1 has an auto- 
morphism which interchanges the generators. We adjoin an involutory 
operator T, which transforms the group according to this automor- 
phism. Substituting TST for R, we obtain the augmented group in the 
form{ This result provides two 
useful lemmas, the first by ignoring k and putting n=2, the second by ignor- 
ing 

(2.51) (2, m, m;q) is a subgroup of index two in (4, m| 2, 29). 

(2.52) (2, m, 2n; k) contains (m, m|n, k) as a subgroup of index two. 


Since (m, m|n,k)~(m, m| k, n), it follows that the two groups (2, m, 2n;k), 
(2, m, 2k; m) have the same order. Since (m, m|k, n) is derived from 
(m, m|n, k) by writing R-! for R, we may say that (2, m, 2k; n) is derived 
from (m, m|n, k) by adjoining an involutory operator 7’, which transforms 
S into R-! (and R into S-?). 

In particular,§ since (4, 4|2, &) is of order 4k, both (2, 4, 4; &) and 
(2, 4, 2k; 2) are of order 8k. The order of (2, 4, 2k; 2) can alternatively be 
deduced from that of its subgroup (2k, 2k| 2, 2) which was described in §1.3. 
Again,|| (2, 3, 6; k) and (2, 3, 2k; 3) are of order 6k*, since both contain 
(3, 3|3, k) as a subgroup of index two. 

By (2.51), (2, 4, 4; &) is a subgroup of index two in (4, 4|2, 2k), and 
(2, 5, 5; 2) in (4, 5|2, 4). By (1.42), it follows that (2, 5, 5; 2), of order 
eighty, is generated by 


* Pointed out by a referee. 

+ In terms of BC? and C, this group has the simpler definition A?=C?=(AC)?. 
t That is, (2n, m|2, 2g; &). 

§ Edington [1], p. 197; Sinkov [2], p. 79. 

|| Edington [1], p. 207; Sinkov [2], p. 82. 

© Coxeter [6], p. 284. 
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S = (0123 4)(56789), 
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TST = (0987 6)(5 4321). 


A number of special applications of (2.52) may conveniently be arranged 


as columns of a table: 


(m, m | n, k) 


(5, 5|2, 3)~Gstve 


(3, 3| 4, 4)~B(7) 


R (21345) (01 «)(26 4) 
Ss (12345) (0 2 3)(1 6 5) 
(1 2) (1 2)(3 ©)(4 5) 
Automorphism (R, S) 
(outer) (outer) 
(3 5) 
Automorphism (R-, S) 
(outer) 


(2, m, 2n; k) 
(2, m, 2k; 2) 


(2, 4, 5; 3)~Gs!* 
(2, 5, 6; 2)~Gs! 


(2, 3, 8; 4)~$,(7) 


(m, m|n, k) (5, 5|2, 4)~Gerre (7, 7|2, 3)~Bx(13) 
R (1654 3)t (0578102 1)(3 114129 6) 
S (12345) (50129111 10)(423786 ~) 
(2 6)(3 5) (0 5)(1 10)(2 11)(3 4)(6 &)(7 12)(8 9) 
Automorphism (R, S) 
(inner) (outer) 


Automorphism (R-, S) 


(degree greater than 6) 


(outer) 


(O «)(1 4)(3 10)(5 6)(7 8)(9 12) 


(inner)f 


(2, m, 2n; k) 
(2, m, 2k; n) 


(2, 4, 4)~Go1/2X Ge 
(2, 5, 8; 2)(see below) 


(2, 4, 7; 3)~$,(13) 
(2, 6, 7; 2)~¥1(13) XG, 


* Burnside [1], p. 422. 


+ Todd and Coxeter [1], p. 31. 
t Since S*R*= (04 8 12 10 2)(17963 5 11), the relations 
imply (S?T’)“=1. Hence (6, 7|2, 7; 2)~(13). 


In each of these cases, (m, m|n, k) is a simple group; so the order of its 
central is 1. The interchange of R and S (or of R- and S) is usually recogniza- 
ble as an inner or outer automorphism according as it is an even or odd per- 
mutation. 


92 H. S. M. COXETER [January 


In describing (2, 3, 8; 4) and (2, 4, 7; 3), we appeal to the theorem (of 
Schreier and van der Waerden) that the group of isomorphisms of $1(/) 
(p prime) is 8,(p). It is the same theorem which enables us to assert that the 
even permutation (0 «)(1 4)(3 10)(5 6)(7 8)(9 12) transforms $,(13) accord- 
ing to an inner automorphism. 

In the case of (5, 5|2, 4), since R-! and S are not interchanged by any 
permutation of degree six, T’ transforms Ge:;2 according to an outer auto- 
morphism of G,;. In other words, (2, 5, 8; 2) (of order 720) is the nonsymmetric 
subgroup of index two in the group of isomorphisms of Gy. It is easily verified 
that the following permutations of degree ten satisfy the defining relations 
for (5, 5 | 2, 4) and so generate Ge1/2: 


R = (47830)(96125), 


(2.54) 
S = (01234)(56789). 


In this representation, R-! and S are interchanged by 
T’ = (0 5)(1 2)(3 6)(4 9)(7 8). 


Hence (2, 5, 8; 2) is generated by the permutations S and T’. 

Finally, let us apply (2.52) to Miller’s group (3, 3 |4, 5), of order 1080, so 
as to derive (2, 3, 8; 5) and (2, 3, 10; 4), of order 2160. Since, in (1.74), the 
permutation R involves six cycles, while S involves only five, the transforma- 


tions effected by T and T’ are outer automorphisms of (3, 3 |4, 5). But the 
combined operator TT’, which transforms R and S into their own inverses, 
behaves like the permutation 


(2.55) P = (2 3)(5 6)(7 8)(10 11)(13 14)(16 17). 


The generators 
R; = (123)(456), = (234), 


of the central quotient group of (3, 3|4, 5), are transformed into their own 
inverses by 

(2 3)(5 6) = 
It is easily verified that 

= P. 

Hence the transformation effected by TT’ is an inner automorphism of 
(3,3 |4, 5), and 
(2.56) (2, 3, 8; 5) ~ (2, 3, 10; 4). 


* For this expression I am indebted to Dr. Sinkov. 
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By (2.13), (2, 3,2; g) is the group of the skew polyhedron* {3,1| , q}. Hence 
the two polyhedra {3, 8|, 5} and {3, 10|, 4} have the same group, as was 
implied in Table IIf at the end of Regular skew polyhedra in three and four 
dimensions, and their topological analogues. 

We have already remarked (1.741) that (3, 3 |4, 5) has a central, of order 
three, generated byt Z=(R-'S-!RS)*. Since T (and likewise 7’) transforms 
this operator into its inverse, the group of order three generated by Z, re- 
garded as a subgroup of (2, 3, 8; 5) or (2, 3, 10; 4), is no longer central 
although of course it is still invariant. Its quotient group, of order 720, is 
derived from Ge:/2 by adjoining an operator which transforms the latter ac- 
cording to an outer automorphism of Gs, that is, 


In fact, the generators of Ge1/2, as permutations of degree ten, take the form 
of 
Ri = (027)(184)(569), Si =(972)(815)(430). 
These are interchanged by 
T, = (0 9)(1 8)(2 7)(3 6)(4 5). 


It is easily verified that S; and 7; satisfy the relations 


2.6. The criterion for finiteness. By applying (2.51) and (2.52) to the gen- 
eral groups considered in Theorem A, we deduce the following theorem: 


TueoreM C. If g>1 and 1/m+1/n<1/2, and if m and n are either even or 
equal (or both), the group (2, m, n; 9) is finite when 


(2.61) cos 2x/m + cos 2x/n + cos r/q < 1, 


and infinite otherwise. 

For example, (2, 4, 6; 3), (2, 6, 6; 2), and (2, 5, 5; 3) are infinite. The condi- 
tion 1/m+1/n<1/2 is inserted in order to exclude the polyhedral groups of 
§2.3, for which q is a function§ of m, n. 

The groups (2, 4, 2k; 2), (2, 4, 4; g), and (2, 5, 5; 2) are the only finite 
groups which satisfy all the conditions of Theorem C. If we allow m, n to be 


* Coxeter [7], p. 59. 

t Ibid., p. 61. 

t Cf. Miller [1], p. 365, where Z is expressed in the form S{ (S-1R)*(SR—)?}2S-1, 
§ See (4.71), below. 


(2.57) (2, 3, 8; 5)/Gs ~ (2, 5, 8; 2). 
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unequal and (one or both) odd, we find that the criterion (2.61) admits the 
groups 
(2, 3, 2k; 3), (2, 3,639), (2, 3, 7; 4), 
(2, 3, 7; 5) (collapsing), (2, 3, 7; @, 
(2, 3,834),  (2,4,5;3), (2, 5, 6; 2), 
which we have already discussed, and admits also the following further pos- 
sibilities: 
(2, 3, m; 2), (2, 3,934), (2,5, 7; 2), 
(2, 3, m; 3) (nw odd), (2 4, m; 2) (m odd). 
Sinkov has proved* that (2, 3, 2; 2) for n¥3, 6, (2,4, ; 2) for m odd, and 
(2, 3, m; 3) for ” odd, all collapse. Since (2, 4, 2; 2) contains (n,n |2, 2) asa 
subgroup of index two, the collapse of (2, 4, ~; 2) (m odd) can alternatively 
be deduced from (1.19). For the collapse of (2, 3, 9; 4) and (2, 5, 7; 2), see 
the Appendix; in both cases the enumeration of cosets by the Todd-Coxeter 
method soon breaks down. 
These results show that (2, m, ; q) is finite (or collapses) whenever (2.61) 
is satisfied. Hence we have the following theorem: 
THEOREM D. For all infinite groups (2, m,n; q), 
(2.62) cos 2r/m + cos 2x/n + cos r/q = 1. 
We saw, in §2.2 and §2.4, that the groups 
(2, 3,7; 7), (2, 3, 8;5) ~ (2, 3, 10; 4), (2, 4, 5; 4), (2, 4, 7; 3), (2, 5, 8; 2), (2, 6, 7; 2) 


are finite, although they satisfy (2.62) (see §1.7). There are at least two fur- 
ther cases of this kind. By enumerating the 380 cosets of the subgroup of 
order nine generated by S, I found the order of (2, 5, 9; 2) to be 3420. Since 
the defining relations 


= T? = (ST)§ = (S"'TST)? = 1 


are satisfied by the linear fractional substitutions 


x / 
S= (- 3x), = (mod 19), 


we can therefore assert that 
(2.63) (2, 5, 9; 2) ~ B,(19). 


* Sinkov [2], pp. 75, 79, 82. 
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As permutations, we have 
— ie (116911547 17 6)(2 13 18 3 10 8 14 15 12), 
T = (07)(1 ©)(2 14)(3 17)(4 18)(5 9)(6 15)(8 11)(10 13)(12 16). 
Again, by enumerating* the 552 cosets of the subgroup of order eleven 


generated by S, I found the order of (2, 3, 11; 4) to be 6072. Since the defining 
relations 


Si = T? = (ST)* = (S"TST)* = 1 


are satisfied by the linear fractional substitutionst 


Te (—) (mod 23), 


we can therefore assert that 
(2.65) (2, 3, 11; 4) ~ B1(23). 
As permutations, we have 


_ S=(19 12 1668 34 13 2 18)(5 22 14 117 17 15 20 19 10 21), 
(0 3)(1 2)(2 22)(4 8)(5 12)(6 19)(7 16)(9 18) (10 11) (13 20) (14 15)(17 21). 


This result adds one to the list of finite polyhedra {l, m|, q},t namely 
{3,11|,4}, with 2024 (triangular) faces, 3036 edges, 552 vertices, genus 231, 
and group LF(2, 23), of order 6072. 

On the other hand, Theorem C does not cover all the infinite groups 
(2, m, n; q). For, Reshana’ has shown that (2, 3, 8; 6) is infinite, whence, by 
(2.52), 


(2.67) (3, 3| 4,6), (2,3,12;4) are infinite. 


Fig. 4 (on p. 121) shows a graphical enumeration of groups (2, 2, p; 2). 
Known finite groups are represented by o’s, known infinite groups by dots, 
and known cases of collapse by crosses. 

2.7. The derivation of (x, n,n; q), (3, 3, 3; 2), (3, 3, 4; 3) from (3, 3 | 2, 39), 
(3, 3|3, &), (3,3 |4, 4). The group 


R* = S" = T" = RST = (TSR)* = (R-'S)* = (ST)* = (T“R)* = 1 


* After some practice, such enumeration proceeds at the rate of about sixty cosets per hour. 

t Cf. the substitutions S=(4x), T=[(«—5)/(x—1)] (mod 23), which satisfy S!=7?=(ST)* 
= (S?T)?=1. However, the order of (4, 11 | 2, 3) is certainly greater than 6072; so 3,(23) is a proper 
factor group. 

t Coxeter [7], p. 61, Table IT. 

§ Brahana [4], p. 901. 


| 
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has an automorphism which cyclically permutes the three generators. We ad- 
join an operator Q-', of period three, which transforms the group according 
to this automorphism. Since T=QSQ-! and R=Q-'SQ, the augmented group 
is defined by* 
= = (QS)? = = = 1. 
By ignoring first k and then g, we deduce two lemmas analogous to (2.51) 
and (2.52): 
(2.71) (n, m, n; q) is an invariant subgroup of index three in (3,3 |n, 3q). 
(2.72) (3, k) contains 
R* = S* = T* = RST = (R"'S)* = (S“'T)* = (T'R)* = 1 
as an invariant subgroup of index three. 
This last group reduces to something familiar in two special cases. When 
n =3, since 
SoT=S:T=SR", RT-=RT-' = RS, 


we are left with 


R* = S* = = (RS)* = 1. 
Since (3, 3|3, k) is of order 3k?, it follows that (3, 3, 3; &) is of order 9k?. 
Secondly, when » =4 and k =3, since 
SR“ = S°T, 
R'T = ST? = = = TS -S*T-S“'T—', 
= S°TS'T = S?-ST-'S = S“'T-'S, 
we are left with 
= Tt = (ST) = = 1 
(compare (1.12) with S-! for S). Since (3, 4|3, 4)~(7), it follows that 
(3, 3, 4; 3) is of order 504. We easily verify that $1(7), in the form 
R‘ = St = Tt = RST = (R“S)' = (S-'T)* = = 1, 
is generated by the permutations 


R = (13)(2465), S=(27)(4135), T= (46)(1275), 


which are cyclically permuted by (1 2 4)(3 7 6). Since this transforms the 


* That is, (3, 3 |n, 3q; k). 
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simple group (7) according to an inner automorphism, (3, 3, 4; 3) is a direct 
product,* namely 
(2.73) (3, 3, 4; 3) ~ Bi(7) XK Gs. 


Putting g=1 in (2.71), we see that the group (3, 3|3, ), of order 3n?, 
can be derived from 


R* = §* = T* = RST = TSR =1 


(which, by (2.24), is the direct product of two cyclic groups of order 7) by 
adjoining an operator of period three which cyclically permutes R, S, T. 
(When ”=2, this is the familiar derivation of the tetrahedral group from 
the four-group.) As permutations, we may write 


R=(147--- 38 — 
S = 
T = (369--- 3n)(3n —13n—4--- 52); 
whence 
Q-! = (12 3)(456)---(-+ 3n). 
The permutations (1.63), which generate (3, 3 |3, &), are just Q-! and Q-!R 
(with & in place of 1). 


By (2.71) again, (3, 3, 3; q) isa subgroup of index three in (3, 3 | 3, 3g), and 
(4, 4, 4; 2) in (3, 3 | 4, 6). Hence, by (2.67), 


(2.74) (4, 4, 4; 2) is infinite. 
2.8. Groups of genus one.{ The infinite group [4, 4]’, defined by 
R‘ = S* = (RS)? = 1, 


has, as is well known,{ an abelian subgroup of index four, generated by RS~* 
and R-'S. When represented in the usual way in the euclidean plane, these 
operators appear as translations. Hence every operator of [4, 4]’ is expressi- 
ble in the form 


The most general factor group is given by 
(2.81) = 1, 
which takes the form (RS-'R-!S)* or (R*S?)?=1 when p=gq. The relation 


* Since (Q-1S)®=RTS=(1 5 2 6 3 7 4), the relations Q®=S‘=(QS)'=(S7Q-1SQ)*=1 imply 
(Q-1S)*1=1. Hence (3, 3 |4, 7; 3)~(3, 4|3, 7; 3)~B(7). 

t Cf. Sinkov [4]. 

t Burnside [1], p. 416. 


| 

| 
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(R-!S)2=1 implies (R*S?)4=1, while (R*S?)¢ =1 implies (R-1S)*4 =1. In fact,* 
(4, 4 | 2, q) is the central quotient group of (2, 4, 4; g), and (2, 4, 4; q) is the cen- 
tral quotient group of (4, 4|2, 2g). By (2.52) and (2.51), these relationships are 
retained when we write “a subgroup” in place of “the central quotient group.” 

By (2.51) and (1.32), (2, 4, 4; q) is generated by R-'SR and S (or by R 
and S-!RS),+ where 


49), 
S = (12)(3456)--- 4q — 2)(4q — 1 49). 

When 2 is odd, (1.32) shows that (4, 4 | 2, &) is generated by the permuta- 
tions 


(2.82) 


(2.83) 


S = 2k), 

which are interchanged by 

= (1 2k — 1)(2 2k)(3 2k — 3)(42k —2)--- +3). 

Since 

T,S?=(1 2k-—352k—7--- 72k—532k—1)(2 2k—262k—6--- 82k—44 2), 

which is of period k, S and 7; satisfy the defining relations of (4,4 |2, k); 

that is, 7, transforms (4, 4 | 2, ) according to an inner automorphism. In fact, 

Ti = (R2S?) 

Now, & being odd, the central of (4, 4 | 2, &) is of order 1. Hence (2, 4, 4; &) 

is a direct product, namely 

(2.84) (2, 4, 4; k) ~ (4, 4 | 2, &) XG, k odd. 
We proceed to find a representation for (2, 4, 2k; 2) (k unrestricted). 

Formula (1.31) shows that (2k, 2k|2, 2) is generated by the permutations 


(2.85) = (1 dox)(b1 box) (be (be begs), 
S = (by be + box) (a1 dex) (G2 (Ge G41), 

which are interchanged by 

(2.851) T = (a; b1) (de be) box). 


Since both R and S permute the a’s among themselves, T transforms 


* Sinkov [4], p. 169; Edington [1], p. 201. 
t Edington (loc. cit., p. 198) gives a representation for (4, 4 |2, a), of degree 4a. (Ours is of de- 
gree 2a.) He describes (p. 203) the group (2, 4, 4; 8), of order 86*, but gives no representation. 
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| (2k, 2k |2, 2) according to an outer automorphism. Therefore S and T gen- 
erate (2, 4, 2k; 2). (Other permutations of the same degree were given by 
Sinkov.*) When & is even, there is a central of order two which is generated by 


(TS*)?=R*S* =(a (ax dex) (by (b; box). 


When £ is odd, we can obtain a representation of degree 2k (instead of 42), 
by deriving (2,4, 2k; 2) from (4, 4 |2, &). Using the generating permutations 
(2.83) for (4, 4 | 2, k) (kodd), we seek a permutation which will transform R, S 
into R-. Such is clearly 


(2.86) T’ = (1 2k)(2 2k — 1)--- (RR+1). 


This transforms (4, 4|2, k) according to an outer automorphism, since ST’ 
is of period 2k although (4, 4|2, k) contains no operator whose period is 
greater than k. Hence (2, 4, 2k; 2) (k odd) is generated by T’ and 


(2.861) S = (12)(3456)--+ (+++ 2k). 
The infinite group 
R3 = S* = (RS)§ =1 
is closely analogous to [4, 4]’. It hast an abelian subgroup of index three, 
generated by RS! and R-!S. When represented in the usual way in the 
euclidean plane, these operators appear as translations. The most general 
factor group is again given by (2.81), which takes the form (RS-!R-!S)2=1 
when p=q. The relation (R-'S)*=1 implies (RS-!R-!S)*=1, while 
implies (R-1S)*«=1. In fact,t (3, 3 | 3, q) is the central quotient 
group of (3, 3, 3; q), and (3, 3, 3; g) is the central quotient group of (3, 3 |3, 3q). 
By (2.72) and (2.71), these relationships are retained when we write “a sub- 
group” in place of “the central quotient group.” 
By (2.71) (n=3) and (1.63), (3, 3, 3; q) is generated by QSQ-'! and S, 
where 
Q = (123)(456)--+ (99 —29¢ — 1 94), 
S = (9q 1 2)(345)--- (99 — 3 9g — 2 9q — 1). 
In the form 
= S* = T* = RST = (R-'S)* = (S'T)* = (T“R)* = 1, 


(3, 3|3, k) is generated by 


* Sinkov [2], p. 79. 
+ Burnside [1], p. 414. 
t Sinkov [4], p. 168; Edington [1], p. 210. 
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[R= (1 2 3)(456)--- (3k —23k — 138), 
(2.87) 4S = (3k12)(345)--- (3k —3 3k — 23k —1), 
T = (3k — 13k 1)(234)--- (3k —43k — 33k — 2). 
When £=0 (mod 3), there is no permutation of 1, 2,---, 3k which will 
cyclically permute R, S, T. When k=+1 (mod 3), R, S, T are permuted by 
where 


OF =(1k+12k + 1)(2k +2 2k + 2)--+ (k 2k 3k). 
Clearly 


Op 
3k —12k)(k-13k —32k—5---k+532k4+1) 


or 

3k—1k)(2R-—13k —3k—5---2kR+53k+1) 

according as k=1 or —1 (mod 3). Since this is of period k, Q; and S satisfy 

the defining relations of (3, 3 | 3, &); that is, 0; transforms (3, 3 | 3, &) according 


to an inner automorphism. Since k is not divisible by 3, the central of 
(3, 3 |3, k) is of order 1. Hence (3, 3, 3; &) is a direct product,* namely 


(2.88) (3, 3, 3; k) ~ (3, 3| 3, k) XGs, k £ 0 (mod 3). 

The generators R, S of (3, 3|3, &) ((1.63) or (2.87)) are interchanged by 
either of the permutations 

T = (3 3k)(4 3k — 2)(5 3k — 1)(6 3k — 3)(7 3k — 5)(8 3k —4)---, 

T; = (13k — 2)(2 3k — 1)(3 3k — 3)(4 3k — 5)(5 3k — 4)(6 3k — 6) ---. 
The permutation T transforms (3, 3|3, #) according to an outer automor- 


phism,t since ST is of period six although (3, 3 |3, #) contains, in general, no 
operator of that period. Hence, by (2.52), (2, 3,6; k) is generatedt by 7, and 


(2.89) S = (3k 12)(345)---(--3k—1). 


T can be replaced by 7; whenever k >2; but when k =2, ST; is of period three 
instead of six, showing that (2, 3, 6; 2) is the direct product of the tetrahedral 
group and the group of order two, that is, the pyritohedral group. 


* See Miller [2], p. 668, for the case when k=2. 
+ This can also be seen by trying to express T in the form S"(RS)?(R7S)2. 
t Cf. Edington [1], p. 205, where a representation of degree 6k is given. 
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On the other hand, R-! and S are interchanged by 
(2.891) T’ = (1 3k — 1)(2 3k — 2)(3 3k — 3) ---. 
This and S are equivalent to Sinkov’s generators* for (2, 3, 2; 3). 
2.9. An extension of the criterion. Since (J, m, 1; q) involves 1, m, n sym- 


metrically, Theorem D suggests that possibly (1, m, n; q) is finite (or collapses) 
whenever 


cos 27/1 + cos + cos 
+ (1 + 4 cos cos cos r/n) cos < 0.f 
This inequality, with /=2, is just (2.61). The solutions with 2</<m<n and 
q>1are 
(3, 3, 3; 4), (3, 3, 2; 2), (3, 3, 4; 3), (3, 4, 4; 2), G, 4, 5; 2). 
The first and third of these have already been described. 


Sinkov has shownt that (3, 3, 7; 2) collapses unless m =2, 3, 6, or 12. The 
relations 


(2.91) 


R* = S* = = 1 


suffice to define (3, 3, 12; 2), of order 288. As a rotation group in four dimen- 
sions§ this is denoted by [3, 4, 3]’’. It is a subgroup of index four in (4, 8 | 2, 3). 
Its central quotient group (3, 3, 6; 2) is the direct product of two tetrahedral 
groups.|| By applying the method of §2.7 to the group 


= = = (R-S)? = (ST)? = (TR)? = 1, 


we find 


U 


3 
3 
3 


or [3!-1-1]’ (of order 96) {| to be an invariant subgroup in [3, 4, 3]’’. 


* Sinkov [2], p. 82. 

7 The term 4 cos 7/1 cos x/m cos x/n cos r/q was added on June 27, 1938. Without it the criterion 
would admit (3, 3, 3; ©) and (3, 3, 4; 4). A proof that the latter group is infinite will be published 
elsewhere. The proviso g>1 has to be inserted because the criterion would admit (1, «©, «; 1). 

t Sinkov [2], pp. 76-78. 

§ Coxeter [5], pp. 68-70. The subgroup 

RY = = = RST = (RS)? = (ST)? = (TR)? = 1, 
of order 96, is the rotation group whose central quotient group is no. XIV (m=2) of Goursat [1], p. 
65. 

|| Goursat’s no. XX. 

{| Coxeter [1], p. 149, (16.75), n=p=q=1, ho=io=jo=3. This is the subgroup D of Sinkov [2], 
p. 76. 
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The relations 
R‘ = S* = (RS)* = = 1, 
which define (3, 4, 4; 2), are satisfied by the permutations 


R = (123 4)(7 8 9 10)(6 12), 
S = (456 7)(3 8 11 12)(1 9), 


Fic. 1 
The icosahedron 
which may be regarded as operating on the vertices of an icosahedron, as in 
Fig. 1. Although R and S are not themselves symmetries of the icosahedron, 
the combinations 
RS = (12 8)(3 5 6)(4 9 10)(7 11 12), 
SR = (110712119236 5)(48) 
are, respectively, a rotation and a rotary reflection; these generate the ex- 


tended icosahedral group [3, 5], which is the direct product of the group of 
order two generated by 


(4) 
\ 
\ 
‘\ 
\ 
‘\ 
A 
7 \ 
mes 
\ 
y 
/ 
/ / 
/ / 
(5) 
(8) 
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I = (R-S)5 = (SR) = (1 9)(2 10)(3 7)(4 8)(5 11)(6 12) 
and the icosahedral group generated by RS and 
(R-1S)4 = SRI. 

Thus the order of (3, 4, 4; 2) is at least 240. The fact that it is exactly 240 
may be established by enumerating the twenty cosets of the tetrahedral sub- 
group generated by R-1S-! and RS. 

The operator J interchanges pairs of opposite vertices of the icosahedron, 


and generates the central, of order two. The quotient group,* of order 120, 
is generated by the permutations 


(1234), (3456). 
It is G;:, since the relations 
= S* = (RS)* = = (R-'S)5 = 1 


are also satisfied by 
(1234), (5432). 

To sum up, the group (3, 4, 4; 2), of order 240, has Gs: /2 XG2 as a subgroup, 
and has a central of order two whose quotient group is G;:; but it is not 
Gs: XG2 (since R?S is of period twelve). 

Finally, (3, 4, 5; 2) is isomorphic with the alternating group of degree six, 
__ as generated by 


(2.92) R=(14)(2635), S=(12345). 


By enumerating the thirty cosets of the tetrahedral subgroup generated by 
RS! and RS, we easily find that the order is just 360. Hence 


(2.93) (3, 4, 5; 2) ~Goye. 
Theorem D can thus be extended as follows: 
THEOREM D’. For all infinite groups (1, m, n; 9) (q>1), 
cos + cos + cos + (1 + 4 cos cos r/m cos cos = 0. 


We observe that this expression vanishes for the infinite groups (3, 3,3; ©), 
(4, 4, 4; 2). 

All the known finite groups (J, m, ; q) are collected together in Table II, 
at the end of the paper. 


* (4, 4 |3, 5; 2). 
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CHAPTER IIT. 


3.1. The derivation of G".".” (p even) from its subgroup (2, m, n; p/2). 
G™-"»? means the group defined by 


(3.11)  A™= B* =C? = (AB)? = (BC)? = (CA)? = (ABC)? = 1. 

This is symmetrical between m, n, p: for cyclic permutation, obviously; and 
for transposition, by changing A, B, C into C-', B-', A-', respectively. Since 
ABCABC = = (BC?A2B)—', 

the defining relations imply 
(3.12) A2B°C? = 1. 
Hence, if any one of m, n, p is odd, the corresponding one of A, B, C is ex- 


pressible in terms of the other two. Thus G"-"-” (p odd) is a factor group of 
(2, m, n; p). 

If p is even, all the relations (3.11) involve C an even number of times; 
hence the set of all operators which involve C an even number of times is a 
subgroup of index two. Since 


CA = =AC, CB=B'C", C'B"' = BC, C? = 
this subgroup is generated by A and B, which satisfy 

(3.13) A™ = B" = (AB)? = (A2B2)?/2 = 1, 

Actually, these last relations completely define the subgroup. This fact will 


emerge from the following more general investigation. 
The group (1, m, n; q), in the form 


S" = T* = (ST)! = (ST-ST)* = 1, 


clearly possesses an automorphism which replaces the generators by their in- 
verses. If we adjoin an involutory operator R: which transforms the group ac- 
cording to this automorphism, we obtain a larger group, say ((/, m, 1; 2q)), 


defined by 
(3.14) R? = S™ = = (R2S)? = (R27)? = (ST)! = (R2ST)*4 = 1. 
To see that this involves /, m, n symmetrically, we define 

Ri Rs=RT. 


Eliminating S and 7, we obtain 
(3.15) R? = R? = R? = (R3Ri)' = (Rik2)™ = (ReRs)" = (RiR2R;)** = 1. 
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This group, then, contains (/, m,n; q) as a subgroup of index two. Writing 
the latter in the form (2.111), we see that £ 
R = R3Ri, S = RiR2, T R2R3. 


Thus each of Ri, Re, R; transforms two of R, S, T into their inverses. 
By defining U = R;R2Ri, we may write (3.15) in the form 3 


(3.16) S™ = T* = U*%4 = (ST)! = (TU)? = (US)? = (STU)? = 1. 
Putting /=2, we have 


((2, m, n; ~Gmn2a, 
+ 


Thus (2, m, n; q) is a subgroup of index two in G"-":*4, and the latter can be t 
derived from the former by adjoining an involutory operator which transforms ti 
the (two) generators into their inverses. 

When (2, m, 1; q) is given in the form 

R™ = = (RS)? = (R°S?)* = 1, 
we naturally write A =R, B=S; and the involutory operator which trans- 
forms these into their inverses is BCA. (For BCA-ABCA =BCABC=A~—, 


and BCAB- BCA =CABCA =B-".) On the other hand, when the same group 
is given in the form 


S* = T? = (ST)™ = (S"TST)* = 1, 


we write A =7S-!, B=S; and the involutory operator which transforms S$ 
into its inverse, while leaving T (=AB) unchanged, is CA. 
3.2. The extended polyhedral groups. The extended polyhedral group 


[m, | or* 
m n 

is defined by 
(3.21) R? = R? = RF = (RiR2)™ = (R2Rs)” = (RsRi)? = 1. 
If we write it 

A = RiR:, B = R2Rs, C = 
so that 

= BC, R:= BCA, R=CA, 


this definition becomes 


(3.22) A™ = B* = (AB)? = (BC)? = (CA)? = (ABC)? = 1. 


* Coxeter [2], pp. 589, 619. 
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Hence 
[m,n] 
where p, the period of C, remains to be determined. 

This is a “group of genus zero.”* If we force p to have a smaller value 
than its “natural” value, we obtain the general group G"-":”, which is a fac- 
tor group of [m, n]. When 1/m+1/n<1/2, the “natural” value is infinite, 
and 


[m, n] 


For the present, however, we concentrate our attention on the case when 
1/m+1/n>1/2. 

Since each of the relations (3.21) involves an even number of R’s, the 
period of R;R2Ri, deduced as a consequence of those relations, must be even. 
The ordinary (unextended) polyhedral group [m, ]’ is generated by the 
rotations A and B; hence 


[m, n]’ ~ (2, m, n; p/2). 


Using the values of g (¢=p/2) that were found in §2.3, we see that the 
(finite) extended polyhedral groups are 


The last four of these are covered by the formula 
(3.23) cos = 1+ cos + cos 2n/n. 


In §4.7, we shall see that this formula has a geometrical significance, in spite 
of its failure when m=2 and 1 is odd. 

Since G?-"-” has a subgroup (2, ”, p; 1), (2.22) and (2.23) show that the 
extended dihedral groups 


»n,2n (n odd) 


3.24 
( (n even) 


\ ~ [n| XG; 

are the only groups of this form; any other values for p (given m) would cause 
collapse. It is clear, also, that G**.7, G*.+.», G*.*.» must collapse whenever p 
is not a divisor of 4, 6, 10, respectively; and we have just seen that they col- 
lapse when p=2. Apart from the extended polyhedral groups themselves, 
there remains only G*°. This, being a proper factor group of the extended 


* Dyck [1], p. 34. 


j . 
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icosahedral group G**!°, must be the icosahedral group itself. 
The following generating permutations are easily verified: 


G4! G34.6~ G41 X Ge G51 /2 | G51/2XGo 
A (3 2 1) (4 3 2) (5 3 2) (5 3 2) 
B (4 3 2) (1 23 4) (12345) (12345) 
Cc (1 2 3 4) (3 2 1)(5 6) (12435) (1 2 43 5)(6 7) 


3.3. Cases in which m, n are odd, while p is even. By (2.53), the group 
(2, 5, 5; 2), of order 80, is generated (in the form (3.13)) by 


A = (01234)(56789), B=(09876)(54321). 

These are transformed into their inverses by 
(0 5)(1 9)(2 8)(3 7)(4 6), 
which, being an odd permutation,* may be identified with BCA. Since B is 
of odd period, the whole group G**4 (or G**5) is generated by A and 
C = (035 8)(1 7)(2 6). 
But these permutations satisfy 
C4 = A5 = (CA)? = (C“A)4 = 1. 
Hence 
(3.31) G45.5 ~ (4, 5 | 2, 4). 
This may be compared with the relation 
Gt3.3 ~ (4, 3 | 2, 4), 


which expresses the well known simple isomorphism between the extended 
tetrahedral and unextended octahedral groups. 
In other cases we suppose (2, m, n; q) to be given in the form 


S" = T? = (ST)™ = (S"TST)2 = 1, 


where S=B, T=AB, and we derive G"":** by adjoining the operator CA 
which transforms S into its inverse, leaving T unchanged. We use a tabular 
arrangement, as in §2.5. (G**4 and G*5.!° have already been described; the 
latter is included now for the sake of comparison.) 


* The even permutation (1 4)(2 3)(6 9)(7 8) could have been used just as well, but it is less ob- 
viously outside the group (2, 5, 5; 2). 


| 

| 

| 

i 
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(2, m,n, q) (2, 3, 5; 5)~Gs1/2 (2, 3, y 
S (12345) (0123456) 
(1 2)(4 5) (O 6)(2 3)(4 5) 
Automorphism (1 5)(2 4) (1 6)(2 5)(3 4) 
(S, S“) (inner) (outer) 
51 eX Ge G78—§,(7) 
(2, m,n; q) (2, 3, 6)~¥(13) (2, 3, 7; 7)~$1(13) 
S (01029385)(17 1146 12) (09115121 10)(276438 «) 
3B T (1 12)(2 11)(3 10)(4 9)(5 8)(6 7) (1 12)(2 11)(3 10)(4 9)(5 8)(6 7) 
Automorphism |(0%)(6 10)(2 4)(9 11)(3 7)(18)(5 12) (0 9)(3 11)(4 5)(6 12)(1 7)(2 10) 
(S, S~) (outer) | (outer) 
Gm.n.2a (13) | G3.7.4— (13) 


(2, m, q) 


(2, 5, 9; 2)~¥(19) 


S (1 169 11547 17 6)(2 13 18 3 10 8 14 15 12) 
T (0 7)(1 ©)(2 14)(3 17)(4 18)(5 9)(6 15)(8 11)(10 13)(12 16) 
Automorphism (0 «)(1 7)(4 16)(5 9)(6 17)(3 15)(10 14)(12 18)(2 13) 
(S, S~) (outer) 
Gm.n.24 G45.9°~ $B, (19) 


(2, m, n; 9) 


(2, 3, 11; 4)~B1(23) 


S (19 12 166 8 3 4 13 2 18)(5 22 14 11 7 17 15 20 19 10 21) 
T (0 3)(1 %)(2 22)(4 8)(5 12)(6 19)(7 16)(9 18)(10 11)(13 20)(14 15)(17 21) 
Automorphism (0 «)(1 3)(4 18)(2 13)(8 9)(6 12)(5 19)(10 21)(20 22)(14 15)(11 17) 
(S, (outer) 
(23) 


The generating permutations are taken from (2.39), (2.391), (2.64), (2.66). 
In each case they are even permutations; so whenever the desired automor- 


— 
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phism is effected by an odd permutation, we can be sure that it is an outer 
automorphism. (This permutation is easily found by observing which sym- 
bols are left unchanged by one of the generators.) 

The apparently possible groups 


collapse with their would-be subgroups (see §2.6, §2.3, and the Appendix) 
(2, 3, 3), + (2, 3, 9; 4), (2, 4, 2), (2, 5, 7; 2). 
3.4. Groups of genus one:G‘:+.2* and G**.2*, The general results of §2.5 and 
§3.1 are illustrated as “genealogies” in Fig. 2, where each single-headed 


arrow stands for “is a subgroup of index two in,” while each double-headed 
arrow stands for “is a subgroup of index three in.” 


Order 
(44,1) R 
(3,313,k) 3k 


(2,3,6;k) (2,3,24;3) 


(4,412,k) (2k, 2k 2.2) 4k 


VY 
(2,4,4;k) (2,4,2k;2) 8k 
(3,3,35k) OR 
G3}.6.2e 12 

(3,313,3&) 27k 

Fic. 2 


Groups of genus one 


When £ is odd, (2.86) and (2.861) show that (2, 4, 2k; 2) is generated by 
AB = (1 2k)(2 2k —1)--- (kk+1), 
B = (12)(3456)-++ (2k —3-- 2k). 


1 
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B is transformed into its inverse, and AB into itself, by 
(1 2)(3 4)(5 6) -- - (2k — 1 2k). 
Calling this C:A, where 
A=(1 2k—1)(3 2k—3) - (R—2 R+2)(2 2k-2 6 2k-G - - - 2k—4 4 2), 
we find 
C,=(1 2k)(2 2k-1 4 2k—3)(3 2k—-4 5 2k—2)(6 8 


Since C7 1B is of period k, B generate (4, 4 | 2, k), whereas the C and B 
of G**-44 generate the larger group (2, 4, 4; k). Thus (2, 4, 2k; 2) is trans- 
formed according to an inner automorphism. Now, & being odd, the central 
of (2, 4, 2k; 2) is of order 1. Hence G?*-* is a direct product, namely 


(3.41) Gt4.2k ~~ (2,4, 2k; 2) X Ge, k odd.* 


By (2.85) and (2.851), on the other hand, whatever be the parity of k, 
(2,4, 2k; 2) is generated by 


B = (ay dex) (a2 (Ge be dex), 
AB = (ay bi) (a2 be) (dex box). 
B is transformed into the-inverse, and AB into itself, by 
Calling this CA, where 
A = (ay box)(d1 a2) (be a3) (bea Ge) dx), 
we find 


C= (a, b1) (a2 be box) (a3 bs bex-1) (ax by 


Since A~!C = (a; dz - be - - - box), A and C generate the whole group 
(2,4, 4; &), and therefore A, B, C generate G*?*4 (that is, G*-42*), 
Similarly, (2.89) and (2.891) show that (2, 3, 2k; 3) is generated by 


B = (3k 12)(345)--- (3k 3k — 23k —1), 
AB = (1 3k — 1)(2 3k — 2)(3 3k — 3)---.. 
B is transformed into its inverse, and AB into itself, by 
(1 2)(45)--- (3k —23k —1). 
Calling this CA, where 


* Cf. (2.84). 
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A = (3k23k —353k —68--- 33k — 1)(13k — 2)(43k — 5)(7 3k —8) ---, 
we find 

C = (13k 3k — 1)(23k — 233k — 443k — 3)(53k —563k—773k—6)---. 
Since (2, 3, 2k; 3) has, in general, no operator of period six,* we can be sure 
that A, B, C (or just A and C, since the period of B is odd) generate G**'*.6 
(that is, G?.5.2*), 

3.5. The derivation of G.2".2* from its subgroup (m, m |n, k). We saw, in 
§2.5, that the groups (2, m, 2; k), (2, m, 2k; ) can be derived from (m, m |n, k) 
by adjoining involutory operators 7, T’, respectively; T interchanges R, S, 
while 7’ transforms each into the inverse of the other. The product T7’ 
(or T’T) transforms each into its own inverse (see §1.2). Let us now adjoin 
these two permutable operators simultaneously, that is, adjoin the four-group 


which they generate. 
Along with the relations 


R™ = S™ = (RS)" = (R-1S)* = 1, 
which define (m, m |n, k), we now have 
T? = T? = 1, TT’ = T'T, TST = R = T'S“"T’. 
Eliminating R, we obtain 
S™ = T? = T = (ST) = (ST’)* = (TT’)? = (STT’)? = 1. 
We can identify this with G.*".?* by writing 
an Foam T’ =CA; 
A=S", B=ST(=TR), C=T'S(=R"TP’. 


Thus (m, m|n, k) is an invariant subgroup of index four in Gr.2”.2k, 

When 

(2, m, 2n; k) ~ (2, m, 22; n) 

(in particular, when »=k), it may happen that TT’ transforms (m, m |n, k) 
according to an inner automorphism. Then 7” transforms (2, m, 2; k) ac- 
cording to an inner automorphism, and, if the order of the central of 
(m, m |n, k) is odd, 
(3.52) Gm2n.2k ~ (2, m, 2n; k) X Go. 

Applying this principle to (5, 5| 2, 3), (3, 3 |4, 4), (3, 3 | 4, 5) (see (2.56)), 
we obtain 


* See Coxeter [5], p. 67, where such an operator would appear as a hexagonal rotation. 


4 
3 
3 
4 

} 
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(3. 53) x Go, 
(3.54) G33.8 ~ Bi(7) X Go, 
(3.55) G?8.10 ~ (2, 3, 8; 5) X Ge. 


When the groups (2, m, 2”; k), (2, m, 2k; m) are distinct, it may happen 
that T and 7’ transform (m, m |n, k) according to outer and inner automor- 
phisms, respectively. Then 7’ transforms (2, m, 2n; k) according to an inner 
automorphism, and (with the usual proviso about the central) (3.52) follows 


again. 

Applying this principle to (5, 5|4, 2)* and (7, 7 | 2, 3), we obtain 
(3.56) G45.8 ~ (2,5, 8; 2) 
(3.57) G46.7 ~ $i(13) X Ge. 


The same principle, applied to (4, 4 |k, 2), provides an alternative proof for 
(3.41). 

3.6. Definitions for G”:"-” (m odd) in terms of two generators. When m is 
odd, the relation (3.12) gives 


A = = 
Thus G”-"-? is generated by B and C. By direct substitution, (3.11) becomes 
CP (BC)? (B°C?) [(B2C2) /2B ]2 
[C(B°C2) /2]2 = 1, 
[C(B°C?2) /2B = 1, 


The last relation is superfluous, since (BC)? =1 implies 
C(B°C?)("-D 2B = CB-BC- --- -BC-CB 
= B-1C-1.C-1B-1. ... .C-1B-1. B-1C-1 
= 
We may also omit any one of the three relations 
(BC) =1, YA} = 1, 
since (BC)*=1 implies 
[(B2C2)(™—) 2B]? = 2B. BC-C(BC2) 
= (B°C2)™, 
Thus G”-"-? (m odd) is defined by 
(3.61) C? = (BC)? = (B°C*)™ = = 1 


* Or to (5, 5| 2, 4), interchanging the roles of T and T’. 
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or 
(3.611) =C? = (BC)? = = = 1, 
Of these two definitions, the latter is more symmetrical (especially when 


n=p); but the former is simpler, and exhibits G"-".” as a factor group of 
(2, n, p; m). In particular, putting m=3, we see that G*-"-? is defined by 


(3.62) = C? = (BC)? = (B°C*)® = (B8C?)? = 1 
or by 
(3.621) B” = C? = (BC)? = (B°C?)? = (BC)? = 1. 


In order to conform with Sinkov’s notation,* let us write B=P, C?=Q. 
When is even, we obtain the subgroup (2, m, n; p/2) in the form 


(3.63) P» = Q?/? = = = 1, 


To see that this definition is sufficient, we put (P?Q)‘"-»/?=S, so that 
Q=P-*S-*, and deduce 


S™ = Pn = (SP)? = (S?*P2)P/2 = 1, 
When (as well as m) is odd, so that C=C?t+!=Q(»+))/?, (3.61) becomes 
(3.64) = = (PO) ™ = = [P( P29) = 1, 


This exhibits G"."-” as a factor group of (2, m, n; p) (see (3.63)), with the 
very simple extra relation 
= 1, 


Putting m=3, we havet 


(3.65) P* = Q? = = (P90)? = 1 
for (2, 3, m; p), and 
(3.66) P* = Q? = (PQ)? = (PQ)? = = 1 


for (p odd). 
In (3.66), any one of the three expressions 


may be replaced by (P?Q‘+*)/?)?; the first two, because 
(B°C?B)*(CB°C?)? = 


* Sinkov [3], p. 68. In “Q=C?, P=A,” A isa misprint for B. 
t For the case when n=7, see Brahana [2], p. 349. Our P (or B) is his R. 


ix 
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(as we saw above, before putting m=3), and the last by the following argu- 
ment, due to Sinkov. He has shown* that the relations (P?Q)* = (P°Q)?=1 
imply (PQP?Q0*)?=1 (for any a). If also (P?Q*)?=1, where a=(p+3)/2, we 
have 


Thus G*:-» (p odd) is defined by 
(3.661) P® = = (P'Q)* = (PQ)? = = 
This is the definition used by Sinkov in his prooff that G*:’.7 and G*.7-" col- 
lapse, and in his proof{ that 
(3.67) G?:7.9 ~ $B, (8). 


(This is the simple group of order 504.) 

Moreover, Sinkov has achieved a further simplification of the definition, 
in the case when » (as well as f) is odd; namely, he finds§ that the period of Q 
need not be specified. Thus G*:"»” (m, p odd) is defined by 


(3.68) = (P*0)8 = (P30)? = (PQ(t0/2)2 = 1, 
For example, $:(8) is defined by 
(3.69) Pt = (PQ)*® = (P°Q)* = = 1 


or, interchanging and p, by P®= (P70)? = (P°Q)?= (PQ*)?=1. 
3.7. Cases in which m, n, p are all odd: G***, G3.7,15 G3.9,9, 
G*5, In §3.2, we found G*5 to be the icosahedral group, as generated by 


A=(253), B=(12345), C=(12435). 
Clearly, A and B generate the same group in the form 
A} = = (AB)? = 1, 


while B and C generate it gua (5, 5 | 2, 3). 
We easily verify that (8), in the form G*.7.°, is generated by the linear 
fractional substitutions 


1 aix +1 
1 -( ), B = + 1), c= ( ), 
x+1 akx +a 


* Sinkov [3], p. 68. 

t Sinkov [5]. 

t Sinkov [3], p. 70. 
§ Sinkov [3], p. 69. 
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where a is a primitive root in the Galois field GF(2*), defined by 
a +a-+1=0 (mod 2). 
In the form (3.69), we therefore have 


a 
P = (ax + 1), = 
@x+1), 
We still more easily verify that the defining relations for G*.7-" are satis- 
fied by the linear fractional substitutions 


4=(— ), (—-1), C = (x+1) (mod 13). 


x 


Hence $:(13) occurs as a factor group. (In Theorem G, below, we shall gen- 
eralize this result.) Sinkov has proved* that the order of G*:7 "8 is 2184, which is 
only twice that of (13). In fact, $:(13) is the quotient group of the central 
(of order two) generated by (P*°Q?)*, (PQ*)*, or (CBA)’. 

Sinkov has remarked that G*7: does not contain $:(13) as a subgroup. 
For, such a subgroup, being of index two, would be invariant; and, having 
an abelian quotient group (of order two), it would contain the commutator 
subgroup of G*.7-8; but G*.7.3 is known to be perfect,t since it is generated by 
two operators (AB and A) of periods two and three, whose product is of 
period seven. 

Thus G*.7- js not isomorphic with or although it has the 
same order (2184). Nor is it the group of unimodular substitutions on two 
variables (mod 13),f{ since, if we represent A, B, C by the matrices 


Ga 


Sinkov has observed that the defining relations for G*.”-" are satisfied by 
the linear fractional substitutions 


4x + 16 22x + 11 10x + 1 
GERD 
x + 26 12x + 10 12x + 10 


we find that 


* Sinkov [3], p. 73. 
t Brahana [2], p. 347. 
t Dickson’s SLH(2, 13); van der Waerden’s SL(2, 13). That group is defined by 


A’ = C8 = J? =1, (AB)? = (BC)? = (CA)? = (ABC)? = (CBA)? = I. 


a 


a 
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He and I have investigated this group, in the form 


By enumerating the 406 cosets of the subgroup of order thirty generated by Q 
and PQP?, we established the order as being 12180. Hence 


(3.71) G3.7.15 ~ B,(29). 


Similarly, the defining relations for G*:*.® are satisfied by the linear frac- 
tional substitutions 


6x + 13 4xn+7 2x 
{ - (=), B= ( ), c= (=) (mod 19). 
2x + 14 7% + 3 10 
By enumerating the 190 cosets of the subgroup of order eighteen generated 
by AB and C, J. M. Kingston* obtained the order 3420. Hence 
(3.72) ~ $B,(19). 
Brahana has shown} that $:(11) is generated by the permutations 
S=(agebk)(cjidf), T = (a c)(b d)(e g)(f h). 


Writing 
B=S*=(akbeg(jcfdi), C=ST=(bkcji(faedh), 
we observe that these permutations satisfy the relations 
B® = C5 = (BC)? = (B°C?)5 = (B°C?B°C?)? = 1, 


which, by (3.61), define G*5>. By enumerating the 66 cosets of the subgroup 
of order ten generated by BC and CB, we easily find that these relations 
suffice to define a group of order 660. Henceft 


(3.73) G>5.5 ~ $B,(11). 
The third generator for G*** (in the form (3.11)) is 
A = (BC)? = (S"'TST)? = (ckaf h)(ebjdg). 


A, B, C are cyclically permuted by D-'!= (a, b, c)(e, 7, f)(g, i, h). By adjoining 
this operator, we obtain the direct product (11) XG; in the form 


* On July 14, 1938. 

t Brahana [3], p. 546. 

t Lewis [1], defines this group in the form S"=7?=(ST)3=(S*TS°T)?=1. Cf. Brahana [2], p. 
356, where two other elegant definitions are suggested: P"=Q5=(PQ)?=(P2Q*)?=(P8Q)3=1 
(P?=R), R“'=T?=(RT)3=(R“TRT)5=(R=“TRT)?=1. For another form of this last definition, 
see Todd and Coxeter [1], p. 32. 
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C5 = D* = (CD)* = (CDCD“")? = 1.* 
G*44 leads analogously to the group 
= D® = (CD)* = (CDCD")? = 1, 


of order 192, which is generated by the permutations 
(a1 bi)(as3 b3)(a2 be ag bs), (a2 be bs)(as b1); 
and G?.?.2 (G?.?.2~.Gs XG2XG:2) leads to the pyritohedral group (2, 3, 6; 2). 
So too, the icosahedral groupt 
(3.74) A® = B* = C3 = (AB)? = (BC)? = (CA)? = 1 
leads to the group 
(3.75) = D* = (CDCD-1)? = 1, 
of order 180. This is Gs1/2XG3, since the generators 
A = (a; a4 a5), B = (de a4 as), C = (a3 a4 4s), 
of (3.74) are cyclically permuted by (a; a2 a3). The relations (3.75) imply 
(CD) =1; but (a3 a4 a5) and (a; a2 a3) generate the factor group 
C3 = D? = (CD)§ = (CDCD“")? = 1, 
which is therefore the icosahedral group again. Clearly, D and (CD)? satisfy 
the ordinary definition D*= E*>=(DE)?=1. More generally, the relations 
C* = D* = (CD)§ = (CDCD~"')' = 1 
define (/, 5|3, &). (The interesting cases are when /=3 and k =3 or 4.) 
It is perhaps appropriate to remark here that the octahedral group G** 
appears naturally as a factor group of the (unextended) hyper-octahedral 
group{ of order 192. 


3.8. The criterion for finiteness. By applying §3.1 to the groups consid- 
ered in Theorem C, we immediately deduce the following theorem: 


THEOREM E. [f the smallest of m,n, p is greater than 2, while the next is 
greater than 3, and if these three numbers are either all even, or one even and the 
other two equal, the group G"'"+” is finite when 


(3.81) cos 2x/m + cos + cos < 1, 


and infinite otherwise. 


* In terms of CD and DCDCD, this takes the form S*= 7?= (S?T)3=(S*T)5=1. Hence yet an- 
other definition for is 7?= (ST)" = (S?T)3 = (S°T)5=1. 

+ Carmichael [1], p. 255. 

t Coxeter [3], p. 219. 
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Since this result is formally more elegant than the analogous Theorems A 
and C, it seems worth while to give a direct proof. 


When m, n, p are all even, we take the group generated by reflections 
R? = R? = R? = RZ = (Ri Ry”? = (R2R3)™/? 
= (R2R,)"!? = = = (RiR2)?? = 1, 


and adjoin a four-group M?= N?= P?= MNP =1, such that 


RiM = MR,, RM = MR; = A (say), 
R2N = R3N = NR, = (say), 
R3P = PR,, R,P = PR, =C (say). 


These relations imply 
M = BC, N =CA, P = AB, 
R, = CAB, R, = ABC, R; = BCA, R,y=CA*B=AB*C = BC*A, 


By direct substitution, the augmented group is seen to be G™»"»?. 


The necessary and sufficient condition for the group generated by reflec- 
tions to be finite is* 


1 — cos 2r/p —cos2x/n — cos 2x/m 
— cos 1 — cos 2r/m — cos 2x/n 
— cos 2r/n — cos 2x/m 1 — cos 2x/p 
— cos 2r/m —cos2r/n — cos 2x/p 1 


that is, 


(1—cos 24/m—cos 2x/n—cos 24/p)(1—cos 2x/m+cos 2x/n+ cos 22/p) 
cos 2x/m—cos 2x/n+cos 2r/p)(1+cos 24/m+cos 24/n—cos 2x/p)>0. 


* Strictly, we should mention the necessary condition 1/m+1/n-+1/p> 1/2, which ensures that 
the solid angle at a vertex of the fundamental region has a spherical excess. But this condition is auto- 
matically covered by the other. (An analogous remark could have been made in §1.2.) 


_ 
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Since we are supposing m, n, p to be even and greater than 2, none of the 
cosines can be negative; so the last three factors are essentially positive, and 
may be discarded. (It will appear later, however, that they have a certain 
significance when we allow m, n, or p to be odd. See Theorem F.) 

When m=n, and p is even, we observe that the subgroup (2, m, m; p/2) 
is also a subgroup of index two in the group 


S™ = R¢ = (RoS'RoS)? = = 1, 
whose order is m times that of the group generated by reflections 
R? = = = 1, = 


This is infinite when m>5, and again when m=5 and p/2>2. These values 
agree with the trigonometrical criterion. (When m =3, the groups collapse un- 
less p =4.) 

This completes the proof of Theorem E, which tells us, for instance, that 
G*6.6 and are infinite. 

The groups G**:?* and G**5 are the only finite groups which satisfy all 
the conditions of Theorem E. If we relax the conditions of parity and equal- 
ity, we find that the criterion (3.81) admits the groups: 

G*4.» (collapsing unless p=3 or 6), 

G*5.» (collapsing unless or 10), 

G*.5.» (collapsing if p is odd), 

G*.7.» (p<12; collapsing unless p=8, 9, or 12), 

G55 

(p odd), Gt5.7 (collapsing), 
all of which have already been described. Thus G”-"? is finite (or collapses) 
whenever (3.81) is satisfied. Moreover,* with the exception of G?-".?" (m odd), 
it collapses whenever 


(1 — cos 2x/m + cos 2x/n + cos 2x/p)(1 + cos 2x/m 
— cos + cos 24/p)(1 + cos 2x/m + cos — cos 2x/p) < 0. 
Hence we have the following theorem: 
THEOREM F. For all (noncollapsing) groups G™»"»?, save G?:"2" (n odd), 
(1 — cos 2x/m + cos 2x/n + cos + cos 
— cos 2x/n + cos 2x/p)(1 + cos 2x/m + cos 2x/n — cos 2x/p) = 0;t 


and for all infinite groups G™:"»?, 


* See Figs. 3-5, below. 
+ The groups for which this expression vanishes, and the one exceptional group for which it is 
negative, are just the extended polyhedral groups [m, n] (see (3.23)). 


on 


} 
4 
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(3.82) cos 2r/m + cos 2x/n + cos 2n/p = 1. 


Among the infinite groups, I would mention G*:*.!? (see (2.67)). On the 
other hand, we have seen that the groups 


are finite, although they satisfy (3.82). 


Unknown 


Collapse 


Fic. 3 
A graphical enumeration of groups G*»"-? 


These results are collected in Table III, which shows that, with a few ex- 
ceptions, the order of G"-"»” increases as 


1 — cos 2r/m — cos — cos 


diminishes. 


15 x lo 
14 ° ° | 
13 x 
12 ° 
11 x x ° 
9 x X 
8 x xNne o e@ 
7 x x x ° ° x x ° ° 
6 ° x x x x ° x Xo 
5 x @ =x 
4 x 
3 
2 
n 
y 3 4 5 6 7 8 9 10 11 12 #13 14 =~=«15 
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In Figs. 3, 4, 5,* we represent the particular groups 
(respectively) as points with Cartesian coordinates (”, p). The known finite 
groups are marked as o’s, the known infinite groups as dots, and the cases of 
collapse as crosses (except where, » or p being small, collapse is general). The 


10} 


Fic. 4 
A graphical enumeration of groups G4"? 


trigonometrical criteria appear as curves (which roughly enclose the region 
in which finite groups are prevalent). Clearly, all the known finite groups 
G”:"-? are included, some several times over. 

3.9. G*"-» and the Fibonacci numbers. Let f, denote the mth Fibonacci 
number, that is, the wth term of the sequence 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 
144, 233, 377, - - - , defined by the recurrence formula 


Clearly, 
where 7, 7’ are the roots (1+5'/*)/2 of the equation 


X—1= 0. 


* Cf. Coxeter [7], p. 41, where the groups (1, m |2, 3) and (1, m |2, 4) are similarly represented. 


| 
9 x ° 
8 ° e e i 
5 x x ° 
i 
4 x ox %* O xX 
3 x x 
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We shall see in a moment a connection between these numbers and certain 
groups G*."-”, where p is an odd prime. 


10+ 


Fic. 5 
A graphical enumeraticn of groups G>:".» 


Consider the linear fractional substitutions 


3.91 A= —) B= C= (z+ 1 
(3.91) 4=(—), -(- ), & +n. 


which are to be regarded as operating in the field of integers modulo p, an odd 
prime. It is easily verified that 


AB = (— x), BC = (-), CA = (- -), ABC = (1 — x). 


x x 


Hence 
A® = C? = (AB)? = (BC)? = (CA)? = (ABC)? = 1; 


that is, all the defining relations for G*."-? are satisfied, save that m, the period 
of B, remains to be determined. The matrix of B, namely 


! 
9 a* 
8 x e 
7 x x 
6 x 
4 x x 
3 x x x x 
+s. 
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having the characteristic equation 


x*+X-1=0, 


—T 0 
( 0 - 
We are thus led to consider the substitution 
Tx 
operating in the field of algebraic integers a+r. We seek the smallest n for 
which 


is similar to* 


(r/r’)” = 1 (mod 9), 
that is, 
7” = 7'" (mod 9), 
51/?f, = 0 (mod 9), 
or (since f, is a rational integer), 
fn = 0 (mod ). 


Such a number ” can always be found; in fact, by a known property of the 
Fibonacci numbers, 1 is a divisor of either p+1 or p—1 (except when p=5). 
With this definition for n, the given substitutions A, B, C satisfy all the de- 
fining relations for 

Now, it is well known{ that A and C (or CA and C) generate the linear 
fractional group $:(~). The remaining substitution B, having determinant 
—1, belongs to this group, or enlarges it to B1(p), according as —1 is a quad- 
ratic residue or nonresidue, that is, according as p=1 or 3 (mod 4). In the 
latter case, ” is necessarily even; so A and C satisfy the defining relations for 
(2, 3, p; n/2). Hence we have the following theorem: 

THEOREM G. [f p is a prime, congruent to 1 or 3 (mod 4), the group 
B1(p) or Bi(p) (respectively) is a factor group of G*":, where n is the ordinal 
of the first Fibonacci number that is divisible by p. When p=3 (mod 4), ¥:() 
is a factor group of (2, 3, p;n/2). 


Here are the first nine values of n: 


* For this method for calculating n, I am indebted to H. Hasse. 
t Dickson [1], pp. 300-302. 
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11 13 17 
8 10 7 9 18 24 14 


w 
~I 


Since A and C generate $:(), B must be expressible in terms of A and C 
whenever p=1 (mod 4). In fact, since 


(ax) = (- =) (x + a) (- -) (« + -) (- -) (« + a) 


= = 
we have, when p=1 (mod 4), 
AB = (— x) = A“CHAC-iA1C1, 

where —1 (mod p). Thus 
(3.92) B = 

In Todd’s definition* for 

S=C, U =A, R = A“'C*AC*4-s, 

When p=3, 5, or 7, Bi(p) or £.(p) is the whole group G*-"-” (see §3.2, 
§3.3). But, as we saw in §3.7, 
(3.93) ~ 


It seems unlikely that G*-"-? is finite in any higher case. 

We observe that ” is even when p=29. In this case, then, (3.92) (with 
i= 12) cannot be a consequence of the defining relations for G*.".”, since each 
of those relations involves B an even number of times. But I do not believe 
that this extra relation will suffice to reduce G*-":** to a finite group. 

CHAPTER IV. GRAPHICAL REPRESENTATION 

4.1. Dyck’s general group picture. Dyckf represents the group 
(4.11) = Soe =--- = = = 1 
by a “group picture” (Dycksche Gruppenbild) which consists of a network of 
r-gons, each of angles 


w/b, 1/be, 1/b,, 


filling the sphere, the euclidean plane, or the hyperbolic plane, according as 


* Todd [2], p. 195. The period of R is, of course, (p—1)/2. 
t+ Dyck [1], p. 26; Burnside [1], pp. 372-427; Threlfall [1], p. 26. 


— 
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1 
is greater than, equal to, or less than, r—2. The polygons are supposed to be 
colored alternately white and black, and each side separates two polygons 
(of opposite colors) which are images of one another by reflection in that side. 
The group is transitive on the polygons of either color, and by adjoining one 
of the reflections we derive the extended group 


R? = =--- = R? = 1, 
(4.12) { 

= = = = 1, 
for which the polygon is the fundamental region. The generators Rj, Ro, - - -,R, 


are reflections in the sides of the fundamental region. The S’s are their prod- 
ucts in consecutive pairs. The groups are finite when the representation is on 
a sphere, in which case r=2 or 3 and (when r=3) we have the relation 
1/b,+1/b2+1/b;>1. 

For many purposes, it is desirable to abandon the metric, and to regard 
the <roup picture as a network of polygons on a topological surface. We can 
tl. “erive a group picture for any factor group, given by the insertion of 
exira relations in the abstract definition, by making the appropriate identifi- 
cation of various parts of the surface. (Such identification naturally reduces 
a simply connected surface to a multiply connected one.) 

To obtain a group picture for the group derived from (4.12) by adding 
the relation 


(4.121) (RiR2 R,)? 1, 


we should identify, in the group picture for (4.12) itself (that is, the “universal 
covering surface”) all those polygons which represent operators of the sub- 
group generated by (RiR: - - - R,)” and its conjugates. If rp is odd, this will 
involve the identification of a white region with a black one, so that the new 
surface will be unorientable. (Dyck would have represented the same group 
on the orientable twofold covering surface.) 

4.2. The group picture for G”’"»”. In the case when r=3 and Jy, be, bs are 
2, m,n, we have a factor group of [m, ], namely 


R? = R? = R? = (Ri Re)” = (R2R3)" = (R3R;)? = (Ri R2R3)” = 1. 


We saw, in §3.2, that this is precisely G"'"-”, the ordinary definition being 
given by the substitution 


Ri = BC, Re = BCA ; R; = CA, 
A = B = R2R3, Cc = R3R2Ri. 


(4.21) 
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When ? is even, our group picture for G"'"»? is Dyck’s for the subgroup 
(2, m, n; p/2), which is generated by A, B (and AB). When ? is odd, A and B 
generate the whole group G”’*:”, and the distinction between white and black 
evaporates. 

Klein* shows a stereographic projection of the group picture for [3, 5]. 
The sides of the triangles appear as arcs of circles, meeting at the proper 


Fic. 6 
The group picture for [4, 5] 


angles, and the reflections are represented by inversions in these circles. Else- 
wheret he and Fricke show the analogous conformal representation of the 
(hyperbolic) group picture for [3, 7]. For [4, 5] and [4, 6], see Figs. 6 and 7, 
where I have shown also the construction lines for the centers of the circles. 


* Klein [1], p. 260. 
t Klein-Fricke [1], p. 109, Fig. 33. 


WwW 
Wk 
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(Since the circles belong in various ways to coaxial systems, their centers lie 
conveniently on straight lines. In the case of [4, 6], all the centers are deriv- 
able from the outermost hexagon in a remarkably simple manner.) 


Fic. 7 
The group picture for [4, 6] 


4.3. The regular map {m, },. Clearly, the vertices fall into three cate- 
gories, say Ps, P,,, P,, according as the number of triangles of either color 
that surround the vertex is 2, m, or n. The 2m triangles that surround one 
point P,, form together a regular m-gon, {m}, and the totality of such m-gons 
constitutes a regular map* {m, n}, whose vertices (each surrounded by n 
{m}’s) are the points P,. Similarly, the points P,, are the vertices of the 
reciprocal map {”, m}. The points Pz are the mid-points of the edges of either 
map. In the case when m=n, the points P,, and P, are surrounded alike; 
taken all together, they are the vertices of a regular map of quadrangles, 
{4,n}. 

* Brahana [1]. This is the regelmissige Zellsystem {n, m} of Threlfall [1], p. 32. Following 
Schlafli, van Oss, and Sommerville, ] write the m (or a2) before the x (or ao). 


1 4 

Wi 

| 
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Let P,Q, R,S, T, - - - bea sequence of vertices of {m, so chosen that 
P, Q, R are consecutive vertices of one m-gon, Q, R, Sof another, R,S, T of 
another, and so on. The edges PQ, QR, RS, - - - forma kind of zig-zag, which 
we call a Petrie polygon. (See Fig. 8, for the case of {5, 4}.) We easily see 
that the operator RiR2R; cyclically permutes the vertices (and sides) of a 
Petrie polygon. Consequently, the insertion of the relation (RiR2R;)? =1 cor- 
responds to the identification of all pairs of vertices which are separated by p 
consecutive sides of a Petrie polygon. The reduced map, so derived, will be 
denoted by {m,n},. The map {5, 10}; is one of Brahana’s and Coble’s un- 
orientable dodecahedra.* 


bx 


Fic. 8 
The regular map {5, 4}; 


4.4. The semi-regular map {m/n},. In the metrical representation of 
[m, x], the mid-points of the sides of the Petrie polygon lic on a straight line 
(of the euclidean or non-euclidean plane) or a circle (of the stereographic pro- 
jection). This suggests the desirability of replacing the regular map by a semi- 
regular map, whose vertices are all the points P». 


* Brahana and Coble [1], p. 15, Fig. VIII. 


/ 
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This semi-regular map, which we denote by {m/n} (or {n/m}), has faces 
of two types, {m} and {x}, whose centers are the points P,, and P,, respec- 
tively. (When m+n, these faces are actually different; when m=n, they can 
still be distinguished, like the black and white squares of a checkerboard. See 
Fig. 11.) Every {m} is surrounded by m {n}’s, every {n} by  {m}’s, and 
every vertex by two of each, alternating. Moreover, when an edge is produced 
in both directions, the line obtained (corresponding to the Petrie polygon of 
{m, n}) is entirely covered with edges. 


Fic. 9 
Collinear edges of {m/n} 


The operator RiR2R; permutes the edges by one step along such a line, 
and the relation (R:R:R3)” =1 corresponds to the identification of all pairs of 
vertices which differ by » such steps. When this identification has been ef- 
fected, we denote the semi-regular map by* {m/n},, reserving the symbol 
{m/n} itself for the universal covering map (which is {m/n}, unless 
1/m+1/n>1/2). 

As we have already remarked, the map is unorientable when ? is odd. In 
fact, since the collinear edges have alternate {m}’s and {7}’s on the left, 
and vice versa on the right, the surface in the neighborhood of the line forms 
a “Mobius band” (see Fig. 9). 

When m=n, the map {m/n}, is regular instead of semi-regular. In par- 
ticular, {m/m} is {m,4}, and {m/m}., is the “skew polyhedron” {m, 4| 2g}, 
whose rotation group is (m, 4 |2, 2¢) (see Fig. 18). We must not infer, how- 
ever, that 


Gmm2a~w (m, 4 | 2, 29), 


although this happens to be true when m=3 or 5 and g=2 (see (3.31)). For 
the map represents the two groups in quite different ways: (m, 4 | 2, 27) con- 
tains no reflections, but G”-”-?2 (containing reflections) will not transform an 
m-gon into any adjacent m-gon. All that we may infer is that the two groups 


* Since {m/n}, has the same meaning as {n/m}, perhaps a better symbol would have been 
{™},. The symbol {"}, here written {m/n}, was defined in Coxeter [1], p. 127. 
t+ Coxeter [7], p. 50. 
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have a common subgroup of index two, as we already know from (2.51) and 
§3.1, the subgroup being (2, m, m; q). 

Since G"-"» involves m, n, p symmetrically, the three maps {m/n} >, 
{n/p} m, {p/m}, all represent the same group. (If m<n<p, the first of the 
three is usually the most convenient, as having the lowest connectivity.) The 
group G”-":? is also represented by any of the six corresponding regular maps 


{m,n} », {n, m} », {n, m, {p, 2} ms {p, m} {m, P}n- 


The map {m, 4}, has four {m}’s at each vertex, just like {m/m},; it 
represents the same group G*"., but has half as many {m}’s altogether. In 
fact, {m/m}, is its twofold covering surface. (See Figs. 8 and 18. The outer- 
most edges are supposed to be identified in accordance with the lettering.) 


R,R, R, R, R,R, 
R,R,R, 
R, 
X RiR; 
Ri 
Fic. 10 


G*44 as a factor group of [4, 4] 


4.5. The manner in which { m/n}, represents G"-"»”. Since each edge of 
{m/n}, crosses the common hypotenuse of two of Dyck’s triangles (one 
white and one black), it is the half-edges that represent the operators of 
G"".», When is even, the edges themselves represent the operators of the 
subgroup (2, m, n; p/2).* Hence, if g denotes the order of G"'"»?, the semi- 


* When both » and # are even, the edges of {m/n}, can be indexed so as to form a Cayley color- 
group (Burnside [1], pp. 423-427) or Dehnsche Gruppenbild (Threlfall [1], pp. 22-27) for 
(m, m| n/2, p/2), thus providing a geometrical interpretation for (2.52). 


Vili 
4 
_ 


1939] ABSTRACT GROUPS 131 


regular map {m/n}, has g/2 edges, g/4 vertices, g/2m {m}’s, and g/2n {n}’s. 
Its Euler-Poincaré characteristic* (— V+ E—F) is therefore 


The generators A, B, C are to be interpreted as follows. A is an m-gonal 
rotation about the center of a face {m}; B is an n-gonal rotation (in the same 
sense) about the center of an adjacent face {7}; and C, being the inverse of 


CB 
A'\B BA 
{mt m | 
Cl AB C 
B CA BC A: 
C2 CAB 1 ABC C2 
tm! 
BCA 
CB Bi | A CA‘ 
AB 
BA 


Fic. 11 
{4/4}, as a portion of {4/4} 


R, Rz Rs, is a “glide” along a chain of collinear edges. To be precise, C trans- 
forms the edge one half of which represents B into that whose “other” half 
represents A}, 

4.6. Special cases. Figs. 10 and 11 show the two kinds of group picture for 
G44 (of order 64); namely, Dyck’s picture for (2, 4, 4; 2), and the map 


* An orientable surface of characteristic c has genus c/2+1. 
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{4/4}4. Some of the operators have been explicitly inserted; the rest are 
easily deduced. The generalization to G**:” for any even p is obvious, as is 


the collapse of G*+-? for any odd p. 


a 


Fic. 13. {3/6}. 


/ 
Fic. 14. {4/6} 


The extended octahedral group G*.*.° provides an interesting example, as 
its three pictures (Figs. 12, 13, 14) are, respectively, spherical, euclidean, and 
hyperbolic. The map {3/6}, generalizes at once to {3/6}, for any even p. 
This can always be drawn as a rhombus (of angle 7/3), with opposite sides 


b 
Fic. 12. {3/4}. 
b 
d 
b 
( f 
a d 
b d a ¢ 
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identified, like the period parallelogram of an elliptic function.* By trying 
to make an analogous picture when p is odd, we verify the collapse of 
G6. (p odd). 


b a 


a b 
Fie. 15. {3/5}s 


ad 4 a 


Fic. 16. {5/5}s 
* Edington [1], p. 206. 
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Fic. 17. {4/5}5 


Figs. 15 and 16 represent the icosahedral group G**5. In the former, all 
pairs of opposite points of the outermost circle are to be identified. If all six 
circles were completed, we should have {3/5}10 or {3/5}. The map {3/5}; 
may be regarded as a partition of the elliptic plane into ten triangles and six 
pentagons; {3/5} is its twofold covering surface. Similarly, {3/4} is the two- 
fold covering surface of {3/4};3, which may be regarded as a partition of the 
elliptic plane into four triangles and three squares. 

In Fig. 16, the smallest pentagon has been drawn five times over (in 
broken lines), to preserve the pentagonal symmetry of the figure. (The re- 
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Fic. 18 
{5/5}, or {5,4|4} 


semblance to Fig. 8 is therefore spurious.) {5/5}; is another of Brahana’s 
and Coble’s unorientable dodecahedra.* Its twofold covering surface is {5,4}. 

Figs. 17 and 18 represent the group G**5, of order 160. These are un- 
orientable and orientable, respectively. The latter is the twofold covering sur- 


* Brahana and Coble [1], p. 3 (Fig. II). Similarly, {5,6}, is the twofold covering surface of Fig. 
III (p. 9). 
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face of the unorientable map shown in Fig. 8. It represents also the sub- 
group (2, 5, 5; 2), of order 80, which is the abelian group of order sixteen 
and type (1, 1, 1, 1) augmented by an operator of period five. 


Fic. 19. {4/5}. 


Figs. 19 and 20 show two of the semi-regular maps for G**.®. The former, 
being orientable, represents also the subgroup (2, 4, 5; 3), which is the sym- 
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metric group of degree five. (In Fig. 20, the small hexagon mnopgr has not 
been repeated, although it upsets the symmetry of the figure.) 


Fic. 20. {4/6} 


Fig. 21 represents G*:’:8, the 168 edges representing the operators of the 
subgroup (2, 3, 7; 4), which is (7). 

Finally, Fig. 22 represents G*7:®, which is $1(8), the simple group of 
order 504. The peculiar elegance of this figure is partly due to the fact that 


i 

if 

70 

ad 

p 20 

< 

b 

/ 

0 

h 

? 

] 

i 

b 

WV k 


138 H. S. M. COXETER [January 


the number of heptagons, being the number of Sylow subgroups of order 
seven, is one more than a multiple of seven, so that the heptagonal symmetry 


Fic. 21. {3/7}s 


can be preserved without repeating any of the faces. (In Fig. 21, there are 
three heptagons for every such subgroup of G*.’.’.) Fig. 22 incidentally 
provides a geometrical verification for the collapse* of G*.”.’. The numbers 


* Cf. Sinkov [5]. 
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1, 2, 3, 4, 5 have been inserted in four of the heptagons, each consecutive 
pair of which differ by seven steps along a line of collinear edges. To make 


Fic. 22. {3/7}9 


{3/7}, these heptagons would have to be identified. But the numbers have 
been put against particular sides of the heptagons, namely, sides which would 
have to be identified. We are thus led to the identification of two sides (1 and 
5) of one heptagon, which is absurd. 
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4.7. The polyhedral groups. When 1/m+1/n>1/2, the vertices of the 
maps 


{m, n}, {n,m}, {m/n}, 


regarded as points of a sphere, can be joined by straight lines and planes (in 
ordinary space) to form regular and semi-regular polyhedra. From this point 
of view,* {3, 3} is the tetrahedron, {3/3} or {3,4} is the octahedron, {4, 3} 
is the cube, {3/4} is the cuboctahedron,{ {3, 5} is the icosahedron, {5, 3} 
is the dodecahedron, and {3/5} is the icosidodecahedron.t 

When {m/n} is regarded as a polyhedron, the “collinear edges” form an 
equatorial§ p-gon, C being a rotary reflection whose period p we proceed to 
calculate. Consider the four vertices which are joined by edges to any one 
vertex. These form a rectangle, whose sides are 2 cos r/m and 2 cos /n, while 
its diagonal is 2 cos r/p. Hence 


cos? r/p = cos* r/m cos? 1/m+1/n2 1/2, 


in agreement with (3.23). 

This formula fails when it leads to an odd value for #, since then C?, in- 
stead of being identity, is the reflection in the plane of the p-gon. This hap- 
pens only when m=2 and 1 is odd (or vice versa). In order to cover this case, 
we may say that the period of C is twice the numerator of the rational num- 
ber g, defined by 


(4.71) cos t/q = 1 + cos 2x/m + cos 2n/n. 


4.8. Polyhedra of higher connectivity. From the ordinary polyhedron 
{m/n} or {m/n},, we may derive two star polyhedra, {n/p}mand {m/p}., 
by regarding the equatorial p-gons as faces, and discarding the m-gons or 
n-gons, respectively. Thus we have the ¢etratrihedron|| {3/4}3, the hexatetra- 
hedron4 {4/6}, the octatetrahedron§ {3/6} 4, the dodecahexahedron** {5/10}, 
and the icosihexahedron** {3/10}. 

The cuboctahedron, {3/4} or {3/4}., represents the extended octahedral 
group G*+.°, which has two distinct subgroups of index two: (2, 3, 4; 3) and 
(2, 3, 6; 2). The former appears geometrically as the octahedral group, gen- 
erated by a trigonal rotation A and a tetragonal rotation B, while the latter 


* Cf. Coxeter [1], p. 129. 

+ Badoureau [1], p. 67, Fig. 30; p. 73, Fig. 39. 

t Ibid., p. 73, Fig. 45; p. 129, Figs. 113, 114. 

§ That is, inscribed in a great circle. 

|| The semi-octaédre of Badoureau [1], p. 104, Fig. 70. 
{ Ibid., p. 119, Figs. 96, 97. 

** Tbid., p. 131, Figs. 115, 116. 
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appears as the pyritohedral group, generated by the same A and a rotary 
reflection C. When the same group is represented on the octatetrahedron 
{3/6}4 (whose faces are the eight triangles of the cuboctahedron, and its 
four equatorial hexagons), the roles of the two subgroups are interchanged: 
the generators, A and C, of the pyritohedral subgroup (2, 3, 6; 2), though 
still a rotation and a rotary reflection in space, are both intrinsic rotations* 
of the surface of the polyhedron. On the other hand, the third polyhedron, 
{4/6}s (whose faces are the six squares of {3/4}. and the four hexagons of 
{3/6},) is unorientable, and its intrinsic rotations, B and C, generate the 
whole (extended octahedral) group. Similarly, the intrinsic rotations of 
{3/4}3 generate the extended tetrahedral group G**.* (which is simply iso- 
morphic with the octahedral group), while those of {5/10}s, or of {3/10}s, 
generate the extended icosahedral group G**."°. 


Fic. 23 
The ditrigonal dodecadodecahedron, homeomorphic to {5, 6}, 


The cuboctahedron may be said to be semi-reciprocal to the cube and the 
octahedron. Semi-reciprocal to the Kepler-Poinsot polyhedra {5, $} and 
{3,5} there is the dodecadodecahedront {5/3}, which has the same ver- 
tices as the icosidodecahedron, but its faces consist of twelve pentagons and 
twelve pentagrams (or star pentagons). By ignoring the distinction between 


* Cf. Coxeter [7], p. 47. 
+ Badoureau [1], p. 133, Fig. 117. 


| 


142 H. S. M. COXETER [January 


these two kinds of face (which, topologically speaking, are both pentagons), 
we derive the map {5, 4}, whose intrinsic rotation group, (2, 5, 4; 3), is Gs. 
In fact, the pentagons and pentagrams of {5 / 3} are interchanged by any 
outer automorphism of the icosahedral group (which is the rotation group 
of the solid {5 / $}). 

All this is closely analogous to the manner in which two reciprocal tetra- 
hedra {3,3} lead to the octahedron (or “tetratetrahedron”) {3/3}, which is 
the same polyhedron as {3, 4}«. For, the octahedral group (2, 3, 4; 3) is the 
group of isomorphisms of the tetrahedral group. 

Besides the dodecadodecahedron {5 / $}, there is another polyhedron 
(Fig. 23) having the same number of the same kinds of face (namely, penta- 
gons and pentagrams), but three of each at a vertex, instead of only two. 
We may call this the ditrigonal dodecadodecahedron.* It has the same vertices 
as the ordinary dodecahedron. By ignoring the distinction between pentagons 
and pentagrams, we derive the map {5, 6}4, whose intrinsic rotation group, 
(2, 5, 6; 2), is again G5). 

4.9. The more general group ((i, be, - - - , b,; p)). By analogy with (3.15), 
we use the symbol ((d1, be, - - - , b,; p)) to denote the group defined by (4.12) 
and (4.121). The substitution (4.21) enables us to define ((J, m, 1; p)) in the 
alternative form 


(4.91) A™ = B = CP? = (AB)! = (BC)? = (CA)? = (ABC)? = 1, 


which shows that 
(4.92) ((2, m, n; p)) ~Gmnr, 


Three methods present themselves for a tentative investigation of 
the group ((d1, be, - - - , b,; p)). The first applies to the case when r=3 and p 
is even. We saw, in §3.1, that ((l, m, m; 2q¢)) contains (1, m, n; q) as a subgroup 
of index two. By writing 

R = R3R1, S = RR, T = R2R3, 
so that 
(RiR2R3)? = SRT, 
we obtain the subgroup in the symmetrical form (2.111), that is, as a factor 
group of (4.11) (with r=3). We may suppose /, m, n to be greater than 2, 


since G"-"-? has already been thoroughly investigated. 
From (bcd, cad, abd; 1) (a, b, ¢ co-prime in pairs) we derive the 


* Badoureau [1], p. 108, Fig. 76, incomplete. 
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group ((bcd, cad, abd; 2)), of order 2abcd?, 

from (3, 3,3;%), ((3, 3, 3; 2k)), of order 18k?, 

from (3, 3,12; 2), ((3, 3, 12; 4)), of order 576, 

from (3, 3, 6; 2), ((3, 3, 6; 4)), of order 288, 

from (3, 3, 4; 3), ((3, 3, 4; 6)), of order 1008, 

from (3, 4, 4; 2), ((3, 4, 4; 4)), of order 480, 

from (3, 4, 5; 2), ((3, 4, 5; 4)), of order 720.* 
We see also that ((3, 3, 2; 4)) collapses unless n»=2, 3, 6, or 12, and that 
((4, 4, 4; 4)) and ((3, 3, 4; 8)) are infinite. 

The second method applies to the case when 


bh = q (say). 


By adjoining an operator S, of period r, which cyclically permutes the genera- 
tors Ri, Re, --- , R,, we derive the larger group 


St = R? = (SR,)"? = = 1. 


Thust ((9’; p)) is an invariant subgroup of index r in (2, r, rp; q). 

From (2, 2, 2p; p)~[2p], we derive ((p, p; p))~[p], of order 2p, 

from (2, 3,3; 2), the four-group ((2, 2, 2; 1)), 

from (2, 3, 6k; 3), ((3, 3, 3; 2k)) again, 

from (2, 3, 6; 9), ((9, 9, 93 2)), of order 2g’, 

from (2, 4, 4; 9), ((9, 9, 9, 93 1)), of order 2q?, 

from (2,4,4;2), ((2, 2, 2, 2; p)), of order 8p?, 

from (2,5,5;2),  ((2, 2, 2, 2, 2; 1)), of order 16, 
and from (2, 3, 12; 4), the infinite group ((4, 4, 4; 4)), again. We see also that 
the following are cases of collapse: 


(q,9;0)) (#9), (@9,9;1)) 2), 

((2, 2, 2; p)) (p>2), (3, 3, 3; p)) (p odd), and ((4, 4, 4; 3)). 

Theorem C tells us that ((g, 9, g, 7; p)) is infinite whenever p>1 or g>2, 
and that ((g’; 1)) is infinite when r>4, with the single exception of 
((2, 2, 2, 2, 2; 1)). When r S5, ((27; 1)) is the abelian group of order 2*-! and 
type (1,1, ---,1). This is obvious when r <5; however, when r=5 it is an in- 


* The method of §3.3, applied to the permutations (2.92), shows immediately that ((3, 4, 5; 4)) 
~Ge1/2X Go. 

+ Within the double parentheses, we use g’ to stand for g, g,--* , 4. 

t Enumerations, carried out independently by Sinkov and me (August-September, 1938), in- 
dicate the collapsé of ((5, 5, 5; 3)), and so also of (2, 3, 9; 5) and G*-%! (see Fig. 3). This is particu- 
larly interesting, as it shows that (3.81) is not a necessary condition for the collapse of G"»"»?. 
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teresting consequence of our knowledge of the order of the group (2, 5, 5; 2). 

The b’s being all equal (to g), the group picture described in §4.1 is now a 
regular map of r-gons, 2g at each vertex. Since the relation (4.121) identifies 
pairs of points which differ by rp steps along a Petrie polygon, this map is 
precisely {r, 2q},p. For instance, the sixteen pentagons of Fig. 8 represent 
the operators of the abelian group of order sixteen and type (1, 1, 1, 1). 

The third method applies to the case r=3, without restriction on the 
parity of p; but it is practical only when p =3 or 4.* By comparing (4.91) with 


Ty = Tp = = (T1T2)? = (1273)? = (T1T2T3)? = 1, 
which are Todd’sf relations, we see that, for a suitable value of J, 


where [n, p, m]’ denotes the rotation group of the regular polytope {n, p, m} 
in four dimensions. Here / is the period of 7:73, and 7,7; is a displacement{ 
which cyclically permutes the sides (and vertices) of a Petrie polygon. In 
other words, the Petrie polygon of {x, p, m} has 1 sides. 

By considering the particular polytopes in turn, we find§ 


((3, 3, 3; 3))~[3, 3, 3)'~ 51/2) 
((3, 4, 8; 3))~[3, 3, 4]’, of order 192, 
((3, 3, 12; 4))~[3, 4, 3]’, of order 576, 
((3, 5, 30; 3))~[3, 3, 5]’, of order 7200. 
Moreover, since (7,73)? (J even) is the central inversion,|| we have the cen- 
tral quotient groups 
((3, 4, 4; 3))~[3, 3, 4]’/Ge, of order 96, 
((3, 3, 6; 4))~[3, 4, 3]//G2, of order 288, 
((3, 5, 15; 3))~[3, 3, 5]’/Gs, of order 3600, 


which can be regarded as rotation groups in elliptic space. {| 


* Added in proof: By direct enumeration of cosets, J. M. Kingston found that ((3, 3, 4; 5)) 
~((3, 3,5; 5))~Ge1. As permutations, the generators are (2 3)(5 6), (1 2)(3 4), (1 2)(4 5) in the 
former, and (2 3)(4 5), (1 2)(3 4), (1 2)(4 6) in the latter. 

t Todd [1], p. 217. 

t 7:17;= Ri R2R3R,; ibid., p. 224. See also Coxeter [2], p. 605, where the period of R,R2RsR, is 
called h. 

§ For the sake of uniformity, I have rearranged /, m, n into ascending order. For example, the 
first group would originally appear as ((5, 3, 3; 3)). Although the meaning of the symbol ((/, m, ; p)) 
is unchanged for all permutations of J, m, n, the meaning of [n, p, m]’ is unchanged only for transposi- 
tion of m and n. Moreover, the two polytopes {n, p, m}, {m, p, n}, which have the same group, are 
not identical (unless m=n) but reciprocal. 

|| Coxeter [2], p. 606. 

{ Nos. XXVII, XXVIII, XXX of Goursat [1], pp. 67, 68. 


((l, m, n; p)) ~ [n, p, m]’, 
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We may also infer that ((3, 3, 7; 3)) collapses if 15, and that ((3, 4, 2; 3)) 
and ((3, 5, 1; 3)) collapse whenever / is not a divisor of 8, or 30, re- 
spectively.* 

Each finite polytope {”, p, m} determines a partition of the hypersphere 
into polyhedral cells, which form a three-dimensional “regular map.” More 
generally, we use the same symbol {, p, m} to denote any regular map which 
fills a simply connected three-space (spherical, euclidean, or hyperbolic, ac- 
cording as sin 7/m sin 7/n is greater than, equal to, or less than cos 7/)). 
The cells of this map are polyhedra {n, p}, m of which meet at each edge. A 
sequence of vertices P,Q, R,S, ‘Tf, - - - is said to form a Petrie polygon of the 
map if P, Q, R, S are consecutive vertices of the Petrie polygon of one cell, 
Q, R, S, T of another, and so on. 

Let {x, p, m}, denote the multiply connected map derived from {m, p, m} 
by identifying certain pairs of edges,f namely, one pair which differ by / 
steps along a Petrie polygon, and every pair that results from this by applying 
a displacement (that is, an operation of the rotation group |, p, m]’). 

The group ((/, m, n; p)), involving J, m, n symmetrically, is the intrinsic 
rotation group of any of the six regular maps 


{n, p, {m, p, p, 2} m, {n, p, 1} m, {m, p, {1, p, m}n. 


This includes our representation of G"-"-? on {n, p}m as a particular case, 
since the three-dimensional map {, p, 2} consists of just two cells, whose 
common boundary is the two-dimensional map {n, p}. The reflections of 
[x, p] correspond to digonal rotations of [”, p, 2]’, just as the reflections of 
[x | correspond to digonal rotations of [n, 2]’. The same principle was used 
by Todd in another connection.{ 

The map {4, 3, 4} is of special interest, since its space is euclidean. It is, 
in fact, the ordinary space-filling of cubes. Its Petrie polygon is permuted by 
a trigonal screw.§ Therefore the derived map {4, 3, 4}: has k? times as many 
cells as {4, 3, 4}3; that is, the order of ((3k, 4, 4; 3)) is #* times that of 
((3, 4, 4; 3)). But we have seen that the latter, being also the rotation group 
of {3,3,4}4, is of order 96. Hence ((4, 4, 3k; 3)) is of order 96k*. 

By (4.92), G-"-” is the rotation group of any of the six maps 


{m, n, p}2, {m, p,m}e, {m, p,mbeo, {n,m, phe, {p,m,n}o, {p, m, 


* Added in proof: More precisely, ((3, 5, 7; 3)) collapses unless /=3, 5, 15, or 30. The group is 
icosahedral when /=5, as well as when /=3. 

+ Compare the definition of {m, 7}, in §4.3. There we were able to say “all pairs,” because we 
admitted reflections as well as displacements. 

t Todd [1], p. 223. 

§ Coxeter [5], p. 73. 
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The map {m, n, p}2 has one or two vertices according as m is odd or even. 
Reciprocally, it has one or two cells according as p is odd or even. In par- 
ticular, {3, 4, 3}2, {4, 3, 3}2, {3, 5, 5}2, {5, 3, 5}2 each consist of a single 
cell. The same holds for {5, 3, 3}3, since ((3, 3, 5; 3)) ~[5, 3]’. In fact, 


{3, 4, {5, 3, {5, 3, 3}; 


are easily recognized as the octahedron-space* and the two dodecahedron- 
spaces. 


TaBLeE I 
The known finite groups (1, m |n, k) 
2 sin sin Where group is 
Group Order —cos r/n—cos discussed 

2,2 |k,k 4 sin? x/2k 1.1 
(2i, |2, 2) 4ij 2 sin sin 1.1 
(4,4 |2, k) 4k? 2 sin? x/2k 1.3, 2.8 
(3, 3 |3, &)\ 2 sin? 1.6, 2.7, 2.8 
(3, |3, 3) x/k)—1 1.6, 1.7 
(3, 4 |2, 4) 0.518 1.5, 3.3 
(2,4 |3, 3)}~G,, 24 0.414 1.5 
(2,3 |4, 4) 0.318 1.6 
(3, 5 |2, 5) 0.209 1.6 
(2,3 |5, 5)) 0.114 1.6 
(4,6 |2, 3)~G,, 120 0.207 1.3 
(4,5 |2, 4) 160 0.124 1.4, 2.5, 3.3 
(4,7 |2, 3) 0.114 1.6 
(3,3 |4, 4)}~,(7) 168 0.0858 1.6, 2.5, 3.5 
(3, 4 |3, 4) 0.0176 1.6, 2.7 
(4,5 360 0.0223 1.6 
(5,5 |2,4)f —0.0161 1.6, 2.5, 3.5 
(3,3 |4, 5) —0.0161 1.7, 2.5 
(3, 4 |3, 5) 1080 —0.0843 1.7 
(3, 5 |3, 4) —0.189 1.7, 3.7 
(6,7 |2, 3) —0.0661 1.7 
1092 
(7,7 |2, 3)f ¥i(13) —0.123 1.7, 2.5, 3.5 
(4, 8 |2, 3) 1152 +0.0412 1.3, 2.9 
(4,9 |2, 3)~$,(17) 2448 —0.0163 1.7 


* Threlfall and Seifert [1], pp. 61-63. 

t Weber and Seifert [1], pp. 242, 243. The hyperbolic dodecahedron-space has both two- and 
three-sided Petrie polygons (such as ab and afb); the spherical dodecahedron-space has both three- 
and five-sided Petrie polygons (such as abg and figkh). Since ((3, 5, 5; 3)) is the icosahedral group, 
these two spaces are defined by the symbols {5, 3, 5}s, {5, 3, 3}5, just as well as by {5, 3, 5}2, 
{5, 3, 3}, respectively. On the other hand, since ((3, 3, 3; 4)) is of order 72, the map {3, 4, 3}3 
covers {3, 4, 3}. three times. 
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TABLE II 
The known finite groups (/, m, ; q) 
Group Order Where group is discussed 
(bed, cad, abd; 1)~[abed]’x [d]’* abcd? 2.2,4.9 
(2, 2, n; n)~[n] (n odd) 2n 2.3 
(2, 2, g)~[2q] 4q 2.3, 4.9 
(2, 4, 4; 8q? 2.5, 2.8, 4.9 
(2, 4, 2q; 2) 8q? 2.5, 2.8, 3.4 
(2, 3, 6; q) 6q? 2.5, 2.8, 4.9 
(2, 3, 2g; 3) 6q? 2.5, 2.8, 3.4 
(3, 3, 3; 9) 9q? 2.7, 2.8, 4.9 
(2, 3, 3; 2)~Gaj2 12 2.3, 3.2, 4.9 
(2, 3, 5; 5)~Gare 60 2.3, 3.2 
(2, 5, 5; 2) 80 2.5, 4.6, 4.9 
(2, 4, 5; 3)\ 
(2, 5,6; 2) Gs 120 2.5, 4.6, 4.9 
(3, 3, 6; 2)~Gay2XGay2 144 2.9, 4.9 
(2, 3, 7; 4)~$1(7) 168 2.3, 4.6 
(3, 4, 4; 2) 240 2.9, 4.9 
(3, 3, 22: 2)~I3, 4, 288 2.9, 4.9 
(2, 3, 8; 4)~§,(7) 336 2.5 
(3, 4, 5; 360 2.9, 4.9 
(2, 4, 5; peda 720 2.5 
5, & 2) 720 2.5.3.3 
(2, 3, 7; 6)\ 
(2, 3, 8; 5) | 
(2, 3, 10; 2160 24,35 
(2, 4, 7; 3)~i(13) 2184 2.5 
(2, 6, 7; 2)~P1(13) X Ge 2184 2.5 
(2, 5, 9; 2)~P1(19) 3420 2.6 
(2, 3, 11; 4)~$1(23) 6072 2.6 
* a, b, ¢ co-prime in pairs. 
TABLE IIT 
The known finite groups G"".? 
{m/n} > 
1—cos 2x/m Where group 
Group Order Charac- | Genus (when| —cos2x/n—cos2x/p | is discussed 
teristic | orientable) 
(n even) 4n —2 0 4 sin? 3.2 
Ge (n odd) 4n —2 0 2(1+4 cos? 2/2n) sin?x/2n| 3.2,3.8 
0 1* 2 sin? 3.4,4.6 
GI4~Gy 24 —2 0 2 3.2,3.7,4.8 


* When g=2, we have G?45~G,, XG2. The genus of {3/4}, is, of course, zero. 
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TaBLe I1I—Continued 
The known finite groups GP 
{m/n}» 
1—cos Where group 
Group Order | Charac- |Genus (when| —cos 2r/n—cos | is discussed 
teristic | orientable) 
Garp 60 | 0.882 3.2,3.9,4.6 
X Gz 120 —2 0 3.2,4.8 
GI55~(4, 5 |2, 4) 160 4 3.3, 3.8, 4.6 
240 6 4 0.191 3.5,4.6 
G27.6~$5,(7) 336 4 3 0.170 3.3,3.9,4.6 
G3.7.9~B,(8) 504 6 0.111 3.7,4.6 
G555~B,(11) 660 33 0.0729 3.7 
G38.8~ (7) X Go 672 14 8 0.0858 3.5 
GA58~(2,5,8;2)XG. | 1440 36 19 —0.0161 3.5 
Go72~F,(13) 2184 26 14 +0.0105 3.3 
G3.7,13 2184 26 —0.00894 3.7,3.9 
2184 26 14 —0.0245 3.3 
G39. (19) 3420 95 —0.0321 3.7 
G810~(2, 3,8;5)XG. | 4320 90 46 —0.0161 3.5 
(13) 4368 182 —0.123 3.5 
Gt5.9~ (19) 6840 | 171 —0.0751 3.3 
G3.8.1.-§, (23) 12144 253 —0.0483 3.3 
8, (29) 12180. | 145 —0.0370 3.7 


APPENDIX. ON THE COLLAPSE OF (2, 3, 9; 


(2, 3, 9; 4): In the form (3.65), this group is defined by P®=(Q4 
= Since OP?Q0=P-*, we have (P*Q?)'=1. Similarly, 


4) anp (2, 5, 7; 2)* 


(POP?Q0-)?=1, (P40)? =1, (P?Q0")*=1. Using these relations, we find that 


Hence 


(P°Q)? = 1. 


* For this Appendix I am indebted to Dr. \. Sinkev. (See §2.6.) 
t Sinkov [3], pp. 68, 69, (2), (4), (5). 


P?0 = P70: 
P30 P*0?-0 
P-*Q-2P-2.0 
P-*0-2 P-2) 2P-%Q-2 P-3. PO 
= PQ 


= 
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P8 = (P-*)* = (P-3. 
= P10)? = = 1. 


Thus (2, 3, 9; 4) collapses to (2, 3, 3; 2), which is the tetrahedral group. 
(2, 5, 7; 2): In the form (2.12), this group is defined by R®=S’=(RS)? 
= (R*S*)?=1, whence 


= S-S2R?-RSR- R°S?- RS* = RS3 
= SR: R°S?R?- R°S?-S = 
= R2. R2S2R2-RS = R2-S-2-S-1R-1 
= = R3-SR-R°S?-R 
= R®°SR®S*R. 
It follows that 
S-R°SR°S*R-S = R®SR°S*R, = R?:RSR:- R*S?-R, 
SR?-S-). R°S-R-! = 
so that 
SR°S-! = RS1R-? = R°S*R-*, 


But SR*S-' is of period five, while R?S*R-? is of period seven. Hence R=S =1, 
and (2, 5, 7; 2) collapses totally. 
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SOME EXISTENCE THEOREMS IN THE CALCULUS 
OF VARIATIONS 


Ill. EXISTENCE THEOREMS FOR NONREGULAR 
PROBLEMS* 


BY 
E. J. McSHANE 


1. Outline of the method of proof. This note is the third of a series, the 
rst and second of which have already appeared in these Transactions.f 

In the present paper we shall establish an existence theorem for single- 
integral problems of the calculus of variations without requiring quasi-regu- 
larity. In order to help the reader to find his way through the many details 
of this proof, we first present a heuristic outline of the method used. 

Given an integral #(C) = /F(z, 2)dt, where z=(z!, - - - , 2%), we seek to find 
a rectifiable curve (in g-dimensional space) joining two fixed points 21, 22 for 
which this integral is least. It is always possible to find a minimizing sequence 
{C,}; that is, a sequence for which 7(C,,) tends to the greatest lower bound yu 
of 7(C) on the class of curves under consideration. Moreover, it is easy to 
find hypotheses on 7(C) which will ensure that a minimizing sequence exist 
which has a curve of accumulation Co. That is, the curves C,, have representa- 
tions z=2,(#), (0<¢#<1), for which z,(#) tends uniformly to a limit function 
z(t). If now we have some method of selecting the C, so that z,’ (¢) tends al- 
most everywhere to z¢ (é), then ¥(C,)—F(Co), and the curve Cy is the one 
sought. 

Suppose that a curve C: z=2(t), (4 <¢<t), in g-dimensional space mini- 
mizes an integral ¥(C) in the class of all curves of class{ D’ joining two fixed 
points z, and zs. As is well known, the equation 


(1.1) Fst), 0) = f Pals, + 6 


holds. Also, at each corner 2(to) of C the relations 
(1.2) F(z(to), 2’(to — 0)) = Fi(z(to), 2’(to + 0)) 


* Presented to the Society, December 28, 1937; received by the editors October 29, 1937 and, 
in revised form, February 16, 1938. 

t These Transactions, vol. 44 (1938), pp. 429-438; pp. 439-453. 

t Acurve C is of class D’ if it has a representation z=2(t), (4; $¢S#), such that the functions z‘(¢) 
are continuous and the interval [4, #2] contains a finite number of points between which z’(¢) is non- 
vanishing and uniformly continuous. (At these points z’(#) may be (0, --- , 0) or may fail to exist.) 
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and* 

(1.3) Q(z(te), 2’(to — 0), 2’(to + 0)) SO 
hold, where 

(1.4) Q(z, p, r) = r) — r°F p). 


If now we choose a sequence of polygons II, joining 2; to z. and such that 
¥(II,) tends to the lower bound yu of ¥(C) on the class of curves under con- 
sideration, we can not immediately make any statement similar to (1.1) or 
(1.3) for II,,. However, if the number of vertices of II, is s,, and II, actually 
minimizes ¥(C) in the class of all polygons joining 2; and 22 and having not 
more than s,, vertices, then it is to be expected that relations (1.1), (1.2), and 
(1.3) hold in an approximate sense for II,,. 

We now define an approach set at z to be an aggregate of vectors p such 
that 


(1.5) F(z, pi) — Filz, p2) = 0, a#=1,---,q, 


for each pair /:, p2 of vectors of the set. In this terminology, equation (1.2) 
states that s’(t)—0) and ’(¢).+0) belong to an approach set at 2(to). Suppose 
then that the polygons II,, have been chosen as above so that II,, minimizes 
¥(C) in the class of polygons which have not more than s, vertices and which 
join % to 2. We suppose that these are represented by functions z=z,(é), 
(0 <t<1), which are piecewise linear on [0, 1]. Also we suppose that we have 
already chosen a convergent sequence, so that z,(¢) tends to a limit function 
zo(t) uniformly on [0, 1]. If we fix on any number é) in [0, 1], it is possible to 
choose a subsequence {II,,} of the sequence {II,} in such a way that the 
vectors Zm (to +0) tend to a limit fo. Whenever m is large and ¢ is near fo, 
the point z,,(2) is near Zo(¢o) and the vector Zm(to+0) is near fo. If now equa- 
tion (1.1) holds, at least approximately, for II,,, the value of F;(zn(t), Zn! (é)) 
can change only a small amount on a short arc of II,,. For by (1.1) the change 
in F;(z,(t), 2x (t)) is equal to the integral of F.; over a short interval. Hence 
for all ¢ near ¢éo the values of the F(zn(t), 2n/ (£)) are nearly equal to the values 
of Fi(Zm(to), Zm (to)), and these in turn are nearly equal to F;(zo(to), p). Thus 
for all large m and for all ¢ near ¢) the equations 


F (zo(to), 2m (t)) = Fi(zo(to), po), += 0,1,---,9, 


are almost true, and we may expect that there is an approach set A such that 
ze (t) is in or near A whenever m is large and t—ép small. 
Suppose now that each such approach set contains only a finite number 


* Cf. I, Theorem 1. 
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of unit vectors, which can be set in an order #1, po, - - - , px such that 
(1.6) Q(z0(to), Pi, Pi) > O, j >i. 


Now (1.3) must hold approximately on II,,, and for ¢ near ¢) and m large the 
directions z,/ (t)/|»’ (¢)| are each near some #;; hence by (1.3) and (1.6) we 
find that a side with direction near »; cannot precede one with direction near 
p; if 7 >i. Thus the arc of II,, near Zo(¢) can be split into subarcs, the first of 
which consists of sides with directions near #1, the second of sides with direc- 
tions near p2, and so on. That is, each such arc is almost a line segment. So 
is its limit arc; and for line segments /, tending to a limit J) it is clear that 
F(l,.)—F(lo). Thus our point ¢ is in an interval along which the integrand 
F(z, n) converges, with arbitrarily small error, to F'(Zo, 0). 

This argument, applied to all f, would yield (IL,)—-¥(Co). Since 
F(IIm)—>, we have ¥(Co) =p, and C, is the curve sought. 

In the following pages the argument just suggested will be generalized 
and made rigorous. 

2. Choice of a minimizing sequence. We now suppose that we are given 
an integral ¥(C) in parametric form, and seek the minimum of 7(C) in the 
class of all rectifiable curves C joining two given points z; and z2. We suppose 
that ¥(C) satisfies the following condition: 


(2.1) For every constant M there is a number Ly such that all curves C join- 
ing z and z and giving F(C) a value less than or equal to M have lengths not 
greater than 


For example, (2.1) is satisfied if there is a number c >0 such that 
F(z, 2’) = c| | 


We shall reserve the word “vertex” for points on a polygon at which suc- 
cessive sides join; that is, the initial and final points will not be called vertices. 


Lemma 1. Let ¥(C) satisfy (2.1). Let K, be the class of all polygons joining 
a point % to a point 22 and having not more than s vertices. Then for every s the 
class K, contains a polygon which minimizes F(C) on the class K,. 


Let u, be the greatest lower bound of ¥(C) on the class K,. We establish a 
correspondence between the polygons of K, and the points (¢1, - - - , ¢*) of 
sqg-dimensional space by writing the coordinates of the first vertex, then those 
of the second, and so on.* By (2.1), there is a number R such that if any 
coordinate of the point ¢ representing a polygon II exceeds R in absolute 
value, then 7(II) >u+1. So the minimum of #(II) on the class K, is to be 


* We may suppose that every polygon of K, has s vertices, because if it has less we can insert 
points of division in the sides and increase the number of vertices up to s. 
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sought among the images of the set |¢| <Rsg. This is bounded and closed, 
and on it ¥(II) is continuous; hence the minimum is assumed. 
Now we introduce the notation: 


(2.2) K is the class of all rectifiable curves joining the two distinct fixed 
points 2, and 2, and y is the greatest lower bound of F(C) on the class K. 


Then we have the following lemma: 


Lemma 2. If F(C) satisfies (2.1), there exists a sequence of polygons Il,: 
z=s,(t), (OSt<1), in the class K with the properties: 

(a) 

(b) s, being the number of vertices of I1,, and K,, being the subclass of K 
consisting of polygons of not more than s,, vertices, Il, minimizes F(C) on the 
class K,,. 

(c) There is a constant L such that |z,(t)| <L for all n and all t in (0, 1). 

(d) z,(¢) converges uniformly to a limit function z(t), (0<t1). 


Let {C,} be a sequence of curves of K for which #(C,)—>u. For each fixed 
n we inscribe in C, a sequence of polygons {II*} with sides tending to 0. 
It is well known that under these conditions 7(II*) tends to #(C,,). Hence we 
can find a particular k for which F(I1*) <¥(C,)+1/n. 
Let s** be the number of vertices of II;*. By Lemma 1, there is a polygon 
II,, of s, vertices, where s,<s,*, which minimizes ¥(C) on the class K,s. 
Therefore 7(II,,) <¥(I,*) <¥(C)+1/n. Since II, minimizes 7(C) in the class 
K,, and is in the class K,, ¢ Kg, it is clear that II, minimizes ¥(C) on K,,. 
Also, 
lim sup lim F(C,) = 


But II, isin K; so F(II,,) =u, and lim inf, 7(II,) Thus (a) and (b) are es- 
tablished. 

There is no loss of generality in supposing 7(II,,.) <<u+1 for all ”. Hence, 
by hypothesis (2.1), there is an Z such that each II, has length (II,) less 
than L. On II, we introduce the parameter ¢=s/{£(II,), where s is arc length. 
Then II, has a representation z=:,(t), (0<¢<1), with |2,(é)| <(C,) <L, 
and (c) is satisfied. 

Finally, the z,(é) all satisfy a Lipschitz condition with constant L; so 
by Ascoli’s theorem there is a subsequence (which we may without loss of 
generality suppose to be the whole sequence) for which z,(¢) converges uni- 
formly to a limit function z(t). This completes the proof of the lemma. 

Remark. If a sequence {II,} satisfies (a), (b), (c), and (d) of Lemma 2, 
so does every subsequence of {II,}. 

Before stating the next lemma we introduce a definition. 


© n— | 
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(2.3) If [a, B] is an interval having points in common with |0, 1] and 
tn,1, tn,2) * En, are (in that order) the values of t in [a, B] which define ver- 
tices of I, then 


Qa, B) O(n, Qa, B) = tn kee 
If no value of t in |a, 8B defines a vertex of M1, we define 
(2.4) O(n, a, B) = O(n, a, B) = (a + B)/2. 


Then we have the following lemma: 


Lema 3. Jf {II,} is the sequence of Lemma 2, then for every ¢>0 and every 
to in [0, 1] there is a 5>0 such that 


(2.5) | Fi(zo(to), (t’)) F (ze(te), | < €, i= 


if to, t’, and t’’ are all in the (open) interval (0(n, to —5, to +5), O(n, to—5, to +4)) 
and z,(t’) and z,(t’’) are not vertices} of Mn. 

We shall suppose, to be specific, that t’<#’’. Let ti, fe, - - - , ¢ define suc- 
cessive vertices of II, such that t,<t’ <t, and t,_1<t’’ <t,. By the definition 
of @ and © we know that 


(2.6) b—-i<h<t 


From II, we now form the polygon II,/(r) by displacing each of the vertices 
a(t), -- , 2(t,-1) by the amount (0, - - - ,7, 0, - - - , 0), the 7 being in the jth 
place. Because of the minimizing property of II, we have 


d 
(2.7) — F(I1,(r)) = 0. 

dr r=0 
But if we apply formula (2.8) of I to the successive sides of II,/ (7) defined by 
StSh,--- and then add, we obtain 


= F,(2,(2), (2) — F (z,(2), Zn (2) 


d af 
n(T)) 


t—h 
dt + F.i(Zn, Sn)dt 


te 


te 

(2.8) + f F i(Zn, Sn) 
ty t 
tk tie —t 

+ f F.i(Zn, Zn) dt, 

t 


k 


T It is easy to see that this restriction is essentially no restriction, for if ¢’ defines a vertex, we first 
write (2.5) with ¢’ replaced by ¢’++-, 4>O, and then let 4-0. For small / the value of z’(t’+-/) is con- 
stantly equal to z’(¢’-++0); whence we find (2.5) with ¢’ replaced by ¢’-++0. Similarly, we could replace ¢’ 
by ¢’—0, and analogously for ¢’’. 
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where t; <i<f and t,_1<i<t,. All the curves II, lie in a bounded closed sub- 
set of the space, and all |z,| are less than L. Hence the functions F.;(2n, én) 
are bounded, say less than WN in absolute value. Then the sum of the three 
integrals on the right is at most N(¢,—4) in absolute value, so that 


where |6;| S$2N6. 
On the interval (4, f2) the derivative z,’ (¢) is constantly equal to z,/ (¢’), 
and on (¢,_1, ¢,) it is constantly equal to z,' (t’’). Hence from (2.9) we obtain 


(2. 10) < | Fiz), — Fin), | 
+ | 20 — Fin), 20 +1 


Because of the continuity of F;, each of the first two terms on the right is 
less than €/3 if |z,(Z) —zn(¢’)| and | sn(t)—z,(t’’)| are less than a certain y >0. 
This is surely the case if |#—¢’| and |f—?’’| are less than y/L, which again 
is surely true if 26<~y/L. Also, if 5<¢/6N, the term | @;| is at most 2N6 <e/3. 
Hence, if 6 is any number less than the smaller of y/2Z and €/6N, inequality 
(2.10) implies (2.5). 

Remark. From the last sentence of the proof it is obvious that 6 can be 
chosen as near to 0 as desired. 

3. Directions of the sides of the minimizing sequence. The next lemma 
will explain the name “approach set” given to the sets satisfying (1.5). 


Lemma 4. Let {II,,} be a sequence of polygons satisfying (a), (b), (c), and 
(d) of Lemma 2, and let 2122. Let to be interior to (0,1). Then there is a sub- 
sequence {IIm} of and an approach set A at Zo(to) such that for every e>0 
there is a6 >0 and an mo such that 2,1 (t) is in the e-neighborhood of A whenever 
Zm(t) is not a vertex, m>mo, and 


(3.1) O(m, to — 5, to + 6) < t < O(m, to — 4, to + 4). 


If there is a 6>0 and a subsequence {II,,} such that not more than one ¢ 
in (49 —6, fo +6) defines a vertex of II,,, then the conclusion holds vacuously, 
for then 0(m, to—6, fo +6) =O(m, to—5, to +6), and (3.1) is not satisfied by 
any /. 

Otherwise, for each integer m there are infinitely many u,, such that the 
interval 


(3.2) (0(1m, to — to to — m=, to + 


has length greater than zero. We can suppose ”,, so chosen that m.<me<-+--. 


‘ 
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In each interval (3.2) we choose a number ¢,,, which does not define a vertex 
of II,,,,. The vectors 2,’ (tn,,) all have lengths less than or equal to L; hence 
they have an accumulation vector po. We select a subsequence {m} of the 
sequence such that Zn! (tm)—Po. 

Now let A be the approach set at Zo(é.) which contains fo, and let U be 
the set of all vectors u whose distance from A is less than e. Then U is clearly 
open. We are to show that z,,/ (¢) is in U if ¢ and m satisfy the conditions of 
our lemma. If V is the set of all vectors v of length |o| <L which are not in U, 
then V is bounded and closed and has no point in common with A. Hence the 
function 


q 
(3.3) Filo(te), po) — Fi(zo(to), 2) | 
i=1 
is positive for all vin V. Being continuous on J, it is greater than a positive 
number 3y. 
Now 
D> | Fi(zo(to), — Fi(zo(to), po) | 
qa 
| Fio(to), (t)) — 2m | 
(3.4) = 


+ () — (tm) | 


i=1 


q 
+ | Fiem(tm), (tm)) — Fs(zalte), po) | 

i=1 
Here, as in Lemma 3, the parameter ¢ is s/(IIm), so that | 2m (#)| =(IIn) 
>|22—z:| >0. Thus the arguments in the first term on the right have a 
bounded closed range and 2, (¢) is bounded from 0. Hence the first term is 
less than ¥ if |20(to) —zm(é)| is smaller than a certain number x. Since Zn(é) 
tends uniformly to z9(#) and zo(é) is continuous, this is true if 6 is small enough 
and m is greater than a certain mo. 

In the last term on the right, 2,’ (tn) tends to po and Zm(tm) to Zo(to); So 
this term is less than y if m is greater than a certain me. 

If 6 is small enough and m is greater than a certain m3, then by Lemma 3 
the third term is less than y whenever ¢ does not define a vertex of II, and 
(3.1) holds. Hence if 6 is small enough and m>mp=max (m1, me, ms), then for 
all ¢ satisfying the requirements of our lemma we have 


} The only point at which F;(zo(to), v) is discontinuous is »=0, which is a limit point of A and 
therefore not in V. 
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q 
D | Filzo(to), (t)) — Fi(zo(to), po)| < 3y. 
i=1 
But if z,/ (4) were in V, this expression (see (3.3)) would exceed 37. So 2»! (#) 
is not in V. Also, it satisfies the condition |z,/ (¢)| <Z. Hence it must belong 
to U, and the lemma is established. 
Remark. Again it is clear that the 6 can be chosen as small as desired. 
4. Proof of the principal theorem. We now impose a new hypothesis on 
the integral ¥(C). We shall make the following supposition: 
(4.1) For every 2, each approach set A at z is the sum of a finite number of 
convex sels Ay, - ++, Ax, which can be so ordered that 


A(z, Pi; Pi) <0 
if pi isin A; and p; in Aj, (i<j). 
Our principal theorem is the following: 


THEOREM 1. If F(z, 2’) satisfies conditions (2.1) and (4.1), then in the class 
K of all rectifiable curves joining two distinct points 2, and 22 there is a curve 
which minimizes the integral 


¥(C) = f F(z, 


We select a sequence of polygons II, and a curve C> satisfying the con- 
clusions of Lemma 2, and we define 


t 
(4.2) -f F (Zn, Sn)dt, 0<t<1;n=0,1,2,---. 
0 


Since | z,(¢)| <Z, the integrands are bounded, and the ¢, all satisfy the same 
Lipschitz condition. Hence by Ascoli’s theorem we can select a subsequence 
(we suppose it to be the whole sequence) such that ¢,(#) tends uniformly to 
a limit function ¢(#). By (a) of Lemma 2, 


(4.3) = lim ¢,(1) = lim 7(TI,) = 
Since 

(4.4) go(1) = F(Co), 

we must show then that 

(4.5) go(1) = (1) = w. 


We shall in fact show that 
(4.6) go(t) = 


1939] NONREGULAR PROBLEMS 159 


Let ¢o be a point interior to (0, 1) at which ¢’(#) and ¢/ (é) are both de- 
fined. We shall first show 


(4.7) '(to) = $0 (to). 
This will be established if we can prove the following statement: 


(4.8) For every positive number vy there is a t* >to such that if tp<p<o<t*, 
then 


(4.9) | [6(c) — o(0)] — — ¢o(o)]| — p). 


For if (4.8) holds, then by continuity (4.9) holds with p replaced by fo. 
Dividing by o—%) and letting o tend to ¢) we obtain 


| — (to) | Sv. 


Since y is an arbitrary positive number, this can be true only if (4.7) holds. 
We therefore take y to be a positive number and proceed to establish (4.8). 

Let us first dispose of the relatively simple case in which there is a sub- 
sequence {II,} and a 6>0 such that either (a) limy.., to—6, to+4) >to 
or (b) lim,..0(h, to—6, to +6) Sto. If (a) holds, we denote lim @ by if 
(b) holds, we let ¢* equal #.+6. Let p, o be numbers such that fp<p<o<i*. 
Then if # is large enough, the interval [p, a] is contained in case (a) in 
[to —6, 0(h, to — 5, to +6) ], and in case (b) in [O(h, to—6, to +5), to +6]. In either 
case, 2,(¢) is linear on [p, a] for all large #. The same is then true of its limit 
zo(t), and it follows at once that z;/ (#) tends to z¢ (¢) uniformly on [p,¢]. 
Therefore 


lim — ¢a(o)} = lim F(zn, 2% )dt 
hoo 


p 


$(c) — 


p 
and (4.8) is established for all positive y at once. 
Now we return to the general case. By Lemma 4, there is an approach 
set A at Zo(to) with the properties there specified. If o is any fixed vector 
in A, then for every vector p in A the equations 


F (Zo(to), p) = Filzo(to), po), 
hold, by definition. If we denote the right-hand members of these equations 
by 1, - - - , J, respectively, then on multiplying by p* and summing we find, 


for all pin A, that 


F(Zo(to), p) = lap*. 


| 
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The set of vectors p in A with | p| <L is bounded and closed, and the func- 
tion F is continuous. Therefore there is a \ >0 such that 


(4.10) | F(z, p) — lap*| < y/2 


if |z—zo(to)| < and # is in the \-neighborhood U, of the intersection of A 
with the sphere | p| <Z. 

The set A is the sum of convex sets A;,--- , Ax. Let us denote by U;,. 
the ¢-neighborhood of the intersection of A; with the sphere |p| <Z. Then 
U.=Ui,.+ +--+ +Ux,.. By hypothesis, the A; have the property that 


(4. 11) Q(z0(to), Pi, pi) <0 


if p; is in A;, p; is in Aj, and i<j. Therefore on the bounded closed set of 
arguments (z, p;, p;) which satisfy the conditions z=2o(fo), p; in Ai, pj in Aj, 
(i<j), <| p:| <| p,;| <Lthisfunction hasa negative upper 
bound —2kx. Since it is continuous, we find that there is an 7 >0 such that 


(4.12) Q(z, Pi pi) 


whenever p; is in U;,,, pj isin U;,,, (i<j), <|p:| SL, <| 
<L, and |s—20(to)| 
Now define 


(4.13) = min (7, 
We use this for the e in Lemma 4, and choose (see the remark after the lemma) 
a value for 6 which is less than e/2(1+1). Furthermore, from the sequence 
{II,,} of that lemma we discard those polygons (finite in number) for which 
the inequality 
(4.14) | — zo(t)| < €/2, O0O<t<1, 
fails to hold. Then, by Lemma 4, together with (4.10) and (4.13), we find: 

(4.15) For all functions z(t) and all i such that 

O(m, to — 5, tb + 6) < t < O(m, to — 5, tp + 4), 
the inequality 
| F(2m(t), Sm(t)) — (t)| < ¥/2 

holds, and Zp» (t) is in one of the sets Uy.,+- + , Ux,e if Sm (t) is defined. 

Let t;, fe, ts define three consecutive vertices of II,,, and let the inequalities 


6(m, 6, to 5) < ty < le < bs < O(m, bo 6, to 5) 


hold. The sides of II,, corresponding to [h, é] and [f2, 4;] have directions 
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Zm (ti +0), 2m (t2+0). By (4.15) these belong respectively to neighborhoods 
U;.., U;,.; and the inequalities 


always hold. We now show that 7 is less than j7. Suppose the contrary. If we 
interchange these two sides of II,,, we obtain a new polygon II,,*, and by for- 
mula (3.19) of I 


— = — | Zm(ts) — Zm(t2) | | — | 
(tr + 0), (te + 0)), 


where Z is in the parallelogram determined by the two sides. However, 
|ti—to] <8<e€/2L; so |2m(t1)—Zm(to)| <L-¢/2L=e/2, while by (4.14), 
| Zm(to) —Zo(to)| <€/2. Hence |%m(t:)—zZo(to)| <e. The sides of this paral- 
lelogram have lengths less than | /;—#,| L <26L <e. Thus the whole parallelo- 
gram lies in the 3e-neighborhood of zo(éo), and in particular | Z—zo(to)| <3e<3n, 
by (4.13). Therefore by (4.12) and (4.13) the factor Q in (4.16) is positive, 
and F(II,")<F(IIn). This contradicts the minimizing property of II,, and 
establishes the inequality i<j. 

We have therefore established, as a sort of addition to (4.15), that for ¢ 
between 6 and © no side of II, whose direction is in a U;,, is followed by one 
whose direction is in a U;,. with i<j. Let us now define 


(4. 17) tm,o = lo — 6, to+ 5), = O(m, i= 6, to+ 5). 
By the previous remark, there are numbers /,,,; defining vertices of II,, such 
that 

tm,o < tm,1 < < 


and if tm,j-1<t<tm,; and 2m (¢) is defined, then z,, (¢) is in U;,.. We now select 
a subsequence {II,} of {II,,} such that for each 7 =0, 1, - - - , & the limit 


75> lim th, i 
how 
exists. We may suppose To <4) <7, for otherwise we are back to the simpler 
case first considered. 
There is a first 7 such that 7; >); hence St) <7;. Let p, be numbers 
such that tp<p<o<r;. For all large h the inequalities ;1<p hold, 
so that z,(#) is in U;,. if pSt<o. The set U;,. is the e-neighborhood of the 


+ Recall that the interchange of p; and 9; in (4.12) changes the sign of 2. 


; 
| 
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intersection of two convex sets, A; and the sphere | p| <L; so U;,, is convex. 
By Jensen’s inequality (in geometric form), if p<t<t’ So, the vector 


1 z(t’) — 

&,(t)dt = an(t') — 2a) 

is in the closure U;,.. Letting h— «, we find that the limit 

za(t’) — zo(t) 
is also in U;,.. Now let t/t; we find that the vector 2¢ (t) is in U;.. if it is 
defined. Since the zero vector is in U;,., we see that in any case Z0(¢) isin U;,. 
for pSt<co. 
Turning now to (4.10), we therefore obtain 

| — () | S /2 

if p<t<o. Hence 


(4.18) | — — — | 


| f {F(z0, 20.) — 


v(o — p)/2. 


IA 


On the other hand, by (4.15) 


(4.19) | — — La (a) ~ (p)} | {F (zn, Zn) — 


< — p)/2. 


If we here let h-> ~, we obtain 
(4.20) | — $(p) — — | S — p)/2. 


From (4.18) and (4.20) we at once obtain (4.9). Thus statement (4.8), and 
with it (4.7), is established. 

Since ¢(0) =¢(0) =0 and (4.7) holds for almost all ¢, and since the func- 
tions @ and ¢» are both absolutely continuous, it follows that (#) =¢o(#), so 
that (4.5) is established. Therefore the curve z =20(#) is the minimizing curve 
sought. 

5. Example. If F(z, z’) satisfies (2.1) and is quasi-regulart (see (6.2)), 
every approach set A at every point 2 consists of a single convex set; so (4.1) 
is trivially satisfied. Hence for such integrands there is always a minimizing 


t Necessarily positive quasi-regular, for if it is negative quasi-regular and not linear, (2.1) cannot 
hold. 
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curve for (C) in the class K of all curves joining two given points z and zz. 
This is, of course, a special case of a known theorem. 
An example of an essentially different type is [Fdt where 


F(x, y, x’, y’) = (x? + + — 4 8y’2)1/2], 


This integrand is not positive quasi-regular, for if | y| >1/2, the E-function 
can be negative. Given a set (x, y, p, g) with p?-+q?=1, we seek to determine 
all (J, g) with such that 


(5.1) F,/(x, q) F,/(x, P; Fy (x, p, q) F,/(x, q)- 
We can write (5.1) in the form 

p[1 + 49? — — = Blt + 4y* — 9°(8 — 

q[1 + — 8y*(1 + = g[1 + 4y? — 8y%(1 + 
The function in the left-hand member of the first of these equations is easily 
seen to have a positive derivative with respect to p for | p| <1; so the only 
solution of the first equation is =p. Since ~?+q?=7*+g@’=1, this implies 
g=+q. Hence we substitute —g for g in the second equation of (5.2). If it 


is not satisfied, then the entire approach set at (x, y) containing (, q) is the 
set of multiples (kp, kq), (k >0). If it is satisfied, then 


(5.2) 


1+ 4y? — 8y*(1 + = 0 


or 


If g has the value (5.3), then A consists of the positive multiples of (9, q) 
and of (p, —q), which are distinct if g~0. Equation (5.3) can hold with ¢~0 
only for | y| >1/2, and it is easy to see that | g| <(3/7)"”. 

In any case, the approach set at (x, y) containing (», g) consists either of a 
half-line or of two half-lines; and a half-line is a convex set. If the set consists 
of a single half-line, (4.1) clearly holds. Otherwise, let A consist of the multi- 
ples of (p, g) and of (p, —q). If y>0, we define A; to be the multiples of 
(p, —|q|) and Az to be the multiples of (p, |q|); if y<0, we interchange the 
definitions of A; and As. Then each vector in A; has the form (fi, q:) 
=(kip, —k: sgn y|q|), (&1>0), and each vector in Az has the form (p2, g2) 
= (kop, ke sgn y|q|), (ke >0). Hence 


Qp(x, Pr, 913 2) = 2y{qil4(p? + — (pF + 
— qo[4(p? + + + 


= 
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The factors in square brackets are positive, and yq, and —yq2 are negative 
(q; and ge are not zero, since by hypothesis A contains more than one unit 
vector). Hence the left member is negative, and (4.1) holds. 

6. Generalization to sets S with boundary points. A slight generalization 
of Theorem 1 can be established at once. We need not assume that 22. 
The only use made of this hypothesis was to ensure that |z,/ (#)| had a posi- 
tive lower bound. If z2=2:, we distinguish two cases. 

Case I. The |z,’ (¢)| have a positive lower bound. In this case the preced- 
ing proof applies without change. 

Case II. The lim inf | z,’ (#)| =0. Since | z,’ (#) =.C(I1,) for almost all #, this 
implies that for a subsequence {II,,} of the minimizing sequence {II,} we 
have ((I1,,.)=0. Then u=lim 7(I,,) =0; so the degenerate curve consisting 
of the single point 2; is the curve sought. 

Less trivial is the generalization which allows us to study integrands not 
defined for all z. Before stating this theorem it is desirable to introduce some 
definitions and establish a lemma. 

(6.1) The function F(z, z') is positive (negative) regular the point 2» iff 
u*F .3(Zo, p)u®>0 (<0) for all pairs u, p of orthogonal unit vectors. 

(6.2) The function F(z, z’) is positive (negative) quasi-regular at 2 if 
u*F .g(%o, p)u®=0 (<0) for all pairs u, p of orthogonal unit vectors. 

We use the abbreviations p.q.r., n.q.r. for positive quasi-regular, negative 
quasi-regular, respectively. It is well known that F(z, z’) is p.q.r. (n.q.r.) at 0 
if and only if E(zo, p, r)=0 (<0) for all p0 and all r. Although we do not 
use the concept in this note, we shall also make the following definition: 


(6.3) The function F(z, z’) is p.q.r. normal (n.q.r. normal) at zo if E(zo, p, r) 
>0 (<0) whenever p #0 and rX~kp, k=0. 

With this terminology we state the following lemma: 

Lemma 5. If o¢ (to) and $'(to) are defined, and F(z, 2’) is p.q.r. at Zo(to), 
then (to) = (to). 

Let ¢ be an arbitrary positive number, and let F«(z, 2’) =F(z, z’)+e|z’|. 
By an elementary computation, we find that if « and p are orthogonal unit 
vectors, then 


(6.4) p)w = uF p)wW +. 


The first term on the right is nonnegative at z=2o(to), by hypothesis. Hence 
the left-hand member is positive for all z of the set S in a neighborhood U 


t Fi;(z, 2’) means F,#,i(z, 2’). 


; 
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of Zo(to). If h is a sufficiently small positive number, less thant 1—éo, then for 
all large m the arcs z=z,(¢) and z=20(#), (t:S¢Sto+h), are in U, and by a 
known semicontinuity theorem 


toth toth 
(6.5) lim inf f F*(2q, = f F*(20, é0)dt. 
to t 


Recalling the definition of F* and the inequality | z,| <Z, we deduce that 
(6.6) inf [¢n(to + 4) — on(to)] + ehL = + — 


That is, 

(6.7) (to + h) — + = do(to + h) — do(to). 
If we divide by / and let / tend to 0, we obtain 

(6.8) (to) + = (to). 

But ¢ is an arbitrary positive number; so (6.8) implies 
(6.9) (to) = (to), 


which was to be proved. 
Our next theorem is the following: 


THEOREM 2. Let S be a closed point set in g-dimensional space. If F(z, 2’) 
satisfies condition (2.1), and condition (4.1) holds at every interior point of S, 
while F(z, 2’) is positive quasi-regular at each boundary point of S, then in the 
class K there is a curve which minimizes F(C). 


Choose first a minimizing sequence C,* of curves z=2z,*(#), (O<#<1). 
There is a set of values of ¢ open relative to [0, 1] for which z,*(#) has dis- 
tance greater than 1/n from the boundary of S. This open set consists of a 
finite or denumerable number of intervals, open relative to [0, 1]. Only a 
finite number h, of these define arcs CX,, (j=1,---, hn), of C,* of length 
greater than 1/n. These arcs we replace by polygonal arcs II,, having the 
same end points and such that | <1/mhn, 
If we denote by C,’ the curve obtained by replacing the arcs Cz, by the 
polygonal arcs IIx,, then <1/n; so lim #(C,’) =p. By a 
minor modification of Lemma 1, each arc IIx, can be replaced by an arc 
II,,,; having a number s,,; of vertices which is not greater than the number of 
vertices of II, and which minimizes #(C) in the class of polygons joining the 
ends of II, and having not more than s,,; vertices. Let C, be the curve 
obtained by replacing the arcs IIx, by the arcs II,,;. Then lim 7(C,) =u. 


t If t=1, we take 4 negative; modifications are obvious. 


\ 
4 
| 
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Now let ¢) be a point of E£. If zo(to) is interior to S, there is a neighborhood 
of zo(¢0) on which the C, are polygonal if is large. All the discussion leading 
up to equation (4.7) remains valid, for Lemmas 3 and 4 are purely local. So 
in this case (6.9) is valid. If zo(¢o) is a boundary point of S, then by Lemma 5 
inequality (6.9) holds. Integrating, we obtain 


(6.10) # = $(1) 2 do(1) = F(Co). 


But C, is in K; so (Co) =u. This, with (6.10), proves ¥(Co) =u, and the theo- 
rem is established. 

7. Geometric interpretation of approach sets. For fixed z, let us construct 
the graph in (u, p)-space of the function «=F (z, p). As is well known, this 
is a conical hypersurface with vertex at the origin. Let A be an approach set 
at z. If p; and 2 are both in A, then 


(7.1) F(z, pi) = po), t=1,---,q. 


But u=p*F,(z, p;) is the equation of the hyperplane tangent to u=F(z, p) 
at p;, (j=1, 2). Therefore equation (7.1) shows that this same hyperplane 
is tangent to the surface u=F(z, p) at all points of A. 

Conversely, let u=/1,p* be a hyperplane tangent to the hypersurface 
u=F(z, p) for all p in a set A. Then if p is in A, the partial derivatives 
F(z, p) must be the same as the partial derivatives ]; of the osculating func- 
tion /,p*. Therefore F;(z, ») =/; for all p in A, and A is an approach set at z. 

If F(z, p) >0 for | p| >0, this interpretation can be formulated somewhat 
differently. In the preceding paragraphs set « =1. The hyperplane «= 1 inter- 
sects u=F(z, p) in a (g—1)-dimensional hypersurface, and the hyperplane 
u=1,p* is tangent to F(z, p) =1 if and only if 1 =/.p* is tangent to F(z, p) =1. 
Thus if g=2 and F(z, p) >0 for | p| >0, we can find all approach sets at z by 
constructing the curve F(z, p) =1 and finding all the points (', p?) at which 
an arbitrary line a:p'+42p*+-a;=0 is tangent to the curve. 

This interpretation suggests that it might be more descriptive to replace 
the name “approach set” by “isotangential set.” 

8. €-admissibility of approach sets; a more general existence theorem. 
The geometric interpretation in §7 suggests the following line of reasoning. 
If minimizes 7(C), then for each the surface u=F(z(t)), p) never 
sinks below the plane tangent to it at p=2z’ (to). The analytical statement is 
E(2(to), 2’ (to), p) =O for all p. The definition of approach sets A was suggested 
by the Weierstrass-Erdman corner condition. Might it not be true that only 
those approach sets A are of importance which have the property that the 
hypersurface u=F(z, p) never sinks below the hyperplane tangent to it at 
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the points p of A? We shall give this property of the set A the name “€-ad- 
missibility.” Stated analytically the definition is as follows: 


(8.1) If A is an approach set at z, it is E-admissible if E(z, po, p) =0 for all 
poin A and all p. 


It would make no difference here if we replaced the words “all po in A” 
by the words “some one fo in A.” For if po, p: are any two vectors in A, then 
for all p the equation 


E(z, Po, p) F(z, p) pF (2, po) F(z, p) pF .(2, pi) 


8.2 
= Ez, pi, p) 


holds. 

The conjecture that approach sets which are not €-admissable can be dis- 
regarded is indeed true, and we shall establish it in Theorem 3 below. How- 
ever, the proof is rather complicated. It does not seem possible to rest upon 
the minimizing property of each II,, as we have done before. For in any direct 
analogue of the proof of the Weierstrass condition polygons are introduced 
which have new vertices, and II, does not necessarily minimize 7(C) in the 
class of polygons with not more than s,+1 vertices. The proof which we shall 
give is therefore based on the property of the sequence as a whole that 
lim 7(I,) =n. 

THEOREM 3. Theorems 1 and 2 remain valid if in hypothesis (4.1) the words 
“each approach set” are replaced by “each E-admissible approach set.” 


In the proof of Theorems 1 and 2 the approach set A entered by way of 
Lemma 4, and then only in case there was no subsequence {II,} and 6>0 for 
which either (a) lim,...0(h, to—6, to +6) >t or (b) lim,...0(h, to—5, to +8) Sho. 
For if either (a) or (b) held, the proof was relatively simple and did not in- 
volve any approach set A. We may suppose then that there is no subsequence 
{II,} and no 6>0 for which either (a) or (b) holds. If we can then show that 
the approach set A in Lemma 4 is necessarily €-admissible, our proof is com- 
plete. 

In Lemma 4 there is no loss of generality in assuming that the common 
value of the partial derivatives F;(zo(¢o), p) for all p in A is zero. For let us 
replace F(z, p) by F(z, p) —p*Fa(Zo(to), po), Where fo is in A. All the curves C 
of the family K join 2 to 22; so #(C) changes by (2# —z#)Fa(zo(to), Po), inde- 
pendent of C. Therefore the minimizing properties of the II,, are unchanged 
by the alteration of F(z, p). The statement that A is not €-admissible as- 
sumes the form that there is a p; such that F(zo(to), $1) <0. Because of the 
homogeneity of F, we may suppose that #; is a unit vector, and we write 


F(zo(to), p1) = — Ty <0. 
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By the continuity of F, there is an e>0 such that 
(8.3) F(z, pr) <— & 


if |z—zo(to)| <4e. Furthermore, F;(zo(to), p) =0 if p is in A; hence we may 
suppose that ¢ has been chosen small enough so that the following statement 
holds: 


(8.4) The vector (Fi(z, p),---,Fo(z, p)) has length less than y if 
|z—zo(to)| <4e, |ze—zi1] <| p| and p is in the 3e-neighborhood of A. 


Clearly we may suppose e<min [1, | z2—2:] ]. 
On the bounded closed set |z—z0(¢o)| <1, |p| S2Z+1, the functions 
F,4(z, p) are continuous; hence we have the following statement: 


(8.5) There is an M>O such that the vector (F.4(z, p),---, F.%(z, p)) has 
length less than M if |z—zo(to)| <1 and |p| <2L+1. 


Now from the subsequence {II,,} of Lemma 4 we choose a subsequence 
{II,} with the following properties: 

(8.6) |za(t)—zo(t)| for O<#<1 and all h. 

(8.7) The limits 4 =lim,...0(A, to — 5, to +6) and &=lim,...0(h, to—5, to +8) 
exist, where 6 is prescribed by Lemma 4. 
(As previously remarked, we need consider only the case ht S$ ty </2.) 

(8.8) 65 is chosen less than e/L. 

(8.9) For all h the following inequality holds: 


O(h, to — 5, to + 6) — O(h, to — 6, to + 5) > (te — h)/2. 


Each of the conditions (8.6), (8.7), (8.9) is readily satisfied by appropriate 
choice of a subsequence; for (8.6) and (8.9) we need only reject a finite num- 
ber of terms. 


Let dis, - be a Sequence of points with the following properties: 
(8.10) 
(8.11) <y/M for j=1, --- , n(h)—1. 


(8.12) =6(h, to—5, to+5), nth) = O(h, to— 4, to+6). 

(8.13) Every ¢ between to—6, to +5) and O(h, to—6, to +6) which de- 
fines a vertex of II, is included among the d,,;. (Thus 2,(é) is linear on d,,;< 
t<dy,j41.) 

Let m,,; be the mid-point of the interval [d,,;, da,j41]. 

On each interval [d,,;, we shall replace the line segment z=z,(t) 
belonging to II, by a polygon of two sides having the same beginning and the 
same end as the line segment. To keep the notation from becoming too com- 
plicated, we temporarily replace the symbols dj, ;, mx,;, 22 by di, m, do, z, 


7 
; 
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respectively. For 0<7r<e we define II(r) to be the two-sided polygon 

z=z(t, 7), where 

(8.14) 2(t, 7) = 2(d:) + (¢ — di)rpi, d,St<m, 
a(t, = 2(2t — de) + (de — hr, m<t< de. 

We readily verify that z(t, 7) is continuous on [d:, d2] and that 

(8.15) 2(di, T) = 2(d), 2(de, T) = 2(de). 


Also it is easy to show that 
dy 
(8.16) f F(z(é, 0), 2’(t, 0))dt = f F(z(é), 2’(#))dt, 
m 


where the prime denotes the derivative with respect to ¢. 

The polygon I(r) may be regarded as arising from II(0) by displacing the 
vertex z(m, 0) by the amount (d.—d:)rp:/2. Hence we may calculate 7’ (II(r)) 
by applying (2.8) of I to the sides [d;, m], [m, dz] and adding. We obtain 


d 
= — di)Fa(z(t, T), pi) pi* 
(8.17) — — 7), 2’(é, 7)) 


+ a(t, T), T)) pit | m — t| dt, 


where d; <i <m and m <i <d2. Now we must prove the following statements: 
(8.18) If di<t<d: and <e, then | 2(t, r) —Zo(to)| <3e. 


(8.19) If m<t<d, and 0<7r Se, then 2'(t, r) is in the e-neighborhood of A: 
and |z.—2:| <|z'(t, r)| 

We establish (8.19) first. By (8.14), we have 

2/(t, = 22’(2t — de) — Thr. 

But by our choice of parameter ¢, we have | ze <2z'(2t—d.) L, while 
\rp:| <e<min [|z.—z,|, 1]. Hence |ze—2:| <|z’(¢, r)| <2Z+1. Also, by 
Lemma 4 the vector z2’(2¢—dz2) is in the e-neighborhood of A; whence 2’(¢, 7) 
is in the 3e-neighborhood of A. Thus (8.19) is established. 

By (c) of Lemma 2, | é(¢)| <Z. Hence if t)—6<#<t)+4, then (recalling 
(8.8)) we have 


| 2(t) — 2(to)| S$ Li <e. 
By (8.6), |2(to) —Zo(to)| <e. Combining these inequalities, we find that both 
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2(d,;) and 2(d2) are in the 2e-neighborhood of z0(t.). The distance from 
2(d:) =2(d:, 7) to 2(m, r) is |(m—d)rpi| <e. So all three vertices 2(d,, 7), 
2(m, 7), and 2(de, r) are in the 3e-neighborhood of zo(to), and (8.18) is proved. 

Thus the arguments in (8.17) satisfy the requirements laid down in (8.3), 
(8.4), and (8.5), and we have from (8.17) and (8.11) 


d dy 
— F(M(r)) S — 3y(d2 — di) + — di) + M|m —t\| dt 
(8.20) 

< — 2y(d2 — di) + M(d2 — d)? < — y(d2 — dy). 


If we integrate from rt =0 to 7 =e, we obtain (using (8.16)) 
(8.21) F(M(e)) < — ye(d2 — di) = F(T) — ye(de — dy). 


In the foregoing paragraphs [d,, d2| was any one of the intervals 
[dx,;, dn,j41]. Let the construction be carried out on each of these inter- 
vals. The arc z=2,(#), das <¢<dn,ncn) is thereby replaced by a polygonal arc 
z=2,(t, e) having the same ends and satisfying the relation 

n(h)—1 


nth) ncn) 
hl j=1 
If we extend the range of definition of z,(¢, €) by setting it equal to z,(#) for 
0 <t<d,, and for <1, we obtain a polygon II,(e) joining 2; to and 
satisfying (by (8.21) and (8.9)) 
n(h)—1 


< F (Tn) ve(dn, — = F(T») = ve(dh.nch) — 


j=1 
< ve(te t,)/2. 
Therefore 


lim sup Tim — yells — 41)/2 = — — < 


This is impossible by the definitior. of 1, and our theorem is established. 

It is evident that the restriction 2.2, can be removed here just as it was 
in §6. We thus arrive at the following theorem, which includes the three pre- 
ceding ones as special cases: 


THEOREM 4. Let F(z, 2’) be defined and satisfy the usual continuity and 
homogeneity conditions* for all z in a closed set S and all z’. Let F(z, 2’) satisfy 
the following conditions: 

(i) At every boundary point z of S, F(z, z') is positive quasi-regular. 

(ii) At every interior point z of S, every E-admissible approach set A is 


* As specified in I. 
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the sum of a finite number of convex sets Ay,--- , Ay such that Q(z, pi, p;) <0 
if pi is in Aj, in A;, t<j. 
Let condition (2.1) be satisfied. Then for every two points 21, 22 of S the class K 
of all rectifiable curves lying in S and joining 2 to 2 either is empty or contains 
a minimizing curve for F(C). 


9. Geometric interpretation of €-admissibility. The geometric interpreta- 
tion of the property of €-admissibility has already been given at the be- 
ginning of §8. If A is an approach set at z, it is €-admissible if and only if 
the surface w=F(z, p) never sinks below the hyperplane tangent to it at 
the points (wu, p) with p in A. The alternative geometric interpretation of 
approach sets also carries with it an interpretation of €-admissibility. Let 
the hyperplane (in p-space) aap*+b=0 be tangent to the hypersurface 
F(z, p) =1 at all the points of the surface which belong to A. This hyper- 
plane divides p-space into two half-spaces. The half-space which contains 
the origin necessarily contains other points of F(z, p) =1. The set A is then 
€-admissible if and only if the entire hypersurface F = 1 lies in this same half- 
space. 

It follows that if we form the least convex body Q containing F(z, p) =1, 
then the points ~ of the hypersurface which are not on the boundary of Q 
cannot belong to any €-admissible approach set. In particular, if g=2, the 
points po of F(z, p) =1 on the boundary of Q either lie in a line segment be- 
longing to the boundary of Q or they do not. In the second case the approach 
set A containing » consists of the half-line from the origin through f». In 
the first case, let B be the set of all points p at which the line segment touches 
F(z, p)=1. The (maximal) approach set at z containing > then consists of 
all the half-lines from the origin through the points of B. 

Consider, for example, the function F(x, y, x’, y’) studied in §5. If 
|y| <1/2, the curve F=1 is convex. If |y| >1/2, the curve is dumbbell- 
shaped, curved inwards near its intersections with the x’-axis. It is then 
evident from the graph that there are just two approach sets which consist 
of more than one half-line, and these are determined by the points of contact 
with the two lines x’ =const. tangent to the curve at the points at which x’ 
is respectively greatest and least. In §5 we showed rather more than this. 
We showed that these are the only approach sets other than half-lines; that 
besides these there are no other approach sets other than half-lines, whether 
€-admissible or not. But Theorem 3 shows that the simpler conclusion 
reached here is sufficient to show the existence of minimizing curves for (C). 
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IV. ISOPERIMETRIC PROBLEMS IN 
NON-PARAMETRIC FORM* 


BY 
E. J. McSHANE 


1. Heuristic outline of proof. The preceding notes in this series have al- 
ready appeared in these Transactions,f and will be cited as I, II, III, respec- 
tively. 

Here we shall consider isoperimetric problems with one side integral, in 
the non-parametric form. A heuristic outline of the proof is as follows. We 
seek to minimize the integral 


x 
(1.1) = f daz 


in the class K of a.c. curves y=y(x) joining two fixed points (xo, yo) and 
(X, Y) and giving a fixed value y to the integral 


x 
(1.2) = fee, x, dae. 

Under suitable conditions, we can use as minimizing sequence a sequence of 
polygons II,: y= y,(«) such that ¥[y,] tends to its lower bound yp on the class 
K andy,=G [y,] tends to y. Also we may assume that if s, is the number of 
vertices of II,, then II, is a “best” polygon, in the sense that in the class of 
polygons of not more than s, vertices joining (xo, yo) to (X, Y) and giving 
the value 7, to G[y], the polygon II, minimizes 7 [y]. 

There are known conditions which must be satisfied by a curve C: 

y =9(x), (xo <x <X), which is of class D’ and minimizes 7(C) on the class K. 
For our purposes the statement of these conditions is more conveniently writ- 
ten by passing to the parametric notation, by equation (1.1) of I. That is, 
we write 


* Presented to the Society, April 15, 1938; received by the editors October 29, 1937 and, in 
revised form, February 16, 1938. 

tI. The Dresden corner condition, these Transactions, vol. 44 (1938), pp. 429-438; II. Existence 
theorems for isoperimetric problems in the plane, ibid., pp. 439-453; III. Existence theorems for nonregu- 
lar problems, these Transactions, vol. 45 (1939), pp. 151-171. 
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F(z, 2’) = F(2°, z', , 


(1.3) 


for 2°’ >0. Correspondingly we write C in the form z=2(t), (0<¢<1). Then it 
is known that there are constants A and Xo, not both zero, such that the 
DuBois-Reymond relation holds: 


t 
(1.4) H (z(t), 2’(t)) = f 2())dt *#=0,1,---, 4, 
0 
where H =\,F —)G. If we suppose that C is a normal curve, so that \)+0, 


we can suppose \o=1. Let # define a corner of C, and write p=2’(i—0), 
#=2'(i+0). By the Dresden corner condition* 


Also, from (1.4) we derive the Weierstrass-Erdman corner condition: 
(1.6) p) = Hz), i=0,1,---,@. 


Of course we cannot expect the polygons II, to satisfy these conditions. 
Nevertheless, each II,, does minimize 7(C) in a certain class of polygons with 
G(C) =const., and it is therefore not unreasonable to hope that some ap- 
proximate form of (1.4), (1.5), and (1.6) is satisfied by each II,. 

Condition (1.6) can be written in a way which does not involve \» and i. 
We make the following definition: 


(1.7) A set A of (nonzero) vectors is an approach set at z if the matrix 


_ (Fie, — Fiz, 1) 
A(z, p, 7) = p) — Giz, 


has rank less than 2 for each pair p, r of vectors belonging to A. 


Then and # belong to an approach set at 2(é). For by (1.6) a linear com- 
bination of the rows (Ao times the first row minus \ times the second) van- 
ishes. We shall shortly see that for a fairly large class of functions G each ap- 
proach set A at z determines a pair of numbers \)=1 and X for which (1.6) 
holds. 

We now proceed to over-simplify the situation by proceeding as though 
conditions (1.4), (1.5), and (1.6) actually hold on each II,. Furthermore, we 
assume that at each point z each approach set contains at most two unit 
vectors p, r, and Qy(z, p, r) #0. We suppose that the sequence z,(¢) of func- 
tions defining the polygons II, converges uniformly to a limit function 2(é); 


t= 0,1,---,4q, 


* I, Theorem 2. 


(1 .5) D, 7) 0. 
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this is not hard to bring about. Consider a particular value ¢) of ¢ anda 
subsequence {II,,} for which 2,/ (to)/| Zn (to)| tends to a limit p. If {tn} is 
any sequence of points approaching /, then by (1.4) the difference 


Hi(Zm(tm), (tm)) — Hi(Zm(to), Zu! (t0)) 


tends to zero as m—©, since it is the integral of a bounded function over 
an interval which is shrinking to zero. Hence as m—o the vector 
Zn! (tm)/| Sm! (tm)|, if it converges to any limit, converges to a limit r for 
which H;(zo(to), r) =Hi(zo(to), p), (¢=0, 1,---, g); that is, p and belong 
to an approach set at z(¢.). In other words, if we choose a small arc of II, 
corresponding to ¢ near ¢o, each side of II,, has direction either near p or near r. 
To be specific, we assume Qy(Z0(to), , r) <0. Then no side of II, with direc- 
tion near r can be followed by one with direction near p. For if this happened, 
at such a corner we would have Qy(zmn(é), 2 (E+0)) near 
Qu(Zo(to), 7, ~), which is positive; and this contradicts (1.5). Therefore the 
arc of II,, near Zo(¢)) consists of a succession of sides with directions near p 
followed by a succession of sides with directions near r. That is, the arc con- 
sists of two subarcs, each almost linear. This makes it highly plausible that 
(as would certainly be the case if both subarcs were actually linear) the in- 
tegrals of F and G along this arc of II,, tend, respectively, to the integrals of F 
and G along the arc of z=20(¢) to which they tend. If this could be applied to 
a succession of subarcs covering the whole range of ¢, it would follow that 
F(IL,) and G(II,) tended, respectively, to ¥(Co) and G(Co), and Cy would be 
the solution sought. 

This outline is, of course, over-simplified, and in order to make the proof 
rigorous it is necessary to depart from it somewhat and add a mass of analyti- 
cal details. Nevertheless the generalization (8.1) of the assumption that 
Qu(z, p, r) #0 if p, r satisfy (1.7) is the vital essence of the proof. 

Although we are here concerned with integrals in non-parametric form, 
in the next paper we shall study integrals in parametric form by closely 
similar methods. Therefore the lemmas of this paper will be so arranged as 
to apply simultaneously to both forms of the problem. The chief differences 
are caused by the requirement 2° >0 which occurs in studying non-paramet- 
ric problems. Consequently I shall use the device of enclosing certain state- 
ments in square brackets; these are needed if the lemma is understood as 
applying to non-parametric problems, but should be disregarded for problems 
in parametric form. 

2. A property of approach sets. Let us suppose that we are given two in- 
tegrands F(z, 2’), G(z, z’) and two distinct fixed points 21, 22 in the space of 
points (z°, z!, - - - , 22). We make the following definition: 
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(2.1) K is the class of all rectifiable curves C joining x to 2, and K[G=1] 
is the subclass of K consisting of those curves C of K for which G(C) =1. 


[In case F and G arise from a non-parametric problem, we must restrict 
our attention to curves representable in the form z‘=z*(z°), (¢=1,---, q). 
In this case we define K as follows: 


(2.2) K is the class of all curves having a.c. representations z'=z‘(2°), 
(i=1,---,q), and joining two fixed points x, 2 with 2° <2°. K[G=1] is the 
subclass of K consisting of those curves C for which G(C) =1. 

The points 2, ze will also be denoted by (xo, yo), (X, Y), respectively. ] 

The problem considered is that of minimizing ¥(C) on the class K[G=/]. 

[We shall now make a hypothesis in the nature of a continuity require- 
ment on F and G. 

(2.3) If, as n—©, the points Zin, aNd all converge to a common 
limit z, (t=0, 1, --- , q), the numbers 0;,, and 6;,, tend to 0, (t=0,1,---, 
pn tends to a vector p with p°>0, and r, tends to a vector r with |r| >0, and if 
for each n the matrix 


Tn) F (2i,n, Pn) + 


(2.4) 


has rank less than 2, then r°>0. 
Then the following lemma is immediate: 


Lemma 1. If (2.3) holds and the sequences Zi,ny Cisny Fi.ny Pry Tn 
satisfy the conditions of (2.3), then A(z, p, r) (of (1.7)) has rank less than 2. 

For then all the functions in the matrix (2.4) are continuous at (z, 9, 7), 
and the elements in the matrix tend, respectively, to the elements of the 
matrix A(z, p, r).] 

For problems in parametric form the analogue of Lemma 1 is trivial. It 
is as follows: 

Lemma 1’. If as n—© the points Zin, Cin, aNd all converge to a 
common limit z, (i=0, 1,---, g), the numbers 0;,, and 6;,, tend to 0, 
(t=0, 1,---, 4), and p, and r, tend to nonzero limit vectors p, r, and if for 
each n the matrix (2.4) has rank less than two, then the matrix A(z, p, r) has rank 
less than two. 

This is an immediate consequence of the continuity of all the elements 
of the matrix (2.4). 

As is customary in isoperimetric problems, we are often interested in 
linear combinations of the integrands F and G. In order to have a notation 
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for such combinations we adopt the definition: For each number i, 

(2.5) H(z, 2’; 4) = F(z, 2’) — AG(z, 2’). 

When there is no danger of misunderstanding, we write H(z, 2’) in place of 
H(z, 2’; d). 

Let us make the definition: , 

(2.6) G(z, r) is positive quasi-regular normal at Zo if Eg(zo, p, r) >O0 when- 
ever |p| >0 and rXkp, (k=0) [and p° and r° are positive]; G(z, r) is negative 
quasi-regular normal at zo if Eg(z0, p, r) <O whenever | p| >0 and rXkp, (k=0) 
[and p° and r° are positive|; G(z, r) is quasi-regular normal at 2o if it is positive 
or negative quasi-regular normal at Zo. 

Then we state the following interesting useful property of approach sets: 

Lemma 2. If G(z, r) is quasi-regular normal at z, and A is an approach set 
at z, there is a number X(z, A) such that the function H(z, r)=H(z, r; (2, A)) 
= F(z, r)—X(z, A)G(z, r) satisfies the equations 


for all p,rin A. 


Since H(z, r) is positively homogeneous of degree zero in 7, it is enough to 
establish (2.7) for unit vectors in A. Moreover, it is enough to consider the 


case in which G(z, r) is positive quasi-regular normal at 2; if it is negative 
quasi-regular normal at z, we replace it by —G(z, r). 
Let f1, p2, ps be any three distinct unit vectors in A. The relationship 
a1|Gi(z, ps) — Gilz, po) | + a2 pr) — Gi(z, ps) 
+ p2) — Gi(z, 0, i= 0, 1, 


(2.8) 


obviously holds if a; = az=<a3. We shall show that it holds for no other ay, as, a3. 
Suppose (2.8) holds. By a cyclic interchange of the subscripts 1, 2, 3, followed, 
if necessary, by a change of sign of all three, we can bring about the relation- 
ship a; $42 Sas. If we subtract a2 from each of the numbers aj, (2.8) remains 
valid and assumes the form 
(a1 — a2) [Gi(z, ps) — Gi(z, po) ] 

+ (a3 a2) IGi(z, p2) Gi(z, pi) ] = 0, i= 
Now we multiply by 2‘ and sum over i=0, - - - , g; this yields 
(2.10) — (a; — a2)Eg(z, ps, p2) + (as — a2)Ec(, pi, p2) = 0. 


But —(ai:—a2) and (as;—a2) are nonnegative, and their coefficients are posi- 
tive; so this is only possible if a; —a2=a3—a2=0. 


(2.9) 
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Given any two distinct unit vectors p, r of A, the matrix A(z, p, r) is (by 
definition of A) of rank 0 or 1. Since its second row is not 0, its first row is a 
number \(p, r) times the second. From the form of A it is clear that A(, r) 
=X(r, p). We must show that A(p, r) has the same value for all , 7 in A. 
If A contains only two distinct unit vectors p, r, this is at once evident from 
the equation X(p, r)=X(r, p). It remains to establish the formula in case A 
contains more than two distinct unit vectors. To do this it is sufficient to 
show (with above notation) that (pi, 3) =A(pi, pe). For then if we fix pi 
and po¥ pi, A(pi, ps) has the same value for all unit vectors p; in A. That is, 
d(pi, 7) is independent of its second argument. Since A(p, r) =X(r, p), it is 
also independent of its first argument, and has only one value. 

Suppose then that f:, p2, and #3 are distinct unit vectors in A. By defini- 
tion of A(p, r) we have 


F(z, ps) — Fi(z, po) = (ps, p2) (Gi(z, ps) — p2)], 
F(z, po) — Fi(z, p1) = Mfr, p2) (Gaz, p2) — Gilz, p:)], 
pi) — ps) = ps) (Giz, ps) — Gilz, ps)]. 


Adding, we obtain (2.8) with a;=X(p3, po), d2=A(fi, ps), ds =A(f1, Hence 
by the preceding proof we know that (fi, ps) =A(p1, pe); so A(p, 7) has but one 
value, which we denote by A(z, A). 

Thus (2.7) holds if p, r are distinct unit vectors in A. Obviously it holds 
if p=r; and the proof is complete. 

Under the hypotheses of Lemma 2, the set A is an approach set for H(z, r) 
at the point z as defined in III, for equations (2.7) are exactly the equations 
(1.5) used there to define an approach set. Therefore we have available a 
geometric interpretation of approach sets. When G(z, r) is quasi-regular nor- 
mal at z and A is an approach set at z, then there is a single hyperplane 
u=l,r* tangent to the hypersurface u = F(z, r)—X(z, A)G(z, r) at all points 
(u, r) with r in A. Conversely, let \ be a number, and let A be the set of 
(nonzero) vectors r such that a given hyperplane u=/,r* is tangent to 
u = H(z, r; \) whenever ¢ is in A. Then as in §7 of III, A is an approach set 
for H(z, r; X), and equations (2.7) hold. But equations (2.7) imply that the 
rank of A(z, p, r) is less than two; so A is an approach set at z as defined 
in (1.7). 

This interpretation shows that any approach set A containing two or 
more distinct unit vectors has a unique maximal extension, provided that 
G(z, r) is quasi-regular normal at z. For then any two unit vectors of A deter- 
mine \(z, A), and hence determine H(z, r). Let u=1,.r* be the hyperplane 
tangent to «= H(z, r) whenever 7 is in A. Let A* be the set of all nonzero 


1939] ISOPERIMETRIC PROBLEMS 179 


vectors r for which u=/,r¢ is tangent to u= H(z, r). Then A* is an approach 
set and contains A, and is the largest approach set which contains A. 

In view of this lemma it might possibly be more desirable, when G is not 
quasi-regular normal at z to define an approach set at z to be a set A such 
that there exist numbers Xo, A, not both zero, for which (if we write 
H(z, r) =hoF(z, r) —rG(z, r)) 

p) = Hi(z,1r), i= 0, ** 
for all p, rin A. The interest in this remark is rather slight, since the methods 
of proof which are the central feature of this paper seem not to apply unless 
G(z, r) is quasi-regular normal. 

3. Existence of minimizing polygons. We now add some further hypothe- 
ses concerning the integrands. These added requirements are much more 
stringent for problems in non-parametric form than for those in parametric 
form. 

[(3.1) For every bounded set So there exist positive numbers 6 and a and a 
number b=0 such that 

| F(z, 2’) | < a| 2’| + bF(z0, 2’) 
wherever Zo is in Sy and |z—z0| <6, and 2° >0; and G also satisfies this condi- 
tion. 

(3.2) On every bounded set Sy the relations 


2 


hold uniformly in (x, y). 

(3.3) The points 2:= (x0, yo) and 22=(X, Y) and the integrals F, G have the 
property that there are constants a9=0 and a, such that for every number H there 
is a bounded set Sy containing all the a.c. curves C: y= (x) joining % and 2 and 
having ao¥(C) <H.] 

For problems in parametric form the role of these hypotheses is filled by 
the following assumption: 

(3.4) The points 2, 22 and the integrals , G have the property that if K is a 
class of rectifiable curves joining 2 and 2 for which F(C) is bounded above and 
G(C) is bounded, then the curves of K have uniformly bounded lengths. 

Then we have the following lemma: 

Lemna 3.} Let v be an integer and 1 a number. If the subclass of K[G=1], 
consisting of polygons of not more than v vertices, is not empty, it contains a 
polygon which minimizes F(C) on that class of polygons. 


{ For problems in parametric form this is a trivial extension of Lemma 1 of III. 
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[Let y=y,(x), (voSx”<X), be a sequence of polygons of not more than v 
vertices such that G'[y,] =/ and #[y,]| tends to its lower bound yu. By Lemma 1 
of II, all the curves y=y,(x) are in a circle 0. By Lemma 4 of II, the functions 
yn(x) are equi-absolutely continuous; so by Ascoli’s theorem there is a sub- 
sequence (which we may suppose to be the original sequence) converging 
uniformly to a limit function y = yo(x). We see readily that this limit curve is 
also a polygon of not more than pv vertices, and that y,/ (x)—>y¢ (x) except at 
the vertices of y=~yo(x). So by Lemma 5 of II we have G[yo]=/ and 
<lim But by the definition of we cannot have 7[yo] <u; 
so ¥[vo] =u, and y = yo(x) is the polygon sought. | 

4, Choice of a particular minimizing sequence. Continuing with the hy- 
potheses of the preceding section, we assume that / is a number such that 
K[G=!] is not empty, and we denote by u the greatest lower bound of 
7(C) on the class K[G=1]. There is [by Lemma 2 of II] a sequence of poly- 
gons II, [of the form y=7,(x)] joining (x, yo) to (X, Y) and such that 
lim 7(I,) =, lim Gill.) =1. Let v, be the number of vertices of II,. By 
Lemma 3 of the preceding section, there is, for each n, a polygon II, [of the 
form y—¥y,(x) | in K such that 


(4.1) Gn) = > 4, 


while II,, minimizes 7(C) on the class of polygons in K having not more than 
v, vertices and satisfying the equation G(C) = G/(II,). Hence 


(4.2) 


From this sequence we now select a subsequence II, such that 


(4.3) lim = lim inf F(1,) lim = 


We may assume that this subsequence is the whole sequence, so that 
(4.4) lim F(II,,) exists, lim F(II,) S wu. 

By Lemma* 1 of II the polygons II, are all in a circle Q. [So by Lemma 4 
of II the functions y,(«) are equi-absolutely continuous, and we can select a 


subsequence (which we suppose to be the whole sequence) converging uni- 
formly to a limit function yo(x) : 


(4.5) lim yn(x) = yo(x) uniformly for S x SX. 
no 


This selection of a subsequence leaves (4.4) still valid. 


* Although this lemma was stated for non-parametric problems, its extension to problems in 
parametric form is trivial. 


no 
j ° 
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Hypothesis (3.2) implies that f(x, y, y’) is bounded below for (x, y) in Q, 
say f(x, y, y’)2x. Since addition of a constant to f merely changes ¥[y] by 
the same number for all curves y = y(x) of K and leaves all minima unaffected, 
we may assume without loss of generality that for all (x, y) in Q and all y’ 


(4.6) f(x, 2 9. 


Now we return to the parametric notation. ] We have a sequence of poly- 
gons {II,} [converging to a limit curve Co] in K, and 


(4.7) lim =I, = lim F(T n) Su. 


Also, the lengths of the II, are bounded (by (3.4) if the problem is in paramet- 
ric form, by Lemma 4 of II otherwise), and are not less than | z1 —ze| : 


(4.8) | 2: — 22| SL. 
On each II, we now introduce the parameter ¢=s/((II,), (0<s<(I,)). 
Thus II, has the representation 
TI,: z= 2,(é), 0sis1, 

with 
(4.9) 0 <| 2: — ze| < | | C(,) 
except at vertices of II,. 

Since the functions z, all satisfy the same Lipschitz condition, there is a 


subsequence (we suppose it the whole sequence) which converges uniformly 
to a limit function zo(¢) on [0, 1]: 


(4.10) lim z,(¢) = zo(é) uniformly on (0, 1]. 
The curve z=29(#) is therefore a limit curve* of the II,. [But these have the 


unique limit Co; so z=20(#), (0<é#<1), is a representation of Co. ] 
Now we define 


[By (4.6), these functions are monotonic increasing; and they are bounded, 
for 


0 = da(t) da(1) = f F(t», 


* If the reader is omitting bracketed statements, we here define Cy to be the curve z=20(@), 
(OS¢S1). 
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by (4.7).] So [by Helly’s theorem] we can select a subsequence of {¢,} (we 
suppose it the whole sequence) which converges* for all ¢ in [0, 1] to a limit 
function ¢(t): 


(4.12) lim ¢,(t) = $(t), O<t<1. 


For this subsequence, (4.7) and (4.10) remain valid. By Lemma 3 of II, the 
functions 


(4.13) a(t) = O<t<1,=0,1,---, 
0 


are equi-absolutely continuous. Hence we can select a subsequence (we sup- 
pose it to be the whole sequence) which converges uniformly on [0, 1] to a 
limit function y(t): 
(4.14) lim y,(#) = y(t) uniformly on 0, 1]. 
For this subsequence (4.7), (4.10), and (4.12) remain valid. 
Our task is now to prove 


(4.15) = y0(1), = go(1). 
For these are the same as 
(4.16) lim = G(Co), lim 2 F(Co). 


If we can establish them, then the first equation shows that Cy is in K[G=1], 
by (4.1). Hence ¥(Co) =u. But the second part of (4.16), with (4.7), gives 
F(Co) Sm; hence F(Co) =u, and y=yo(x) is the curve sought. 

It is worth noticing that all the properties of the sequence which have 
been established here are also possessed by every subsequence of this 
sequence. 

5. Convergence of directions at one point. We observe that, $(t), do(t), 
[being monotonic increasing, and] y(#), yo(#), being a.c., there is a set E of 
measure 1 contained in the open interval 0</<1 and having the following 
property: 

(5.1) The derivatives $'(t), od (t), y(t), and yé (t) exist and are finite for all 
1 in E. 

We now wish to prove the following lemma: 

* For problems in parametric form we note that the integrands in (4.11) are uniformly bounded. 


So the ¢,(é) all satisfy the same Lipschitz condition, and a subsequence can be selected which con- 
verges uniformly to a limit do(#). A like remark applies to (4.14). 
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Lema 4. If t; belongs to E, there is a subsequence {Tm}, (m=mx, me, -- - ), 
of {II,} and a sequence {tn} of points of [0,1] such that limn.. tm=h, and 
Znt (tm) converges* to a limit p [and p°>0]. 

[Let €; be a sequence of positive numbers less than 1—4,. The numbers 
[o(t:+€:) |/e; tend to which is finite. Hence there is an such 
that 


| b(t: + €:) — | < 
Therefore, by (4.14), the inequality 


(5.2) | On(ti + — bnlts) | /eex<h+1 
holds for all m greater than a certain (i). We choose a sequence {m;} such 
that m<m<--- and n;>n(i). Since ¢, is a.c. and (by 4.6) monotonic 


increasing, from (5.2) we see that there is a set of positive measure in 
t+e:] on which |¢/,(#)| <z+1. In this set we choose a which does 
not define a vertex of II,,; and we use the letter m to replace ;. Then 2m (tm) 
is defined, and 


F(Zm(tm), 2m (tm)) = Gm (tm) < A+ 1. 
Therefore by (4.9) 
(5.3) F(Zm(tm), 2m (tm)/ | 2m (tm) |) < 1)/| (tm) | (4 + 1)/| 21 — 22]. 


Hypothesis (3.2), in its parametric form, states that there is a 6>0 such 
that 


h+1 


zinQ, |2’| =1,2" <6. 
| 21 — 


(5.4) F(z, 2’) > 


Therefore from (5.3) we conclude 
(S.5) (tm) 2 5. 


From the bounded sequence {2,/ (tm) } we now choose a subsequence converg- 
ing to a limit p; we may suppose this subsequence to be the whole sequence. 
Then, by (5.5), p°=6, and the lemma is established. | 

6. The directions of the sides of the polygons. In our sketch of the proof, 
in the introduction, the two essentials were first to show that the directions 
of the sides of the II, were, on short arcs, near approach sets, and second to 
establish an order relation between the sides. The next lemma treats the first 
of these two needs. 


* For problems in parametric form this is an immediate consequence of the Bolzano-Weierstrass 
theorem, since the lengths | 2’,(¢m)| are bounded. 


184 E. J. MCSHANE [March 


Lemma 5. Let {II,} be the sequence of polygons specified in §4, and let to 
be a point of E. Then either 

(i) there is a subsequence {lm} of {I1,} and a sequence of numbers tmn—to 
such that each tm is contained in an interval ln StmSkm on which Zm(t) is linear, 
and km —hm does not tend to 0, or 

(ii) there is an approach set A at Zo(to) and a subsequence {Im} such that if 
tm—to and Zm(tm) is not a vertex* of Im, then all accumulation points of the 
Zm (tm) belong to A. 

Suppose that (i) does not hold. Let {#,} be a sequence tending to éo, 
and let /,, k, define the initial and final points of the side of II, to which ¢, 
belongs. Then h,— and k,—%. For otherwise either ¢,—, or k,—t, would 
not tend to 0, and z,(¢) would be linear on the intervals (hn, tn) and (tn, Rn). 

By Lemma 4, there is a subsequence {II,} of {II,} and a sequence of 
numbers #? such that ¢}->f) and 2, (#2) tends to a limit p, [with p? >0]. 
If for every sequence ¢,—y the relation 2; (¢,)—>p, holds, then case (ii) holds. 
Otherwise, for some sequence the vectors have an accumulation 
point ~2*p;. For a subsequence {t,2} we have 2,/ (t2)—>2, while it is still 
true that 2, )—1. 

To be specific, we suppose #,} <#,? for all w. Let v0, 11, - - - , 241 be values of 
t which define successive vertices of II,, and satisfy 19 --- <v,<i2 
<v,41. By the first paragraph, vo and 2,4; tend to tp as w—>. If we displace the 
vertices 2.(01), - - - , Z0(v.) all by the same amount (0,0, - - - ,0,7,0,--- ,0), 
where 7 is in the (j+1)st place, we obtain a polygon II,/(r). [For small 7 this 
can be represented in the form z‘=z‘(2°), (¢=1,---, m).] From formula 
(2.8) of I we have 


d 
= Filzu(2), 22 @) — @) 


1 £— 
+f Fui(Zw, Zu )dt 


Vo 


"ett — Vy 
+ f F.Ate, 


Us — Ve41 


where 19 <i<v, and v,<#<0,41. 
Let us denote the sum of the last three terms in (5.6) by 6;. [By (3.1) and 


(4.9) the inequality | 


* This requirement is not essential. 


(6.1) 
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(6.2) | <f~ {a| + dF (Zw, } dt 


= aL | — 00 | + b{ (v0) } 


holds.*] Also, on the intervals (vo, and (vs, the derivative z,/ (¢) is 
constant. Hence (5.1) can be written 


F (zw(2), Zu (tu?) — + 


t=0 


6.3) 
(6.3) w(T)) 


A similar result holds for G(C): 


= )) — 26 (td) + 


= d i 
(6.4) D;= 


where for non-parametric problems 


(6.5) | 8; | < GL — + } 
while for parametric problems 
(6.5’) | 6; | M(ve41 Vo). 
Now we show that the matrix 
Do Di---D 
(6.6) 
Do Di--- Dy 
is of rank less than 2. Otherwise, suppose, say, that the determinant 
D; D 
(6.7) | 
D; 


is not 0. We form the polygon II.,(7, «) by displacing each of the vertices 
Zw(01), by the amount (0, 0,---,7,0,---,0,0,---,0), wherer 
is in the (j+1)st place and o in the (k+1)st. Then the jacobian of the func- 
tions F(II.(7, G(Iu(r, at is exactly the determinant (6.7). 
The equations 


FM +a- =0, 
¢)) — Gv) = 0 


have the initial solutions =o =u=0. By the implicit functions theorem, we 
can solve for r, o as functions of u, defined for all u near 0. However, if u>0 


(6.8) 


* For parametric problems this is replaced by the inequality (6.2’) | @;| SM (%.41—v0), where M 
is an upper bound for | F(z, z’)| for z near Cy and |s’| SL. 


—, 

| 
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these functions would define values of 7, ¢ for which (6.8) held; that is, 


= G(.), 
< 
This is incompatible with the minimizing property of the polygons II,. Hence 
the matrix (6.6) is of rank less than two. 

We now write (6.6) in the form 
F (t?)) — F j(2w(tw), (tt) + 
Gi(Zu(tw), 20 (ta?) — 2 (tt )) + 
For parametric problems inequalities (6.2’) and (6.5’) make it evident that 
6; and 6; approach 0 with 2,,:—v%0. But 2,4: and v) approach to) as w— ; so 
6; and 6; approach 0 as w—. [For problems in non-parametric form we use 


(6.2) and (6.5). Since ’ (to) exists, and ¢(¢) is monotonic increasing, for every 
positive ¢ there is a 6>0 such that 


(6.11) o(to) — € < (to — 6) S S + 6) < + €; 


(6.9) 


(6.10) ( 


and if w is large enough, 
| bulto— 8) — 6)| <e€, | bulto + 8) — + 8)| <e. 
Hence if 
(6.12) to - 5 <t<ht+, 
then 
(6.13) (to) — 2€ < dulto — 5) dult) Gwlto + 5) < H(to) + 2e. 
For all large w the points v and 2,4; both satisfy (6.12), since they both ap- 
proach fy) as w— ; so by (6.13) we have 
(6.14) | — bw(v0) | < 4e. 


Thus —dw(%0) approaches 0 as wo. The other term aL(v,41—70) 
also tends to 0, as previously observed; so 6; tends to zero with 1/w. The proof 
that 9,0 is easier. The functions y,,(¢) are equi-absolutely continuous; so 
when w— (and consequently the term Yu(¥.41) —Yu(v0) tends 
to 0. The other term in (5.10) also tends to 0; hence 8; approaches 0 as w— . | 

Since z.(¢) tends uniformly to zo(#), and the numbers i», and all 
tend to to, we have 


(6.15) lim zu(ée) = lim = lim = lim = Zo(to). 


Finally, we already know that lim [where pf? >0], and that 
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lim z./ (t,.2) = pe. Therefore [from (2.4) it follows that 2 >0, and by Lemma 1] 
(for parametri~ problems by Lemma 1’) the vectors f; and #2 belong to an 
approach set at z(t), and the matrix 


¢ i(Zo(to), px) Fi(zo(to), px) 
G(Zo(to), Pa) G;(Zo(to), px) 


has rank less than two, where h=1 and k=2. 

Now we can define the approach set A to be the maximal approach set at z 
containing ; and pf» (see remark at end of §2). 

Suppose now that there is a third sequence #,,3 7%) such that z,/ (¢,3) has 
an accumulation point /; different from ~; and p2. We select a subsequence 
{1} of the integers {w} such that 2/ (¢?)—>p3. By the preceding argument, the 
matrix (6.16) has rank less than two if h=1 and k=3 or if A=2 and k=3. 
So 3 belongs to an approach set at z containing /; and 2, and therefore be- 
longs to the maximal set A. The lemma is thus established. 

7. A lemma on the order of sides. The next lemma is the one by which 
the Q-function is made useful to us. 


Lemma 6. Let p*, r* be distinct unit vectors [with p*°>0 and r*°>0] be- 
longing to an approach set A at z*. Let the inequality 


(6.16) 


Qu(2*, p*, r*) < 0 


hold, where H(z, = H(z, 2’; \(2*, A)) =F(z, 2’) —A(z*, A) 2’). Let G(z,r) 
be quasi-regular normal (either positive or negative) at 2*. Then there is a 6>0 
such that if ABC is a polygon of two sides lying entirely in the 5-neighborhood 
of z*, the side AB having direction r such that |r —r*| <6 and the side BC having 
direction p such that | p—p*| <6, then ABC does not minimize #(C) in the class 
of all two-sided polygons ADC joining A and C and having G(ADC) = G(ABC). 


To be specific we assume that G(z, r) is positive quasi-regular normal at z*. 
This involves no loss of generality. For if G(z, r) is negative quasi-regular 
normal at z* we have only to replace it by —G(z, r). This causes \(z*, A) to 
be replaced by —A(z*, A), and H(z, r) is unchanged. 

In order to avoid repetition we assume that every positive constant in- 
troduced in this proof is less than one, and we let M be an upper bound for 
the sums 


{ | r) | + | Ga(z, r) | } 


for all (z, r) such that |z—z*| <5 and |r| =1 [and r°=4 min (p*°, r*°)]. We 
shall connote that a vector is a unit vector by giving it a subscript u. 


i 
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By hypothesis, Qu(z*, p*, r*)< —3m<0. Thus by continuity there are 
positive numbers ¢, 6 (we take ¢, 5, m all less than 1) such that 
(7.1)  Qu(z, pu, tu) < — 2m, > min (p*°, r**), 7.2 > min (p*°, r**)] 
if |s—z*| <5¢, | p.—p*| <38, and |r.—r*| <38. 
Again by hypothesis, the numbers E¢(z*, p*, r*) and E¢(z*, r*, p*) are 
positive. Let 3e, (0<e<1), be smaller than the smaller of them. Then if £ 
and 6 are small enough, 


(7.2)  G(z, ru) — r@GalZ, pu) > 2e, G(z, pu) — p&GalZ, ru) > 2e 
if z and 2 are in the 5¢-neighborhood of z* and | p.—p*| <38, |ru—r*| <36. 
By definition of M, 
(7.3) | Qe(z, pu, ru) | < M if |z—2*| < | pu — p*| < 38, — < 38. 
By Lemma 2, H,(2*, p*) =H,(z*, r*), (¢=0, 1,--- , g). If we multiply by 
p*‘ or by r*‘ and sum, we find 
(7.4) En(2*, p*, r*) = En(2*, r*, p*) = 0. 
Then if ¢ and 6 are small enough, we find, as in establishing (7.2), that 

| H(z, ru) — HalZ, pu)| < em/M, 


(7.5) 
| H(z, pu) — pit HalZ, ru)| < em/M 


if |z—z*| <5¢, |z—2*| <5¢, | p.—p*| <36, and |r.—r*| <36. 

Let ABC be a two-sided polygon lying in the {-neighborhood of 2*. We 
denote A, B, C by x, 22, 23, respectively, and for their directions and lengths 
we use the symbols 

pi = (22 — 21)/| 22 — 21], = (3 — 22)/| 23 — 22], 


=|22— le =| 23 — 22| ; 


(7.6) 


and we assume 
(7.7) <6, | p2—p*| <6. 
We now distinguish the two cases 1; =/:, 1, <l,. In the former case we write 
(7.8) = 21 + (1 + 17)(zs — 22); 
in the latter case, 
(7.9) Zr = 23 + (1 + 7)(21 — 22). 


The two cases differ only trivially; so we suppose, to be specific, that h =); 
the alterations needed to cover the other case are obvious. If |z| <1, then 
|z,—21| <2|2s—z2| =2l2<4¢; so 2, is in the 5¢-neighborhood of z*. Therefore 
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for |r| <1 the quadrilateral 2:2223z, lies entirely in the sphere |z—2*| <5¢. 
By an elementary trigonometric computation we find that if |r| <6h/l 
(and therefore if |r| <8, since h=/), then the unit vector 


(7.10) P(r) = (23 — | 23 — 2, | 

satisfies the inequality | p(r) —p:| <25. Hence, by (7.7), 

(7.11) | p(r) — r*|< 36 if |r| <5. 

Also, if |r| <1, then (by (7.8)) 

(7.12) | — =| 21 — + — 22)| S| 21 — +] 2s — S 2h. 
We henceforth assume 

(7.13) |r| <6. 


The point z, will also be denoted by D,. The figure ABCD, is a parallelo- 
gram, by (7.8). Hence by formula (3.19) of I 
(7.14) H(ADC) — H(ABC) = — pi, p2), 
(7.15) G(ADC) — G(ABC) = — fr, p2), 
where 2 and 2 are in the parallelogram ABCD). If we recall that Qx(z, p, r) = 
—Qu(z, r, p), these inequalities, with (7.7), (7.1), and (7.3), yield 
(7.16) 3C(ADeC) — 5C(ABC) < — 
(7.17) | G(ADiC) — G(ABC)| < 

Now we compute the derivative of G(AD,C) with respect to r. The side 
AD is defined by the equation z=2,+4(2s—2z2), (0S$¢<1+7). So 


l+r 


d d 
G(AD,) + t(zs 22), 23 — Z2)dt 
dr dr 


0 
= G(z,, 23 — 22) = 12G(z,, p2). 


The derivative of G(D,C) we compute by formula (2.8) of I, taking 7; =23—22, 
a2=0. The side D,C is defined by the equation z= (1 —#)z,+éz3, (0<i<1);s0 


(7.18) 


dr 


(7.19) Gre((1 — + tas, 23 — 2-) [2 — ](1 — 


= — lGa(2, pr) ps 


+ f Geo((1 — + p#la| 2 — | (1 — dat, 


E 
| 
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where 2 is on the line segment D,C. By the definition of M, together with 
(7.11) and (7.12), the integrand in (7.19) does not exceed 2M/,/.(1 —#) in ab- 
solute value. Hence the absolute value of the integral is at most Mi), and 
if we add (7.18) and (7.19) we find 


d 
(7.20) G(AD,C) = p2) — p(r))| + <1. 
T 


The points z, and 2 are in the 5¢-neighborhood of z*, and (7.11) and (7.7) hold; 
so by (7.2), 


(7.21) = G(AD,C) > + <1, 
at 

if |r| <6. 


The conditions thus far imposed on ¢ and 6 merely require that they be 
sufficiently small. We now require 


(7.22) < emé/2M?. 
Then 
(7.23) l; < 2¢ < ebm/M? < e/M, 


and (7.21) yields 


(7.24) = GIAD,C)>le if |r| <8. 
T 


A formula similar to (7.20) holds for 3 also. Here, however, we can use 
(7.5) and (7.23) to obtain 


d | 
— 5(AD,C) | < le[em/M] + |e| <1, 
(7.25) dr | 


< 2lem/M. 
As 7 traverses the interval [—6, 5] inequality (7.24) remains valid; so by the 
theorem of mean value 
G(ADC) — G(ADC) > ile, 


(7.26) G(AD.C) G(AD_:C) > dlee. 


By (7.17) and (7.23) 
(7.27) | G(ADC) — G(ABC)| < eél2; 
so by (7.26) the number G(A BC) lies between G(A D_;C) and G(AD,C). But 
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G(AD,C) is a continuous function of 7; so there is a value of 7, we call it o, 
such that 


(7.28) G(AD.C) = G(ABC). 
Using another form of the theorem of mean value, we obtain 
d 
H(AD,.C) — KH(ADC) dr 
G(AD.L) — G(ADC) 


(7.29) 


d 
G(AD,C) 


the right-hand member being calculated for some 7 between 0 and a. By 
(7.21) and (7.22) the right-hand member of (7.29) has an absolute value less 
than 2m/M;; so, using (7.29), (7.28), (7.17), and (7.16), we obtain 
— < (2m/M)| G(AD.C) — G(AD«C) | 
(7.30) = (2m/M)| G(ABC) — G(AD&C) | 
< 2mlle < (ABC) — H(ADC). 

That is, 
(7.31) 5C(AD,C) < 3C(ABC). 
It follows from (7.28) and (7.31) that 

F(AD.C) = (ADC) + Xz*, A) G(AD.C) 
5¢(A BC) + X(2*, A) G(ABC) 
¥(ABC). 

We have thus shown that if ABC is in the ¢-neighborhood of s* and in- 
equalities (7.7) hold, then ABC fails to minimize G(ADC) in the class of 
two-sided polygons ADC such that G(ADC)=G(ABC). For (7.28) and 
(7.32) show that AD,C is in the given class and gives a smaller value to 7(C). 
If we let 6; be the smaller of ¢ and 6, it then serves as the 6 of the conclusion 


of the lemma. The proof is therefore complete. 
8. The existence theorem. We now make another assumption concerning 


(7.32) 


A 


F and 
(8.1) For each zo, every approach set A at 2o consists of the positive multiples 
of a finite number of unit vectors pi, --- , px; and these can be so ordered thatT 


Qu (Zo, Pi, Pi) <0 if i<j. 
We wish to prove the following lemma: 


As usual, H(z, r)= F(z, r)—X(z0, A)G(z, r). 
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Lema 7. [f to is in E, then 


(8.2) 0 (to) = $’(to) 
and 
(8.3) v0 (to) = y' (to), 


where , bo, Y, Yo are the functions defined in §4. 


At éo, either case (i) or case (ii) of Lemma 5 holds. Suppose case (i). Then 
there is a sequence {II,,} and a sequence tm—+to, each tm being contained in an 
interval lim <tm<km On which z,,(¢) is linear, and km —hm does not tend to zero. 
We now select a subsequence {II,} for which k;—h; tends to a limit greater 
than zero, and further select a subsequence {II,} of {II,} such that 4, and kp 
tend to limits h, k, respectively. Then k >h. Also, since h,<t,<k, and t,—%t, 
it is clear that h<t,<k. Suppose, to be specific, that h<t)<k. 

We now choose numbers /, m such that h <l<m<k. On the interval [/, m] 
all functions z,(¢) except a finite number are linear. Since z,(#) tends to zo(#) 
and is linear on [/, m], it is also true that z, (#) tends to z¢ (#), and in fact 
uniformly, on [/, m]. So 


= ic )dt = go(m) — 


Since ¢ and ¢» are continuous at éo, we let >t, and obtain 
— = go(m) — do(to). 
Dividing by and letting gives 
$'(to) = $6 (to), 
establishing (8.2). In a like manner we establish (8.3). 

Now suppose that case (ii) of Lemma 5 holds. Let A be an approach set 
at Zo(to) consisting of the positive multiples of the unit vectors fi, --- , px 
numbered as in (8.1), and let {II,,} be a subsequence of {II,} such that for 
every sequence ¢,,—%t, all accumulation points of the sequence Zm (tm) are in A. 
Then if € is a positive number, there is a 5) >0 and an mp such that z,, (#) 
is in the e-neighborhood of A if |¢—to| <59 and m>mpo. Otherwise for some 
€>0 we could select a subsequence {II,} and a sequence ¢,—%) for which 
z, (tp) has distance greater than or equal to ¢ from A, so that no accumulation 


point of this sequence would be in A. 
By Lemma 6, for each pair of numbers 7 and j >i there is a positive num- 
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ber 6;; with the properties specified in Lemma 6. Let 6 be the least of these. 
We suppose that the ¢ of the preceding paragraph is so small that 


(8.4) | | <6 


for some 7 if 2m (¢) is in the e-neighborhood of A; this is possible because of 
(4.9). Moreover, we suppose mp so large and 5 so small that 


(8.5) | zm(#) — zo(toc)| <5 if m>mo, |t— to| < do. 


Now denote by #,} the least ¢ in the interval (¢)—5o, #o+60) which defines 
a vertex of II,,, and denote by 7, the greatest such ¢. Each side of II,, between 
Zm(tpt ) and Zm(T'm) has a direction Z,/ (t)/| zm (¢)| which differs from one of the 
p: by less than e«. By Lemma 6 and the minimizing property of each II,, no 
side with direction near p; is immediately followed by one with direction near 
pi, (i<j). Hence the arc of II, between 2n(tn ) and 2n(7) consists of a subarc 
(possibly empty) along which 2,’ /|z,’ | differs by less than ¢ from (1, followed 
by an arc along which z,//|z,/| differs by less than ¢ from pz, followed 
by ---, followed by an arc along which z,//|z,/| differs from p; by less 
than e. The values of ¢ which mark the ends of these arcs we denote by 


, Thus if t,7 <t<t,j+1 and ¢ does not define a vertex of 
II,,, the inequality 
(8.6) | ()/| 2m ()| — | <e 


holds. We now select a subsequence {II,} such that ¢,/ converges to a limit ¢ 
as hoo, (j=1,---, k+1). Then <t,<t#'+'!, for otherwise we would be 
back in case (i) of Lemma 5. 
If the interval (é, t+"), (7=1, - - - ,k), isnot empty, we choose an interval 
(l, m) such that t?<1<m <t+!. Then for all large 4 the inequality 


(8.7) | | 
holds if 1 <S¢<m and 2,(¢) is not a vertex. From (8.7) and (4.9), 
(8.8) @ — = |  O/| | < 
If ¢ and ¢+7 are both in (J, m), this yields 

| ex(t + 7) — — 


t+r 
f {éx(t) — p;}dt | 


(8.9) 


We may without loss of generality suppose that the sequence {II,} was so 
chosen that the lengths (II,) approach a limit Lo. Then, letting h-, we 
have 


‘ 
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(8. 10) | + 7) — zo(t) — Lorp;| 
Now dividing by 7 and letting r—0, we obtain 
(8.11) | (t) — Lop;| S €L, 


provided only that z¢ (#) exists. For all large h we have |((II,) —Lo| <e, and 
(8.8) holds; so if /<¢<m and 2g (¢) exists, then 
| (t) — 2d ()| S| — + | — Lop; | 

+ | Lop; — 2d ()| < (22 + 1). 


Since F and G are continuous at the point (z0(¢o), Lp;), for every p>0 
we can find a neighborhood U of this point set such that 


(8.12) 


(8.13) | F(z, 2’) — 2f)| <p 
and 
(8.14) | G(z, 2’) — G(zr, | <p 


if (z, z’) and (x, 2/ ) are both in U. We now suppose that 6 and « are so small 
and /t) so large that we have 


(8.15) (za(t), (t)) and (zo(é), 2¢ in U 


if 1<t<m and h>/y and the derivatives exist (see (8.8) and (8.12)). Then by 
(8.13), for all h>ho we have 


| — — — | | " (en, #) — F (20, Jat 


S p(m — 1). 


(8. 16) 


Letting h—~, we get 
(8.17) | — — [¢o(m) — — 
Now ¢ is continuous on [to— 6, ¢# +6], for [z’ is bounded away from 0 by 
(8.6) (if € is smaller than p?/L), so that] F(z,, 2.) is uniformly bounded. 
Also, ¢o is a.c. by its definition. So we can let m—+#‘+! and /->+#’, obtaining 
(8.18) | — o(¢4)} — — go(t4)} | S — #4). 
Although (8.18) was obtained under the assumption ¢‘+!>4?/, it clearly holds 
if = 7), 

Now we add the relations (8.18) for 7=0, 1, - - - ,&. We find 


We can divide by ¢**+!—?', since we have seen that t! <é)</*+!. But the num- 
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ber 59 could be chosen as small as desired, and tp — 6 Si! <t*+1 <ig+ do. So if 
we let 59 tend to 0, the difference ¢*+!—¢! must also approach 0, and (8.19) 
yields 


(8.20) | $’(to) — (to) | p. 
But here p is an arbitrary positive number; so (8.20) implies 
(8.21) (to) = (to). 


Likewise we can establish (8.3). 

This completes the proof of the theorem. For y(#) and yo(¢) are a.c., and 
their derivatives are equal for almost all ¢,and y(0) =y0(0) =0; so y(1) =yo(1). 
Also, is monotonic increasing and @o(f) is a.c., and =@¢ (#) for almost 
all ¢; hence 


= é(Odt = J do(i)dt = o0(1). 


Thus we have established (4.15), and, as we saw in §4, this implies that Coy 
is the minimizing curve sought. 

Collecting the hypotheses introduced at various stages of the proof, we 
obtain the following theorem: 


THEOREM. Let the functions f(x, y, y) and g(x, y, ¥) be defined and continuous 
with all their first-order partial derivatives for all (x, y, 9). Let F(z, 2’) and 
G(z, 2’) be the parametric integrands associated with f, g, respectively. Assume 
that hypotheses (2.4), (3.1), (3.2), (3.3), and (8.1) are satisfied. Let G(C) be 
quasi-regular normal, and let (xo, yo) and (X, Y) be two points such that x» <X. 

Then for every | the class of a.c. curves y=y(x), (xo SxZX), joining (xo, yo) 
to (X, Y) and such that Gy) =I either is empty or contains a minimizing curve 


for F(C). 


9. Example. An example satisfying our conditions is 
f(x, 9, = +1), 9’) = (1 + 
where ¢(y)>0 and ¢’(y) >0. Transforming to parametric form, we have 


x! 


F(x, y, x’, y’) = + v’), G(x, y, x’, y’) = + 


To determine the approach sets at a fixed point (x, y), we recall that, by 
Lemma 2, if (1, g) and (1, g) form an approach set, then for some number A 
these same sets form an approach set for f—Ag. Hence if we consider the graph 
of u=f(x, y, r)—Ag(x, y, 7) as a function of r, the tangent at r=q and the 
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tangent at r=g coincide. (Cf. the geometric interpretation of Lemma 2.) 
Therefore the graph has at least two flex points between q and g. But 

This can have at most two zeros, of opposite sign. So g and @ are of opposite 
sign, and no approach set can contain more than two members of the form 
(1, 1) and (1, g2). We easily see that (1, q) and (1, —q) form an approach set. 
Hence given any (x, y, g), we see that the entire approach set at (x, y) con- 


taining (1, g) consists of the positive multiples of (1, g) and (1, —gq). 
We readily calculate that, independently of \, 


Qu(x, 1,9; 1, — 9) = 29e’(y)(Q? + 1), 
which is positive if g>0. So (8.1) is satisfied. It remains only for us to verify 
(2.4). In (2.4) we may assume, if we wish, that | p,| =|7,| =1, since F,(z, r) 
and G;,(z, r) are positively homogeneous of degree 0 in r. Then their limits p, r 
are also unit vectors. With the assumption, the matrix in (2.4) is, for our ex- 


ample, 
Ax, 
where 
Aun $(F1,n) {1 — /1,2)?} $(y1,n) {1 (p.2 / pro )?} + Ain, 
Ax = 26(F2,n) 26(V2.n) Po / po + 
An = pe + Ag pa + 
We must show lim r,? =r°>0. Suppose the contrary. Then lim |r,1| =1, while 
lim p) = p'#1 and lim 62,,=0. Therefore lim A220. The last two terms in 


Ay and the last two in Ay have finite limits. If our matrix has rank less than 
two, then 


— AwAn = 0, n= 1, 2,°°° 


But |r. /ro| tends to ©, and in the determinant its square occurs with a 
coefficient which approaches a limit ¢(y)(r!— p') which is not zero, while its 
first power has a bounded coefficient. Thus as n> the absolute value of the 
determinant will also tend to ©, contradicting the assumption that it is zero 
for all . So (2.4) is established, and all the hypotheses of our theorem are 
satisfied. 
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SOME EXISTENCE THEOREMS IN THE CALCULUS 
OF VARIATIONS 


V. THE ISOPERIMETRIC PROBLEM IN 
PARAMETRIC FORM* 


BY 
E. J. McSHANE 


1. First existence theorem. We continue the notation of preceding papers 
with the trifling change that z will denote (z', - - - , 2”) instead of (2°, - - - , 2%) 
as heretofore, and a similar change for z’. The class of all rectifiable curves 
joining two fixed points 21, ze (not necessarily distinct) will be denoted by K. 
The functions F(z, z’) and G(z, 2’) are defined for all points z=(z', - - - , 2%) 
in a closed point set S and all z’. They are positively homogeneous of degree 1 
in z’, are continuous for all z in S and all z’, and possess partial derivatives 
of first and second orders continuous except at z’=0. We write 


= ‘dat, GC) = J oe é)dt. 


A hypothesis which we shall henceforth impose on our integrals is the fol- 
lowing: 

(1.1) To each pair of numbers 1, m there corresponds a number L such that 
if C isin K and |G(C)| Sl, ¥(C) Sm, then C(C) SL. 

There are well known conditions which ensure this. For instance, if there 
are numbers a20 and 6 such that aF+0G is positive definite and the set S 
is bounded, then (1.1) is satisfied. Or, S being unbounded, if there exist num- 
bers a=0 and 6 for which 


aF(z, 2’) + bG(z, 2’) = k| 2’ | (1+ | 2| r, 


k>O, then (1.1) holds. 
The proofs in note IV give us, with hardly any modification, a proof of 
the following theorem: 


* Presented to the Society, April 15, 1938; received by the editors October 29, 1937 and, in re- 
vised form, February 16, 1938. 

The preceding notes in this series have already appeared in these Transactions as follows: 
I, vol. 44 (1938), pp. 429-438; II, vol. 44 (1938), pp. 439-453; III, vol. 45 (1939), pp. 151-171; 
IV, vol. 45 (1939), pp. 173-196. They will be referred to by their numbers. 
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THEOREM 1. Let the set S consist of the entire z-space, and let (1.1) hold. 
Let G(C) be quasi-regular normal. Suppose further that for each z, each approach 
set A at z contains only a finite number of unit vectors pi,--- , px which can be 
so ordered that Qu(z, pi, pj) <0 if i<j, where H(z,r) =H (z,r;(z, A)). Then for 
every number 1, either the class K|G'=1] is empty or it contains a curve which 
minimizes on the class K|G=1]. 


The proofs in IV leading up to equations (8.2) and (8.3) of IV were so 
designed as to apply to problems in parametric form as well as to those in 
non-parametric form. Hence these equations, which are $’(t)=¢/ (¢) and 
y'(t) =~é (t) for all ¢ in E (that is, for almost all ¢ in [0, 1]) are here valid. 
But for problems in parametric form the functions ¢, $0, y, Yo are Lip- 
schitzian; so this implies that =@o(1) and y(1) =7yo(1). As remarked at 
the end of §4 of IV, these equations imply the conclusion of the theorem. 

2. Statement of the principal existence theorem. Before stating the next 
problem we introduce several definitions: 


(2.1) The point zo of S is an ordinary point if the following conditions hold: 

(a) It is interior to S. 

(b) G(z, r) is quasi-regular normal (either positive or negative) at zp. 

(c) Each approach set A at 2 contains only a finite number of unit vectors 
pe, and these can be so ordered that Qu(zo, pi, <0 if here 
H(z, r) =F(z, r) A)G(z, r). 

Theorem 1 required that S be the whole space and that every point 2 
be ordinary. Subject to further hypotheses, our next theorem will permit S 
to be a closed subset of the space and will allow S to contain singular points 
(that is, points which are not ordinary points). 

One of our hypotheses will be the following: 


(2.2) For each 2 in S there is a number 0 such that F(z, r) —0G(z, r) is p.g.r.T 
at 


We denote by m(z), M(zo), respectively, the greatest lower bound and the 
least upper bound of all numbers @ for which F(z, r) —0G(z, r) is p.q.r. at 20. 
It is easy to see that m(z)=— © if and only if G(z, r) is p.q.r. at 2. For if 
G(z, r) is p.q.r. at 2 and @ is any number such that F —@G is p.q.r. at 20, then 
F(z, r)—0G(z, r)=[F(z, r)]+(@—@)G(z, r) is also p.q.r. for all 
4<0); so m(z) = — ©. However, if G is not p.q.r. at Zo there are orthogonal unit 
vectors p, u for which u*Gas(z, p)u® <0. Then u*[Fa(z, p) —O0Gaa(z, p) is 
negative if @ is negative and numerically large; so m(zo) is finite. Likewise 
M (z) = + @ if and only if G(z, r) is n.q.r. at 20. 


t Defined in (6.2) of III. 
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For each curve C: z=2(t), (4 <¢Sé), lying in S we define two sets of 
points ¢ as follows: 


(2.3) T(C) is the set of all points t such that z(t) is a singular point and 
G(z, r) is not n.q.r. at 2(t). 

(2.4) T_(C) is the set of all points t such that 2(t) is a singular point and 
G(z, r) is not p.q.r. at 2(t). 

These sets may overlap: if z(t) is a singular point and G(z, r) is neither 
p.q.r. nor n.q.r. at 2(¢), then ¢ belongs to both T7,(C) and T_(C). Also they 
may vanish simultaneously; this happens whenever G(z, r) is linear in the 
variables r‘ at each singular point z(¢). 

Our next definition is as follows: 

(2.5) If C: z=2(t) is a curve lying in S, then if T.(C) is not empty, we 
define M(C) to be the greatest lower bound of M(z(t)) for all tin T.(C); if T(C) 
is not empty, we define m(C) to be the least upper bound of m(z(t)) for all t in 
T_(C). 

If M(C) is defined, it is not + ©. For if M(C) is defined, the set T,(C) 
is not empty. Let é be a point in it. At 2(é) the function G(z, 7) is not n.q.r.; 
so M(z(t.)) is not +0. Hence M(C) <M (z(to)) < Likewise, if m(C) is de- 
fined, it is not — ©. It is interesting to observe that if G(z(t), r) is positive 
regular for all ¢ and if C contains singular points z(¢), then M(C) is defined 
and finite, while m(C) is undefined. Likewise, if G(z(#), r) is negative regular 
for all ¢ and if C contains singular points, then m(C) is defined and finite, while 
M(C) is undefined. We prove the first statement; the proof of the second is 
similar. The set 7,(C) here consists of all singular points, and by hypothesis 
is not empty; so M(C) is defined. As always, M(C) < «. The quadratic form 
u°G.s(2(t), p)u® is positive for all ¢ and all pairs of orthogonal unit vectors 
u, p. Let v be its greatest lower bound; then v >0. 

The quadratic form u*F,s(z(t), p)w* is bounded, say by N, in absolute 
value, for the same arguments. Then F(z(¢), r)+(N/v)G(s(t), r) is p.q.r. for 
all t; so M(z(t))=—N/v for each ¢, and M(C)=>—N/v>—o. Therefore 
M(C) is finite. 

We now state our principal theorem. 


THEOREM 2. Let the following hypotheses be satisfied: 

(a) S is closed. 

(b) Hypotheses (1.1) and (2.2) hold. 

(c) For every curve C of K, either T,(C) is empty or there exists a curve 
I*:2=¢(7), (0S7<e), with the properties: 


1 This implies that M(C) is finite. For M(C) is never +, and if M(C) were — ~, inequalities 
(2.6) and (2.7) could not hold. Likewise, from (d) we conclude that m(C) is undefined or is finite. 
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(i) The length of T* is not zero. 
(ii) ¢(0) is on C. 
(iii) For almost all r in [0, €| the inequalities 


(2.6) G(S(r), F(7)) + G(r), — > 0, 
(2.7) F(¢(r), + — S MO [EE@), F@)) + GE, — FO))] 


hold. 
(d) For every curve C of K, either T_(C) is empty or there exists a curve 
I*:2={(r), (OS7 Se), with the properties: 
(i) The length of 1* is not zero. 
(ii) ¢(0) is on C. 
(iii) For almost allt in (0, €] the inequalities 


(2.8) G(¢(r), F(7)) + — F(r)) < 0, 
(2.9) F(¢(r), €(r)) + FC), — S mC) (GEC), + G6), — 


hold, 
Then for every | the class K|G=1] either is empty or contains a curve C for 
which F(C) assumes its least value on K(G=1]. 


Sections 3 to 5 will be devoted to the proof of this theorem, and through- 
out these sections the hypotheses of Theorem 2 will be assumed to hold. 

3. Construction of a minimizing sequence. If the class K[G=/] is not 
empty, we denote by yu the greatest lower bound of F(C) on the class 
K [IG =1]. Also we define yo to be the greatest lower bound of numbers m 
for which there exists a sequence {C,,} of curves of K having 

lim #(C,) = m, lim G(C,) = 1. 

Since pv is such a number m, we evidently have po <u. If {h,} is a sequence of 
numbers greater than po and tending to po, for each m there is a C,* such that 


Hence 
(3.1) lim F(C,*) = uo, lim G(C,*) = 1. 


By (1.1), the C,* have bounded lengths, which ensures the finiteness of po. 

Suppose C,* has the Lipschitzian representation z=2,*(#), (0<#<1). The 
set of values of ¢ such that z,*(#) has a distance greater than 1/2n from the 
boundary of S is open relative to [0, 1] and so falls into a finite or de- 
numerable aggregate of subintervals. For only a finite number of these, say 
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[a1, Bi],---, lan, Bx], can the corresponding arc of C,* have length as great 
as 1/2n; the others we disregard. Thus if ¢ is not in any of the intervals [a;, 8;], 
the point z,*(¢) has distance less than n—' from the boundary of S. 

Consider now one of the intervals [a;, 8;]. In the corresponding arc of C* 
we inscribe a polygon II*, with the successive vertices 


Zn*(a), Zn*(t1), (tm), cin < 


If the sides of this polygon are short enough, we will have 


By 
(3.2) f F(z,*, g.*)dt| < 1/hn, 
and 

Bi 
(3.3) | gant. f G(z.*, < 1/hn. 


Now let II%,, be the polygon having the same number of vertices as II, 
joining z,*(a;) to z,*(8;), having G(II;,.) = and minimizing #(C) in 
that class of polygons. Such a polygon exists, by Lemma 3 of IV. For this 
polygon we have 


(3.4) F (Tin) <f F(z,*, Zn*)dt + 1/hn, 


(3.5) | — G(z,*, < 1/hn. 


Now we define the curve C, to be the curve C,* with the arcs correspond- 
ing to the intervals [a;, 8;] replaced by the respective polygons II;,n. Since 
we can consider the functions z,* unaltered except on the intervals [a;, B;], 
we obtain from (3.4) and (3.5) the relations 


(3.6) F(Ca) < F(C.*) + 1/n, 
(3.7) | — GIC#)| < 1/n. 

Hence 

(3.8) lim sup F(Cn) < lim +0 = po, 
(3.9) lim G(C,) = 1. 


no 


But by the definition of yo» we cannot have lim inf ¥(C,) <jo, in the presence 
of (3.9). So from this and (3.8) we conclude that 
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(3.10) lim = wo Sw. 


By (1.1), the curves C, are of uniformly bounded lengths; so we can select 
a subsequence for which ((C,) converges to a finite limit L: 


(3.11) lim £(C,) =L < 


Clearly we may suppose (since we can discard a finite number of the C,,) that 
we have 


(3.12) L(Cr) SL +1. 


For this subsequence (3.9) and (3.10) still hold. 
On each curve C,, we introduce as parameter t=s/(C,), where s is arc 
length on C,. Then C, has the representation 


2 = 2,(é), 


These functions z,(¢) satisfy a Lipschitz condition of constant <(C,), which 
is less than or equal to L+1 by (3.12). Hence 


By Ascoli’s theorem, we can select a subsequence of the C,, (we suppose it the 
whole sequence) such that the functions z,(¢) converge uniformly to a limit 
function z(t): 
(3.14) lim 2,(¢) = zo(¢) uniformly for 0 1. 
no 

For this subsequence (3.9), (3.10), and (3.11) remain valid. The curve z =20(#), 
(0 we denote by C». 

Next we define 


(3. 15) f é,(#))dt, 0, 1, 


(3.16) valt) = f 


These functions all satisfy the same Lipschitz condition, since the integrands 
are bounded. So we may select a subsequence (we again denote it by {C,}) 
such that ¢,(¢) and y,(¢) tend uniformly to limit functions ¢(¢) and (2), re- 
spectively: 


(3.17) lim = lim yn(t) = 
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uniformly for 0<i<1. For this subsequence (3.9), (3.10), (3.11), and (3.14) 
remain valid. 

Equations (3.9), (3.10), (3.15), (3.16), and (3.17) imply 
(3.18) $(1) = Ho, y(1) = 1. 

From the manner of constructing the curves C,, we notice that for every 
e>0O all the curves C, with large m are polygons except for their arcs which 
are within the e-neighborhood of the boundary of S. So if zo(é) is a point 
of Cy interior to S, there is a neighborhood (4 — 6, of such that the 
functions z,(t), represent polygonal arcs whenever is 
greater than a certain mo. (Modifications if f=0 or 1 are obvious.) 

4. Some lemmas. Let us first dispose of the trivial case for which we have L 
=lim £(C,,) =0. This is only possible if z; = z2, and it implies that Cy has length 
0 and consists of the one point 2%. By (3.9) and (3.10) we have /=0=po Sy. 
By trivial computation we obtain G(Co)=0=/, ¥#(Co) =O<u. Since Cy is 
thus in K[G=/], ¥(Co) 24; whence ¥(Co) and Cy, is the curve 
sought. This leaves for consideration the principal case, in which 


(4.1) L = lim L(C,) > 0. 
Since ¢, $0, Y, Yo, and 2% are all Lipschitzian functions of ¢, the interval 


[0, 1] contains a set E of measure 1 such that for all ¢ in E all the functions 
mentioned have derivatives and 


(4.2) oo (t) = F(zo(t), 20 (t) = G(20(2), 20 
It will be supposed (without loss of generality) that neither 0 nor 1 is in £. 
We now begin to prove a sequence of lemmas. 
Lema 1. If t) is in E, and a and b are numbers such that aF(z, r) +-bG(z, r) 
is p.q.r. at 2o(to), then 
a[$'(to) — $6 (to)] + b[y'(to) — (to)] = 
Except for notation, this is merely a restatement of Lemma 5 of III. 


Lemma 2. If tis in E and z(t) is an ordinary point, then 


(4.3) $'(to) = $0 (to), ¥'(to) = vo (to). 


By (2.2), (a), o(éo) is interior to S. Therefore, as remarked at the end of §3, 
for all large the arcs of C, lying in a neighborhood of zo(é) are polygonal. All 
the hypotheses leading up to equations (8.2) and (8.3) of IV (which together 
are (4.3) above) are here satisfied, except that in IV the set S was the whole 
space. However, the proof of (8.2) and (8.3) was purely local in nature; the 
only reason for taking the whole space for S was to be sure that each point of 


—-~ 


| 
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Cy should be interior to S. So the proofs in IV are applicable without change, 
and the lemma is established. 


Lema 3. If Zo(to) is a singular point, and ty belongs to E but does not belong 
either to T (Co) or to T_(Co), then y'(to) =e (to) and o'(to) (to). 

If G(z, r) were not p.q.r. at 20(t), the point f& would be in T_(C,). If it 
were not n.q.r. at Z(t), then f would be in T,(Co). So G(z, r) must be both 
p.q.r. and n.q.r. at 20(t). That is, G(zo(é), r) is linear in the variables r. By 
hypothesis (2.3), F(z, r)—0G(z, r) is p.q.r. at 2(é) for some 6. But since 
G(z, r) is merely linear in the r‘, this implies that F(z, r) itself is p.q.r. at 
Zo(to). The application of Lemma 1 with a=1, b=0 yields $’(t) —dy (#) 20. 
Since G(z, r) is both p.q.r. and n.q.r. at 20(é), we apply Lemma 1 with a=0, 
b=1 and with a=0, b= —1. This yields two inequalities which together imply 
(to) =é (40), completing the proof. 

Lema 4. If to is in ET (Co), then 

$' (to) — $6 (to) = M(zo(to)) [y’(to) — (to). 
By definition of M(z), there is a sequence {6,} of numbers tending to 
M (Zo(to)) such that for each n, F(z, r) —0,G(z, r) is p.q.r. at Zo(to). By lemma 1, 
(to) — $0 (to) = Only’ (to) — v0 (to)]. 
Letting n— ~ establishes the desired inequality. 
Lema 5. If to is in ET_(Co), then 
(to) — $0 (to) = m(Zo(to)) [y’(to) — (to) 

Choose a sequence {@,} such that @,—m/(zo(é)) and F(z, r)—0,G(z, r) is 
p.q.r. at Z(t) for each m. The rest of the proof is a repetition of that of 
Lemma 4. 

6. If to is in E and (to) (to), then (to) (ta). 

If zo(t) is ordinary, this follows from Lemma 2. If 2o(é) is singular, either 
it is in neither T,(Co) nor T_(Co), in which case $’(t) by Lemma 3, 
or it is in one (or both) of the sets T.(Cy)) and T_(Co), in which case 
(to) [0 by Lemma 4 or Lemma 5. 

7. If to is in E and (to) (to), then to is in T (Co); if to is in E 
and y' (ts) (to), then to is in T_(C)). 

The point zo(¢o) must be singular by Lemma 2. If & is not in T;(Co), 
then G(z, r) is n.q.r. at 2o(t.). Applying Lemma 1 with a=0, b= —1, we 
obtain y’ (to) — yd (to) <0. Hence if (to) — yd (to) >0, then is in T,(Co). The 
proof of the other statement is similar. 
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5. Proof of the theorem. We now subdivide the set £ into three subsets. 
The set 7) will be the subset of E on which y’(t) =~¢ (#); the set 7; will be the 
subset of E on which y’(t) >y¢ (¢); and the set 7: will be the subset of EZ on 
which (#) (é). These sets are clearly measurable, since y’(#) and (é) 
are measurable functions. By Lemma 7, 7; is contained in 7,.(Co) and T+ is 
contained in T_(C)). 

First we shall construct a curve I'\: z={:(r), (QS7S7:1), beginning and 
ending at a point 2o(é:) on Co, and such that 


(5.1) Gir.) = — v6 lat, 


Whenever 7; is empty we can take I’; to be a degenerate curve consisting of 
a single point on Co. Then (5.1) and (5.2) obviously hold. If 7; is not empty, 
then T,(Co) is also not empty. By hypothesis (c) there is a curve I* corre- 
sponding to Cy and having the properties there specified. For 0<7r<e we 
define I'(r) to be the curve obtained by traversing I'* from ¢(0) to ¢(7) and 
then returning to ¢(0). Thus I'(r) is defined by the equations 


z= r<tS 2r. 


This is a rectifiable continuous curve beginning and ending at ¢(0), which, 
by hypothesis (c), is a point z(t) on Co. We calculate 


(5.3) aA 


Likewise 
65.4) = FO) + FOO, FO) 


By (2.6) the integrand in (5.3) is almost everywhere positive; hence 
G(T (e)) >0. Let m be an integer for which 


> — vé@lat. 


Since G(I'(r)) is a continuous function of 7, there is a 7) such that 
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G(r f — vé@lat. 


We now define I’; to be the curve obtained by traversing I'(ro) a total of m 
times. Then (5.1) holds. 

Recalling that M(C,) is the greatest lower bound of M(zo(#)) for all ¢ in 
T.(Co), by Lemma 4 we find that whenever & is in 7, the inequality 


(to) — (to) = M(Co)[y'(to) — (to) ] 
holds. Hence 


T; 


On the other hand, by (2.7), (5.3), and (5.4) we find 
=m f + FOO, — EO) 


(5.6)  <mMG) f "GeO, + — EO) 


= M(C) G(P:). 


From (5.1), (5.5), and (5.6) we obtain (5.2). 
Next we prove that there is a curve I’; beginning and ending at a point 
Zo(t2) on Cp and such that 


(5.7) Gir.) = f — v6 


(5.8) 702) | — od dt. 


We could prove this as we did (5.1) and (5.2). But it is much simpler to ob- 
serve that if we replace G(z, r) by —G(z, r), then y(é) is replaced by —~y(é) 
and M(Cy) by —m(Co), while hypotheses (c) and (d) are interchanged. Then 
(5.7) and (5.8) are merely (5.1) and (5.2) as rewritten for F and —G in place 
of F and G. 

We can now define the minimizing curve C. Suppose to be specific that 
t, St. We obtain C by traversing Cy from t=0 to t=h, traversing ’,, continu- 
ing along Cy from to t=, traversing then proceeding along Cy from 
t= to t=1. We therefore have, by (3.16), (5.1), (5.7), the definition of To, 
and (3.18), 
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G(C) = + Gs) + 


f +f + w@Odt+ f — v0 
T Ts T, 


0 


5.9 
+f wold 


J vou = y(t) = 1. 


Similarly, using (3.15), (5.2), (5.8), the definition of JT, Lemma 6, and (3.18), 
we obtain 


= + + F(T) 
< f +f +f f [o"(t) — Jat 
T T; 


0 T2 


5.10 
+} — @]de 


< J J = $(1) = po. 


But by (5.9) the curve C is in K[G=/];so ¥(C)=>u=wo. This, with (5.10), 
implies 
(S.11) 7(C) 


and the proof of the theorem is complete. 

Incidentally we have proved that under the hypotheses of Theorem 2 the 
equation uo =u holds. It follows with little difficulty that the value of u, con- 
sidered as a function of 1, is lower semicontinuous. 

6. Corollaries and examples. Let us define T,*(C) and T_*(C) by delet- 
ing the words “z(#) is a singular point and” in (2.3) and (2.4), and let M*(C) 
and m*(C) be the numbers defined by replacing T.(C), T_(C) by T.*(C), 
T_*(C), respectively, in (2.5). Then if m(C) is defined, so is m*(C); and 
m*(C)=m(C), for T*(C) contains T_(C). Likewise, if M(C) is defined, so 
is M*(C); and M*(C)<M(C). The following corollary is then immediately 
evident: 

Coroiary 1. If the hypotheses of Theorem 2 hold with m*(C), M*(C) in 


place of m(C) and M(C), respectively, then the class K|G'=1] either is empty or 
contains a curve for which F(C) assumes its least value on KlQ=1]. 


For if the hypotheses of Corollary 1 are satisfied, so are the hypotheses 
of Theorem 2. 
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In my dissertation} I established an existence theorem which overlaps 
considerably with Corollary 1 but neither contains it nor is contained in it. 
Nor does Corollary 1 cover the five existence theorems for isoperimetric prob- 
lems given by Tonelli;{ for Tonelli allows his class K to be a “complete class 
of total ramification,” where our class K consists of the family of curves in S 
joining two fixed points. § In all other respects, however, Corollary 1 contains 
Tonelli’s theorems. Take for example Tonelli’s Theorem 3 (p. 473) whose 
generalization to g dimensions is as follows: 


Let S be bounded and closed, and let K be a complete class of curves of total 
ramification lying in S. Let F(z, r) be p.q.r. on S, and let G(z, r) =g(z)G(z, r) 
+a.(z)r*, where g(z) is nonnegative |nonpositive] on S, and through each point 
a of S there passes an arc T* on which g(z) >g(z:) [g(z)<g(z)], provided that 
any continuous curve at all passes through 2. Then K{G=1] either is empty or 
contains a curve for which F(C) assumes its least value on K[G=1]. 


We disregard the statements in brackets; they interchange with the un- 
bracketed statements if G is replaced by —G, which replacement does not 
affect the hypotheses of Theorem 2 or Corollary 1. The set T,*(C) consists 
of all ¢ at which g(z(¢)) >0 and F(z, r) is not linear in the r‘. The set T_*(C) 
is empty; so hypothesis (d) is satisfied. For each ¢ in T,*(C) the function 


F(z, r) — 0G(z, r) = F(z, r)[1 — 0g(z)] — 


is p.q.r. for all 6<1/g(z). Hence M(z) =1/g(z). If T,*(C) is not empty, then 
the greatest lower bound of M(z(#)) for tin T,*(C) is at least g.l.b. [1/g(z(é)) ]. 
That is, M*(C) =1/max g(z(#)). Let z:=2(t)) be a point at which g(z(t)) as- 
sumes its maximum (greater than zero), and let I* be the curve along which 
g(z) =g(z:). Then along I* the conditions (2.6) and (2.7) are satisfied. Hy- 
potheses (1.1) and (2.2) obviously hold. So except for the added generality 
of the class K, this theorem is contained in Corollary 1. 

As an example covered by Theorem 2 but not by Corollary 1 or any other 
theorems cited, let us consider 


F(x, y, x’, = — (% — + 8y’2)"2, 
G(x, y, x’, y’) = + 


¢ Semi-continuity in the calculus of variations, and absolute minima for isoperimetric problems, 
published in Contributions to the Calculus of Variations, 1930, Chicago, 1931, pp. 199-243, in particu- 
lar p. 220. 

¢ L. Tonelli, Fondamenti di Calcolo delle Variazioni, vol. 2, pp. 466-482. 

§ It would, however, be quite easy to extend Corollary 1 to cover such classes K of curves. The 
only reason for not considering them in the first place was that the discussion of ordinary points re- 
quired comparison curves other than those obtained by adding a spur like I; or T; to a given curve. 
In Corollary 1 the characteristic properties of ordinary points are ignored; so this need disappears. 
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where the range S of (x, y) is the whole plane. Hypothesis (d) of Corollary 1 
is not satisfied ; inequality (2.7) cannot be satisfied unless C lies entirely along 
the line y=x. However, every point (x, y) not on the line y=z is an ordinary 
point. For, first, G is regular. Second, the matrix A(x, y; pi, p23 91, g2) has the 
form 


— (y — x){ + 8p2)-? — 8(y — x){ po(p? + 8p2)-1? 
p2— 


if we assume (as we may) that p?+ 2 =q +92 =1. If a vector (1, pe) is 
given, the vector (91, =(f1, —f2) is an approach set containing (fi, p2), 
and (—/f1, ~2) is in another approach set containing (f:, p2). It is possible 
(though not very easy) to show that no approach set contains any other unit 
vectors than these. Computing Qyg we see that it is not zero for any of the 
sets except in the trivial case in which the two formally different unit vectors 
of the approach set coincide (:=0 or ~2=0). Hence every point of S with 
yx is an ordinary point. 

The singular points of S are thus the points (+, x). For these the function 
F(x, y, x’, y’)—0G(x, y, x’, y’) reduces to —0(x’?+-y’*)"?, which is positive 
quasi-regular if and only if @<0. So m(x, x)= — © and M(x, x) =0. The set 
T_(C) is always empty, since G(z, r) is positive regular. If T.(C) is not empty, 
then for every ¢ in T,(C) we have x(t) =y(é) and M(x(#), y(#)) =0. Therefore 
M(C) is 0 whenever it is defined; that is, whenever C intersects the line y =~. 
Thus if C does not intersect the line, then T.(C) is empty; and if C intersects 
the line at a point (xo, xo), we can take I* to be a segment of y= beginning 
at (xo, 0). Hypothesis (d) therefore is satisfied. 

If we use the same G, but take 


F= + Sy’2) 1/2 


and let S be the whole (x, y)-plane, we find similarly that there are no singular 
points. 

7. A generalization. There are several ways of strengthening Theorem 2 
without great difficulty. An obvious one is as follows: If 2, 22, and / are given, 
under hypothesis (1.1) there is only a bounded subset of S which can contain 
points of curves C of K[G=1] with 7(C) <u+ for any given e>0. Let S. be 
this subset. We need then assume only that hypotheses (c) and (d) of 
Theorem 2 hold on the closure of S,. 

A less trivial generalization is obtained by redefining M(z) and m(z) at 
singular points z which are interior to S. Let z be such a singular point, and 
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let A be an approach set at z. Consider the aggregate of numbers @ for which 
(7.1) agEr_og(2, dapa, ps) 2 0 


for all finite collections f:,--- , ~, of vectors of A and all sets a,--- , ad, 
of nonnegative numbers such that |@..| #0. We make the following defini- 
tions: 


(7.2) M,(z, A) is the least upper bound of all numbers 0 such that (7.1) holds, 
and m,(z, A) is their greatest lower bound. 

(7.3) M,(z) is the greatest lower bound of M,(z, A) for all approach sets A 
at z, and m,(z) is the least upper bound of m,(z, A) for all approach sets A at z. 


Under hypothesis (2.2) such numbers 8@ exist. For if 6 serves in (2.2), then 
p, r) = 0 


for all 0 and all r, and (7.1) follows at once. This argument shows more- 
over that every @ which serves in (2.2) serves in (7.1), no matter which ap- 
proach set A we use. Hence if A is any approach set at 2, Mi(z, A) => M(z) and 
m,(z, A) <m(z); so by (7.3) 


(7.4) M,(z) = M(z), m(z) S m(z). 
Our theorem is given as follows: 


THEOREM 3. At all singular points z interior to S let M(z), m(z) be redefined 
to mean M,(z), m(z), respectively. Then with this new meaning of m(z) and 
M(z) Theorem 2 remains valid. 


The numbers M(z), m(z) entered the proof of Theorem 2 by way of 
Lemmas 4 and 5. Therefore we need only establish Lemmas 4 and 5 with 
M,, m, in place of M, m, respectively. Suppose then that zo(é.) is a singular 
point interior to S. By Lemma 5 of IV there is an approach set A and a sub- 
sequence {z,,(¢)} with the properties there specified. (We disregard case (i) 
of that Lemma, for then the proof that $’(t)) =@¢ (#0) and y’ (to) =v¢ (to) goes 
through as before.) By the definition of the E-function, inequality (7.1) can 
be written 


(7.5) da [F (zo, pa) = F (Zo, dapa) 6G(zo, Gapa); 


where we have written 2 for z(é). Let R be the (convex) set consisting of all 
nonzero vectors r which can be written in the form a:f:+ - -- +@nfn, where 
each f; isin A and a;=0. Each, in R can be written in one or many ways as a 
sum d,p*. The lower bound of the left member of (7.5), for all such ways of 
writing 7, is known to be a convex function H(z, r) on R. By (7.5), 


H (zo, r) = F (Zo, r) 6G (zo, r), rin R. 
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From this (and the differentiability of F and G) there is, for each 7 in R, 
a linear function /,r* such that 


(7.6) ro) 6G(zo, ro) < 
(7.7) H(zo, r) = lar® for all rin R. 


In particular, F(z, p) —9G(zo, p) = H (zo, p) for all p in A, as we find by taking 
n=1, pi=p, a=1, in (7.5). So by (7.7) 


(7.8) F(Z0, p) — 6G(z0, p) 2 lap*, pind. 


Let us denote the closed y-neighborhoods of z, A, R by (20), (A)y, (R)1, respec- 
tively. For each y>0, if m is large and 6 small, the point 2,(#) is (zo), and 
Zn (t) is in (A)y for 4—6<t<%+6. A fortiori, z,, (¢) is in the closed convex 
set (R),. By Jensen’s inequality, if ¢—6<t<t+h<th+6, then 


1 tt+h 
f = [2m(t + hi) — 


is in (R),. Let m— ; the vector [2(¢+) —20(t)]/h is in (R),. Let h-0; the 
vector 2¢ (é), if defined, is in (R),. By use of fairly obvious estimates, we find 
by (7.6) and (7.8) that for all sufficiently small positive numbers 7 


(7.9) F(20(t), 20 — 20 (t) +, 


F(2m(t), 2m (t)) — OG(2m(t), 2m (t)) (t) — €, 


(7.10) 
to St <to +4, m large. 


Integrating from é to 4+h yields 
o(to + — do(to) — Olyo(to + h) — yo(to)] < (to + — (to)] + €h, 
dm(to + — bm(to) — O[ym(to + 2) — ym(to)] = Lalznt (to + h) — ent (to)] — eh. 
If we let m— ~, divide by h, and let h— ~, we get 
0 (to) — (to) lash’ (to) + €, — Oy'(to) = laze’ (to) — €. 
Since ¢€ is arbitrary, 
(to) — (to) = 8[y'(to) — (to). 
If we let 6 run through a sequence of values approaching M1 (z0(éo), A), we find 
$' (to) — $0 (to) = Mi(z0(to), A) [y'(to) — v6 (to)]. 


This holds for all Mi(zo(t), A); so it holds for their greatest lower bound 
M,(z0(to)). The generalization of Lemma 4 is therefore established. Lemma 5 
can be discussed similarly; or we can obtain the result from the proof above 
by replacing G by —G. 


If 
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From the definitions it is evident that any alteration in the definitions 
of M,(z, A), m(z, A), Mi(z), and m(z) which enables us to discard vectors p 
from approach sets A at z or enables us to disregard entire approach sets A 
either leaves these numbers unchanged or improves them; that is, if Mi(z, A) 
and M;,(z) are altered by the change of definition they are increased, and if 
m,(z, A) and m,(z) are altered they are decreased. In §8 we shall establish a 
criterion which will permit us to ignore certain types of approach sets. Here 
we establish two simpler criteria. Suppose that z is a singular point interior 
to S, at which G(z, r) is quasi-regular normal. If A is an approach set contain- 
ing only a finite number of unit vectors fi, ---, px, and if these can be so 
ordered that Qu(z, p:, p;) <0 if i<j, then A can be disregarded in defining 
m,(z) and M,(z). For if,in Lemma 5 of IV,the set A can be so chosen as to have 
these properties, all the proof leading up to equations (8.2) and (8.3) of IV 
remains valid without change, and we obtain y’(é) =~ and =¢¢ 

Retaining the assumption concerning G(z, r), let us suppose that A is an 
approach set containing a finite number of unit vectors. If there is a unit 
vector f; in A such that Qy(z, pi, p) <0 for all unit vectors pf; in A, we 
say that /, is the first vector in A. If there is also a unit vector f: in A such 
that Qu(z, po, p) <0 for all unit vectors p in A except p: and fe, then fe is the 
second vector in A; and so on. If there is a p; in A such that Qy(z, p, pi) <0 
for all unit vectors p=, in A, we say that /; is the last vector in ¢; and so 
on for pi-1, pi-2, -- - . Unless z is an ordinary point, there may remain some 
unit vectors not thus classified. These and their multiples we call the non- 
ordered nucleus of A. In defining M,(z, A) and m,(z, A) we can discard from A 
all vectors not belonging to the non-ordered nucleus. The details of proof I 
shall omit. 

8. E-Admissibility. In §8 of III we introduced a concept called €-admis- 
sibility, and showed that we could restrict our attention to those approach 
sets which were €-admissible. The set A was E-admissible if E(z, po, p) 20 
for all ~ in A and all p. If we wish to define an analogous notion for iso- 
perimetric problems, we must be guided by the way in which the Weierstrass 
condition is stated for those problems. The Weierstrass condition is to the 
effect that Ex(zo(t), 2/ (¢), p) 20 ii z=20(¢) is the minimizing curve and 
H=F-—2G. This suggests the following definition: 


(8.1) Let A be an approach set at z, and let H(z, r) be the function F(z, r) 
—X(z, A)G(z, r). Then the set A is E-admissible if 


Exn(z, Po, p) 2 0 
for all po in A and all p. 
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In complete analogy with III, we can prove the following theorem: 


THEOREM 4. If in the definition of ordinary point we replace the words (in 
(2.1), (c)) “every approach set” by “every E-admissible approach set,” Theorems 
2 and 3 remain valid. 


I have been unable to find any proof of this theorem which is not ex- 
tremely long and involved. Therefore I shall here content myself with a 
sketch of a proof; the reader will probably be able to furnish the omitted de- 
tails if he is interested. 

Let po be (as before) the least number which is the limit of ¥(II,) for a se- 
quence of polygons II,, of K such that G(II,)—-/. We may suppose that II, 
has the usual minimizing property with respect to curves having not more 
vertices than II,, has. We thus come to Lemma 2 and must establish that 
lemma. Suppose the contrary, that one of the equations (4.3) fails. In par- 
ticular, we suppose that the second one fails. In the proof of Lemma 1 an 
approach set A entered, via Lemma 5 of IV. If this approach set is €-admissi- 
ble, the whole argument leading to equations (4.3) is valid without alteration, 
and (4.3) holds. This is a contradiction. It remains to consider the possibility 
that A is not E-admissible and show that this leads to a contradiction. 

If A is not €-admissible, there is a vector p: such that Ex(z, po, pi) <0 
for some (hence for all) ») in A. Choose a small interval [¢ —5, 4+6]. We 
treat the two subintervals [4—6, é] and [t, t+4] differently. 

If, as usual, we write H(z, r) = F(z, r) —X(zo(to), A)G(z, r), we may assume 
H (2o(to), p) =0 for all p in A; for this may be brought about by adding the 
linear function —H.(zo(t), po)r* to H(z, r), where fo is in A. Let {,,(#, 0) be 
the linear function for which {m(éo, 0) =2Zm(to) and {m(éo+5, 0) =2m(éo+5), and 
define 


0) + o [Zm(é) 0)], to t bo + 5. 


Thus {,(¢, 1) =2n(#). To simplify the situation we shall ignore the dependence 
of F(z, r) and G(z, r) on z. It is easy to verify that all the integrals over 
[t— 5, to] and [&, &+6] are thereby changed by at most 0(m, 5)5, where 
6(m, 5) tends to zero as m— and 6-0. Accordingly, we write G(r) for 
G(z, r), and so on. 

The integral 


tot+d 
In(o) = o))dt = ff” 0) + — 


0 


is a convex function of ¢, since G(r) is convex. If we write y’ (to) —d (4) =3x, 
then for all large m and small 6 we have 


\ 
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[ym(to + 5) — ym(to)] — [vo(to + 5) — vo(to)] > 2xé. 


Since G(r) is independent of z and is positive quasi-regular, the line segment 
z={,(t, 0) furnishes an absolute minimum for G(C) in the class of curves 


joining its ends. Hence 
to+é to+é 


lim G(Fm)dt f G(Zo)dt. 


to to 


With the preceding inequality, this shows that for large m and small 6 


tot+é 
(8.2) Im(1) = ¥m(to + 6)—ym(to) = f G(Em)dt + x6 = Im(O) + kd. 


From the convexity of J(o) we find that 
(8.3) In(1 — — In(1) < — ox6 for OS081. 
Now we consider the interval (t) — 6, é.). On this we use the construction of 


§8 of III. We thereby replace the arc z=2,(#), (46-—6St<t), of I, by an 
arc =Z»(t, €) with the same ends and having 


to to 
(8.4) f (Zm(t, €))dt -f H(Zm(t))dt — 2yée, y>O0, 


for all m. Because of the convexity of G(r) the integral of G is increased, but 
it is easy to estimate that the increase is less than Kée, K a constant. 

Choose ¢ small enough so that Kée<xé. Then by (8.3) there is a o such 
that 0<o0<1 and 


to to 
(8.5) Im(1 — ¢) — Im(1) = f G(zm (t))dt — (t, €))dt. 
to—6 to—6 
That is, if we let Z(t) be zm(t, €) on [t—6, fo) and {m(t, on [to, +4], then 
tot+éd tot+d 
(8.6) dt = f )dt. 
to—8 


The right member of equation (8.5) has a value between — Kée and zero; 
so by inequality (8.3) we conclude that 
(8.7) O<a< Ke/x. 
By reducing ¢ if necessary, we can ensure that ¢ is less than 1/12. 

Since A is an approach set on which H vanishes identically, all first-order 
partial derivatives of H also vanish on A. Therefore there is a positive 
number A such that 


(8.8) H.A(r)H.(r) < [y«/3KL]? 
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if L/2<|r| <3L/2 and r is in the 2\-neighborhood of A. If m is large, the 
inequality 
(8.9) 3L/4 <| 2m (t)| < 5L/4 


holds; and moreover 2 (#) is in the A-neighborhood of A if |t—to| <6, 
provided that 6 is small enough. By definition of ¢,, we find that 


m(t, 1 — ¢) — (t)| = — (t, 0 
| ( a) — 2m (t)| = o| (t) — (t, 0) | 
< o3L < L/4. 


By using the theorem of the mean, together with (8.7) and (8.8), whose use 
is permitted by (8.9) and (8.10), we obtain 


(8.11) | (t, 1 — — H (t))| < < ve. 


Recalling the definition of Z,,.(¢), inequalities (8.4) and (8.11) (integrated 
from fy to tj +6), we obtain 


to+é tot+é tot+é to+é 
f )dt — f )dt = f )dt — f )dt 
(8. 12) to—6 to—6 to--5 


< — yée. 
Extending 2,,(t) by setting it equal to 2m(¢) for and #+6<?<1, 
we obtain a polygon II,, such that 
Gm) = < — vee. 


But then lim sup 7(IIm) So—5e, contrary to the definition of yo, and the de- 
sired contradiction has been reached. 

We thus see that y’(t) = (é) for almost all é such that 2o(é) is interior 
to S. If 4; <t<% defines an interior arc of z =29(#), this proves that 


te te 
lim G(Zn, Sn)dt = G(Zo, Z0)dt. 
But G is quasi-regular normal; so by a known theorem this implies 


te te 
lim F(2m,Zm)dt = f F (Zo, 20)dt; 
t 


nro ty 1 


that is, —d(h) Hence =¢¢ (to) for all points 
interior to S, and equations (4.3) are established. 

Besides the added generality, Theorem 4 offers another advantage. The 
search for E-admissible approach sets may be easier than the determination 
of all approach sets. For one thing, if A is an approach set at z, and there is 
a 2’ such that 
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(8.13) H(z, 2’; (2, A)) + H(z, — 2’; Mz, A)) < 0, 

then A is not €-admissible, as we see if we rewrite (8.13) in the form 
En(z, p, 2’) + En(z, p, — 2’) < 0. 

If F and G belong to the important special class of integrands such that 

F(z, — 2’) = F(z, 2’), G(z, — 2’) = G(z, 2’), 


then in order that the approach set A at z be E-admissible it is necessary that 
H(z, 2’; d (z, A)) be nonnegative. The example of §6 is of this type. More gen- 
erally, let 


F = y)(x’? + G = y) + 
where a>1 and y>0. Here 
H = + — + 
and in order that this be nonnegative we must have 
(8.14)  S adg/y. 


Suppose to be specific that ¢<0. If the equality holds in (8.14), then 
H(x, y, 0, y’; \) =0 for all y’, and (0, 1) and (0, —1) are in an €-admissible 
approach set. No other unit vectors are in this set unless ¢=0. If \<ag/y 
then H is positive. The graph of H =1 is either convex (if —X is large) or 
dumb-bell shaped, with its narrowest section along the x’-axis. It is then 
geometrically evident that the only €-admissible approach sets are those con- 
taining only two unit vectors, (p, g) and (p, —q). This applies, in particular, 
to the example of §6. 

Again, let F = —ev(x’*+4y’")!/?, G=(«/2+y’2)"2, As we have just seen, 
the only €-admissible approach sets contain at most two unit vectors, (9, ) 
and (p, —g). Suppose g>0; then Qu(x, y, p, 9, = —e"{ 
So (2.1), (c) holds for the €-admissible approach sets A, and Theorem 4 ap- 
plies. But Theorems 1 and 2 do not apply. For if (p, g) is a unit vector, then 
(— g) is in an approach set with (p, g), and Qu(x, y, p, g, —p, g) =0. 
Hence (2.1) is not satisfied for all approach sets A, and no point is ordinary 
as defined in (2.1). 
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ON A CALCULUS OF OPERATORS IN REFLEXIVE 
VECTOR SPACES* 


BY 
EDGAR R. LORCH 


I. INTRODUCTION 


Linear transformation theory in general vector spaces is not nearly as 
extensive as it is for that special space, Hilbert space. In Hilbert space large 
and important classes of transformations, the self-adjoint and unitary trans- 
formations, may be studied exhaustively because these transformations are 
susceptible of a spectral resolution. In turn, the spectral theory leads to an 
elegant calculus of these transformations or operators which asserts the exist- 
ence of a ring homomorphism between a class of functions and a class of 
permutable operators centered about a given operator. These developments 
are possible because Hilbert space is self-adjoint. 

Other vector spaces have not to the present yielded such rich results. The 
operators of no important class have been found to be completely resolvable. 
Indeed, a theory of projections which is the first step toward a spectral de- 
velopment has not to our knowledge been given, although the matter has 
received attention before this. In his investigations in the problem of com- 
plementary manifolds in the spaces L, and /,, F. J. Murray introduces the 
notion of projection at an early stage.t These investigations establish the 
existence of manifolds which do not generate projections. We show that we 
need never consider such manifolds if they are avoided at the outset, for the 
operations we perform do not lead to them. 

This paper treats first the subject of projections in spaces of a rather 
general type. The reflexive property (see definition below){ is assumed in 
order to insure the existence of a limit for monotone sequences of projections. 
This leads to the establishment of the existence of least upper and greatest 
lower bounds of sets of permutable projections. Subsequently, a calculus is 
developed for operators which are defined by means of a resolution of the 
identity. This calculus possesses properties as extensive as those found in 


* Presented to the Society, February 26, 1938; received by the editors December 3f, 1937. 

t F. J. Murray, On complementary manifolds and projections in the spaces Ly and ly, these Trans- 
actions, vol. 41 (1937), pp. 138-152. 

t We use the word “reflexive” in preference to “regular” which was introduced by H. Hahn, 
Uber lineare Gleichungssysteme in linearen Ratimen, Journal fiir die reine und angewandte Mathe- 
matik, vol. 157, pp. 214-229. 
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Hilbert space.* The problem of characterizing in simple fashion operators 
which may be resolved is still open. It may be of interest to note that pre- 
liminary attempts in that direction incline one to an optimistic outlook. 


II. THE ALGEBRA OF PROJECTIONS 


1. The space. We operate in a normed linear vector space 8 whose ele- 
ments will be designated by f, g, h, - - - . Addition of elements and multiplica- 
tion by complex numbers (denoted by p, a, 7, - - - ) is permitted subject to 
the customary restrictions. The norm of f, ||f||, is a real-valued function which 
satisfies the conditions ||f||=0, ||/||=0 implies f=0, |lof||=|o||l/l], and 
\|f+-gl| If we write distance (f, g) =||f—g||, the norm metrizes 
If the sequence {f,} converges to f in this metric, we often write f,—/f for 
\|f—f,|| +0. The space % is assumed to be complete in this metric.f 

An operation O is a function whose domain is the space $ and whose 
range is a subset of a space of the same type Qi. O is said to be distributive 
if O(pf+og) =pOf+oQ0g. If O is distributive and continuous at every point 
of %, then O is said to be linear. It is known that if O is linear (and only then 
if O is distributive), there exists a constant K=0 independent of f e 8, such 
that ||Of|| < K||f||. The least such constant K is called the bound of O. The 
operation O is said to be closed if f,—/f, Of.—g implies Of =g. A closed dis- 
tributive operation is linear. 

An operation whose range is contained in the initial space % is called an 
operator or transformation. Operators are denoted by A, B, P, Q,---. Two 
special operators and their defining equations are 0, J, with 0f =0, Jf=f. The 
bounds of A, P,--- are written |A|,|P],---. 

An operation whose range is a set of complex numbers is called a func- 
tional. Functionals will be denoted by F, G, - - - . The totality of linear func- 
tionals defined on & is a linear set. If we write ||F|| for the bound of F, the 
set of functionals is a complete space (%) of the same type as SB. The space 
(%) is said to be the space adjoint to B. The space ((@)) may now be intro- 
duced in evident fashion. 

If A is a linear operator, and F is a linear functional, both defined on %, 
then F(A) is a linear functional. Indeed, F(A [f+g]) =F(Af+Ag) =F(Af) 
+F(Ag). Also 


* For recent developments in the theory of the operational calculus in Hilbert space cf. J. von 
Neumann, Uber Funktionen von Funktionaloperatoren, Annals of Mathematics, (2), vol. 32 (1931), 
pp. 191-226; M.H. Stone, Linear Transformations in Hilbert Space and their A pplications to Analysis, 
American Mathematical Society Colloquium Publications, vol. 15, New York, 1932, chap. 6. 

t These spaces form the subject of Banach’s treatise Théorie des Opérations Linéaires. We shall 
make free and constant use of results there Ciscussed. That these results are for the most part valid 
in complex spaces has been pointed out recently by various authors. 
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The correspondence F to F(A) defined over (%) is linear; for it is distributive 
and we have just seen that it is bounded. This linear correspondence is 
written in the operator form, G=A(F). It is easy to prove that |A| =| A], 
(A+B) =A+B, (A-B)=B-Z. The operator J is called the adjoint of A. 

Consider now the spaces %, (), ((%)). If f e B is fixed and F e (QB) is vari- 
able, = F(f) is an element of ((G)). For Gis distributive and |@(F)| = F(f)| 
<||f||-||F||; hence ® is linear. From this it also follows that || || <||f||. Since 
a Ge exists such that Gf ||G|] =1, we have | ®(G)| =|G(f)| =||fl| 
<|| -||G|] =|| we must conclude that || =||/||. The correspondence f 
to @ is a linear isometric map of % on a subset of ((%)). A space is said to 
be reflexive if the range of this correspondence is ((%)) in its entirety. If B is 
reflexive, we write, for short, ((S)) =%. 


We assume that the space 8 is reflexive. 


2. Manifolds. A set M of elements is said to be linear if, when f, g e M, 
f+g eM, pf « M, p a complex number. If M is linear and closed, it is called a 
closed linear manifold, or for short, a manifold. Manifolds will be designated 
by the letters M, N,---. Let {M.} be any set of closed linear manifolds. 
Then there exists a smallest manifold IR containing each Mt.; we denote this 
by writing M =); M. (or, in case the index a ranges over two elements only, 
M=MNi+ Ms). The largest manifold N contained in each M, is precisely the 
set intersection of the M., N=] [Ma (or, as above, R= Me). 

The elements f e B, F e (B), are said to be orthogonal to each other if 
F(f) =0. If MB is any manifold, the set of all elements F ¢ (B) orthogonal 
to each element of 9 is a closed linear manifold (J). Such a manifold (MN) is 
called the orthogonal complement of Yt and is denoted by Mt+. If each ele- 
ment of I is orthogonal to each element of (MN), we write M@L(M). If (M) is 
any manifold in (%), by the orthogonal complement %t of (M), we mean the 
totality of elements in $ orthogonal to (MM). We note that for N¢ GB, N++ =N; 
here means where R=N-4. For clearly N++ > NR. Let us assume that 
fe N+, f¢ MN. Then there exists an F e (G) such that Ff=1, FLN. Thus 
Fe M+; hence Ff=0. We conclude that If (MN) ¢ (GB), then clearly 
(M)4+4+ > (MN). To establish the equality of these manifolds, we rely on the 
reflexive character of the space. Assume F e¢ (Jt)++, F ¢ (NM). Then there exists 
an fe B such that f1(M), F(f)=1; but this means that fe (M)+ and 
Ff=0+1. Thus = (MN). 

We terminate this section with a definition and theorem centering about 
the operation +. Let 2 and MN be two closed linear manifolds which have the 
property that there exists a constant k >0 such that for every fe Mand ge MN, 
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\|f+g]| Then there exists a constant k’ >0 such that ||f+-g]| =2’l|g||. In 
fact, the inequality ||f+-g||=||g\| —||/|] together with the assumed inequality 
yields (1+£)||f+g||=l|g|| which is what we desire with k’ equal to k/(1+42). 
The symmetry in the roles of M2 and X allows us to frame the following 
definition: 


DEFINITION 1. Two closed linear manifolds It and N will be said to be dis- 
joint tf there exists a constant k>O such that for every f e Mt and for every ge N, 


IIf+sl| 


THEOREM 2.1. Two closed linear manifolds IQ and N are disjoint if and 
only if they satisfy the following conditions: 

(1) The manifolds have only the element zero in common. 

(2) The set of all elements of the form f+g, f e M, ge N, is a closed linear 
manifold. 


We assume J and MN disjoint. Let f e M-N. Then —/f e N, and by the fore- 
going definition with &>0. Hence ||/|| =0, f=0. This estab- 
lishes (1). In proving (2), we note that the set of elements of the form f+g 
is linear. Suppose 4,=fn+gn, (n=1, 2,---), and that h,—h. We have 
fn since || —Inl|—0, The sequence {f,} is 
convergent to an element f which is in MM since M is closed. This implies 
£n—g e N. Thus h=f+g and (2) is established. 

We now assume conditions (1) and (2). The manifold of all elements of 
the form f+g is a complete linear space € of the same type as B. (1) implies 
directly that all elements in € can be expressed in the form f+g in only one 
way. The operator A which carries f+g into f, A(f+g) =f, is distributive. 
Furthermore the conditions ,=f,+gn, (n=1,2,---), in M im- 
ply g.—g in NR, where h=f+g. Thus the operator A is closed. It is therefore 
linear. Choose k>0 so that ||Ah|| Then A (f+g)|| <||f+ell. 
This terminates the proof. 

3. Projections. This section is devoted to the development of an elemen- 
tary theory of projections in 8. 


DEFINITION 2. A linear operator P is called a projection if P?=P. 


THEOREM 2.2.{ Let P be any projection in B; let M be the set of elements f 
for which Pf =f; let N be the set of elements g for which Pg =0. Then M and N are 
disjoint closed linear manifolds and M+4+N =B. Conversely, if M and N are dis- 
joint closed linear manifolds for which M4-N=B, there exists a unique projec- 
tion P which satisfies the equations Pf =f, f eM; Pg=0, ge N. 


t The proof of this theorem resembles closely that of Lemma 1.1.1, p. 138, given by Murray 
loc. cit. 
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Let P be a projection. We note that if f, g e M, pf, f+g e M. Furthermore, 
since P is continuous, MM is closed; thus M is a manifold. Similarly, MN is a 
manifold. If f e 8, then f=Pf+(f—Pf). Since P?=P, PfeM, f—PfeN. Thus 
M+4+N=B. Since <| P| M and are dis- 
joint. 

We turn to the converse. Let I and MN be disjoint, M+-N=B. Let he B, 
h=f+g,feM, ge MN. Then the operator P for which Ph =f is distributive. As 
in Theorem 2.1, P is closed, hence linear. Furthermore, P? = P(Ph) =Pf=f 
= Ph. Thus P has the properties required by the theorem. Any linear opera- 
tor which is identical with P on M and on ¥& is identical with P in B since 
M+ N=B. 

The manifolds It and MN described above are said to be associated to the 
projection P. We shall sometimes denote the manifolds associated to P; and 
P», by Mp,, Ne,, , also by Mt, Mh, 


THEOREM 2.3. If P is a projection in B, then P is a projection in (%). If 
M, N and (M), (NM) are the manifolds associated to P and P, respectively, then 
(M) =N+ and = M+. 


The relation P?=P implies (P. P) = P?=P; thus P is a projection. P is 
defined by the equations P(F)=G where Gf=F(Pf). Let Ge (M). Then 
G=P(G) and Gf=G(Pf) =0 if f e N. Thus (M) LR or (M) ¢ R+. Now let G 
be any element orthogonal to 9. We shall show that G=P(G). Let f be 
arbitrary in 8. Then Gf=G(Pf+(f—Pf)) =GPf+G(f—Pf) =G(Pf) since 
f—PfeN. Thus (M) =N+. The proof that (MN) = M-+ is similar. 


THEOREM 2.4. If P; and P2 are projections and M1, Ni, Me, Ne are their 
associated manifolds, then 

(1) Ps is a projection if and only if Py(Ms) ¢ 

(2) Pit+P2 is a projection if and only if P,\P2=P2P,=0. 


(1) Assume a projection. Let f e M2, Pif=gt+h, g Me, h No. Then 
Pi f =PiP2f =PiP2P\P2f =P:P2Pif = Pig. Thus Pi(f—g)=0, f-g=f—-Pifth 
2%, or he This establishes that P:(Me) ¢ Mi Ne. 

Now assume that Pi(Me) ¢ Mo4+NiNe. Note that P,P» is distributive and 
bounded, hence linear. We show that (P:P2)?=P,P2. The equation holds on 
Ne. It will suffice to establish it on Me. For f e Me, Pif=g+h, ge Me, he NiNe,t 
P,P2P,Pof = P,P2Pif = Pig = Pi(g+h) =Pif =PiP2f. This completes the proof 
of part (1). 


t The manifolds Dt, and Mz are disjoint. Thus Dte and ItsMe are disjoint. By Theorem 2.1, any 
element in Dt. +It:Nz has the form g+-h which we describe above. 
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(2) We note that (Pi If P,P,.=P,P,=0, 
P,+P, is a projection. Assume now that Pi+P2 is a projection. Then 
P,P,+P:P:=0. We shall see that P2P;=0. Note that P,P:=0 if f If 
fe Ms, P,P.f+P2Pif =PiP2f+Pof =09. Let Pof=gt+h, ge Ms, he Ms, then 
2g= —h, g=h=0, Pof =P2Pif =0. 

If for the projections P; and P2, Me, we write Pi > Pe. If 
P\>P, and P,>Ps3, then P\>Ps. If P,\>P2, then P,> Pr. If P,\>P2, then 
For any projection P, J >P>0. 


THEOREM 2.5. If P; and P: are permutable projections, then P,P: and 
Q=P,\+P2—P,P2 are projections. The associated manifolds of these pro- 
jections are related by the equations Mp,p,=Mp,-Mp,, + 
Mo=Mr,+Mp,, No=Np,- Ne, If Ps, then R=P,—P2is a projection and 
Mr = Mp, Ne= Mr, 

Direct computation yields (P:P:2)? = P,P2, 0? =Q, and if P:> Ps, (Pi— Ps)? 
=P,—P,. Clearly, Mp,r,> Mpr,-Mp,. Now let PiP2f=f. Then f=PiP2f 
thus fe Me. Similarly fe Mi. Therefore Mp,p, 
= Mp,. 

Next, Np,p, 2 Np,, > Np,; hence Np,p, DNp,+Np,. Let P,P.2f=0, 
f=gth, ge Ms, he Ns. Then PiPof=Pig=0, ge Ns, and f=g+heM+N. 
Hence Np, P,= MNP, +My. 

As for Q, let fe Mp,, ge Mp,, then O(f+g)=f+Pig+Pf+g—P.Pof 
since Hence Me>Mr,+Mp,. If 
Of=f, write f=g+h, ge Dh, he MW, =g+Pog 
+Ph—Pog=g+h; Pah=h, he Ms, and f Mi+-Me. 

Next, note that Ng >Np,-Ne,. If f e Ne, then Of =(Pi+P2—P,P2)f=0, 
Pif =(P:—1)Pof = P2f =(Pi—1) P:Pof =0, and f likewise f Hence 

We consider R. Clearly, Me > Mp,-Np,. If (Pi—P2)f=f, Pof = P2(Pi—P2)f 
=0, f e Np,, and hence f e Mp,. Note that R=0 on Mp, and on Mp,. And if 
Rf =0, then Pif = Pof, f = Pof +(f —Pof) = Pof+(f—Pif); and since Pof e Mp,, 
f{—Pif we must have Nr= Mr,+ 


III. INFINITE SYSTEMS OF PROJECTIONS 


In the beginning of this chapter, monotone sequences of projections are 
treated. We determine conditions under which a limit operator exists. Sub- 
sequently, the notion of least upper bound and greatest lower bound of sets 
of permutable projections is examined. 

We remark first that if Mt and M are disjoint, and if there exists an 
f (0) B not in then there exists an F (40) M+-N+. Thus if 
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and 9+ are disjoint, MN =B. In proof, let f ¢ MN, (f#0); then there ex- 
ists an F e (B) such that Ff=1, FLM-+MN. Hence we have F (+0) e M+, 
and F e +. 


TueoreM 3.1. Let {P,} be a sequence of projections for which Px<Prx, 
|P,| <K, (n=1, 2,---). Let the adjoint of P,, be Pn, and let Mn, Nn, (Mn, 
(2), denote the manifolds associated to P,, and P,,. Let Na, 
(M) *(M) a, (MN) Then 

(1) Mand N are disjoint, (M) and (MN) are disjoint; 

(2) (M) =MN*, (M) = M+; M=(M)*+, R= (M)+; 

(3) M4+R=B; (M)+ =(B). 

(1) Let fe M, ge N. Then there exist elements f, e Mt, such that f,—+f. 
Thus || P,(fn+g)|| =||fnll K||f.+gl|. As the case | P,| =0, (n=1, 2, -- - ), is 
trivial, we assume K>0. Thus || f.+g|| therefore ||f+-gl| =||/l|/K 
which implies the disjointness of It and MN. To show the same for (MN) and 
(N), we observe that |P,| =| P,| <K, (n=1,2, ---), and apply 
the result just obtained. 

(2) Since (M),=M,* by Theorem 2.3, M,1L(M) ¢(MN)n, (w=1, 2,---). 
Hence, (2) or (MN) M+. Now let Fe M+. Then FLM,; hence 
Fe (w=1, 2,---), F ()a=(M). Thus = M+. 

Since (M)nLNn, LN, we have and (M)+aNR. 
Let f « (M)+, that is, let fe B, f1(M). Then fL(M)n, fe Nn, f e N (see the 
discussion under II, 2). Hence (M)+ =. 

Since (N)=M+, (M)+=M4+=M. It remains to show that (M)=MN-. 
Starting with (M)+=MN, we obtain (M)4++=N+. Since B is reflexive, 
(M)++ = (M) and (M) = N+. 

(3) By the remark preceding this theorem and by (1) and (2), M+N=9. 
Similarly, (M)+(MN) =(B). 


THEOREM 3.2. Let {P,} be a sequence of projections for which | P,| <K, 
Pai, (n=1, 2, -- +). Then there exists a projection P having the following 
properties: 

(1) Ne. 

(2) |P| SK. 

(3) For any f ||(P—P,)f||0. 

(4) P>P,, (n=1, 2,---). If Q is a projection such that O>P,, 
(n=1, 2,---), then O>P. 

(5) If P, is permutable with a linear operator A, (n=1, 2,---), then P 
is permutable with A. 

Similar conclusions may be jrawn for sequences { P,,} in which the hypothesis 
Pas replaces Pa< Pn, (n=1,2,---). 
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(1) We define P to be the projection whose associated manifolds are 
Mr=>-)*M., Ne=]], Na. Since these manifolds are disjoint and since 
Mr+Nr=B (by the previous theorem), P is uniquely defined (Theorem 
2.3). 

(2) That | P| <K is apparent from the proof of the first statement in 
Theorem 3.1. 

(3) Assume that fe 8. Then Pf e Mp, and there exist elements g, e Mtn, 
(n=1,2, ---),such that g,—Pf. Now Pf 
and ||Pf—P,f|| 0 since | P,| <K. 

(4) That P>P, is clear from (1). If Q>P,, then Mg> Mn, (n=1,2,---), 
hence Mp. Similarly, Ng ¢ Rp. Thus P<Q. 

(5) Since P, Af=AP,f, P,Af—-PAf, AP,f—-APf, then PAf=APf. 

The proof of the last statement in the theorem presents no difficulties. 

Let Po, , P, be mutually permutable projections. Then Q 
is a projection. It is readily seen that Mg=[]7M., Ne=>_1*Na. The mani- 
folds associated with the projection J—P, are = Mi. Thus 
the manifolds associated with the projection R=IJ—[]i([—P.) are 
Mr=>Do*Ma, Ne=l[][IR.. The projection R formed in this way is denoted 
by the symbol R=)-**P, (or R=P,+ --- +P,). 

DEFINITION 3. A set 2 of permutable projections is called a lattice} of pro- 
jections if, when P, P;, P2e Q, then I—P, P\P2e Q. The lattice is said to be 
K-bounded if | P| <K for every Pe Q. 


If e then Any set M of permu- 
table projections may be embedded in a lattice of projections. Indeed, let 
P(e, &,---, &) represent any polynomial with integral coefficients such 
that Ps, - - - , P.) is a projection, for any set of s mutually permutable 
projections P;, P2,---, P,.{ The set of all projections thus obtained con- 
tains M and is a lattice of projections. 


THEOREM 3.3. Let Q be any K-bounded lattice of projections, and let {P.} 
be any subset of 2. Then the manifolds M=>_*M, and N=[] Na are disjoint 
and M+N=B. Similarly, the manifolds M’ and N’ are dis- 
joint and I’ +N’=B. Let P be the projection associated to M and N; let P’ 
be the projection associated to Mt’ and N’. Then | P| <K, | P'| <K, P>Pa, and 
Q>P.implies Q>P. Also, P.>P’, and P.>Q implies P’>Q. The projections 
P and P’ are permutable with any linear operator permutable with Pa. 

Let f e ge] Then there exist elements f, and manifolds M,, 
associated to the projections P, e Q, (n, r=1, 2, - - -), such that f, eo" Ms, 


t In fact, a lattice of projections constitutes a Boolean algebra. 
t In making the substitutions, write J for P?. 
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fn—f. Let Q be the projection which is the limit of the monotone sequence 

(Theorem 3.2). Then eM and Nor NR. Since 
|Q| <K (Theorem 3.2), ||O(f+)|| =||fl] <K||f+gl|. This proves that M and 
N are disjoint. Similarly, M’ and MN’ are disjoint. 

We prove that M+N=B. Let (M)a, (N)« be the manifolds associated to 
P,. Let =] ] Then precisely as in the proof of 
Theorem 3.1, (M)=M+, (M) = M+; and since (M) and (MN) are disjoint (by 
the argument given above) M+N =. Similarly M’+N’ =. 

That | P| <K, |P’| <K follows from the inequality ||f|| <K||f+g|| de- 
rived in the first paragraph of this proof. That P>P., P’<P, is clear. If 
O>P,, then = Mr and Nec] hence Q>P. Similarly 
if O<P., O<P’. 

We examine the statement on permutability. Let AP,=P.A, A linear, 
and let f e B. As in the first paragraph of this proof, we obtain a projec- 
tion Qi:<P such that Pf e Mo, or Pf =Q,f. Similarly, we obtain a Q2<P such 
that PAf Mo, or PAf=Q2Af. By Theorem 3.2, Qi, Q2, and also 
are permutable with A. We have 0if=Q0Q;f=QPf=Qf and QAf=Q.Af, and 
since QA = AQ, 

The projections P and P’ of this theorem will be denoted by the symbols 
*P. and [].P., respectively. 

THEOREM 3.4. Let Q be a K-bounded lattice of projections. Let Q’ be the set 
of all projections of the type P=>_*P., P’=|[aPa where the sums and products 
are formed over the subsets of 2. Then Q' may be embedded in a K-bounded lattice 
of projections. 


Letting P, represent an arbitrary projection in 9’, we create independent 
variables x; in 1-1 correspondence to the P;. We define a sequence { M a of 
classes of polynomials in the variables x,; Mo is the set of all x,; assuming 
that M, is known, we define M,4:. If m is even, M,4: is the set of all poly- 


nomials of the form 4, ye, - - - , ¥n Where y; e M,. If m is odd, Mn4: is the set 
of all polynomials in M, to which have been added all polynomials of the 
form 1—y, where y e M,. This process defines M, for n=1, 2,---. Let 


M=)_.,..,M,. Then M has the following properties: x, « M; if y, 1, y2e M, 
then 1—y, y1y2 e M. In fact, as one may easily see, M is the smallest set of 
polynomials possessing these properties. If y=y(x.,,---, 2:,,) M, then 
y(P:,,-- +, Pt,,) isa projection. For there exists a value of such that y e M,. 
If 2 =0, our assertion is obvious. A clearly indicated induction settles the case 
n=1. Let I be the set of all projections y(P,,, - - - , P:,,). We shall show that 
I is a K-bounded lattice of projections. 

Since the members of 2’ may be permuted among themselves, the same is 
true of the members of I. From the definition of M, it is clear that T is a 
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lattice of projections; indeed, it is the smallest lattice which includes 2’. We 
shall see that for arbitrary ReI, fe B, there exists a Qe 2 such that 
|| (R—Q)f| is small at will. Then since |] Rf|| <||(R—Q)f|| Al. 

Let *P, 2’, P, 2; let f e B. Then as in Theorem 3.3 there exists 
a monotone increasing sequence {P,} such that P, 22, P,f—Pf. If 
P’=].P. 2’, we may find a decreasing sequence 2, f—P’f. 
Now let Ree R=y(Ri,---, Re T. Let Ri foRf, Rin Q, 
(t=1,2,---,s). Itisclear from the construction of that y(Rin, - -, Ren) Q. 
It may also be seen that y(Rin, , Ren)f—y(Ri, , 


IV. THE THEORY OF PROJECTION MEASURE 


In this chapter, we define the notion of a resolution of the identity in %. 
A theory of projection measure generated by this resolution of the identity is 
developed. With certain sets of real numbers we associate projections. Prod- 
ucts and sums of sets correspond to products and «-sums of the associated 
projections. f 

A set of real numbers a<) <b will be designated by 5. Let {6,} be a se- 
quence of such sets; we designate >_;"5. by A. The set A is said to be a cover- 
ing of a set MifA>M. 

DEFINITION 4. A set of projections <A<@), is called a resolu- 
tion of the identity if 

(1) The projections 0 and I are in the set; 

(2) E(\) > E(u) for 

(3) There exists a constant K such that for any given real numbers aj, };, 


(i=1, 2,---,m), with --- Sa;Sd;5 --- Sa,<b,, and for any 
given complex numbers wi, (i=1, 2,---, m), with |wi| <1 the bound of the 
operator 


walE(b.) — E(a.)] 


does not exceed K. 


(1) and (2) imply the existence of two real numbers r, R such that E(A) =0 
for \sr, E(\) =I for 

We shall prove that if A=)>/°6,, 6;= {a:<A<b;} is any covering of the 
set of all real numbers X, and if E(5;) means E(b;) —E(a,), then >> °*E(6.) =I. 
Let us write here, as often later, E(A) for °*E(6.). Then E(A,) 
—E(A). In the first place, for fixed f e B, F e (B), the function F(E(A)f) is of 
bounded variation and indeed var F(E(A)f) < K-|F| -||f|]. For consider a sub- 


t Such a theory was developed by the author for the case in which B is a (separable) Hilbert 
space in Acta Litterarum ac Scientiarum, vol. 7 (1935), pp. 136-146. 
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division r=a)Sa,S --- Sa,=R of the interval B={r<A<R} with 7, R 
as above. Assume 

F(E(a;)f) — F(E(a;-)f) = F(E(a;) — E(a;-))f|, 0; real, j = 1,2,---, m. 
Then 


j=1 j=1 
T being a certain linear transformation defined by the equation. But |7| <K 
by Definition 4, (3). Now writing [,,=8—)_%62, (n=1, 2,---), we see that 
--- ---, and that is the null set. Hence 


| P() — FE(,)f| =| FU — E,))f| = | | var FELONS). 


Thus F(f)—FE(A,)f—0 with 1/n. Since E(A,)f converges weakly to f and 
strongly to E(A)f, we have E(A)f=f, and our proof is complete. 
We prove the following thedrem: 


THEOREM 4.1. Any resolution of the identity may be embedded in a K- 
bounded lattice of projections. 


Let - - - , 6, be nonoverlapping intervals. Then is a projec- 
tion, and its bound does not exceed K (Definition 4, (3)). The totality Q of 
projections formed in this manner is a K-bounded lattice. The members of Q 
are permutable. If P, P;, P22 2, then] —P, P,P2e Q, since the complement in 
the set r<\<R of 5°76, is a set of the same type and since the product of 
two such sets yields a third. 

Let M be any set of real numbers; let {A.} be the set of all coverings of M. 
Then [].£(A.) is a projection by Theorem 3.4. This projection is called the 
exterior projection measure of M, and we write [ [~«E(A«) =E|M]. The set of 
all projections E[M] can be embedded in a K-bounded lattice by Theorem 
3.4. 

We discuss at this point some matters of future usefulness. If > M2, 
then E[M,]>£[M_]. It is also clear that for any interval 6, E[5]|<E(5). We 
shall show that E[6] = E(6). Let A=)_,"6, be any covering of 5= {a<ASb}. 
We may and shall assume that A=6. Let 6= {r<ASa},61={b<ASR}. 
Then by the discussion preceding this theorem, 


Dd = E(6-1) + + = 
1 


Since 
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E(61) + E(6o) + =I,  E(6) E(6) = E(6,)E(s,) = 0, 
i= 1,0;j = 1,2,---, 


we conclude ,°*E(5.) = E(5). Hence E[6] = E(6). 

Similarly, if then E[A]=E(A) by definition). 
Clearly E[A]<E(A). Let be a covering of A; then 
(i=1,2,-- ) > £[8;] = £(5;). Thus) ) > *E[6.] 
= E(d). 

For any set M, and any element f ¢ %, there exists a sequence of coverings 
{A, } of M such that E(A,’)f—E[M]f. For there exist coverings A, such that 
[FRE(4.)f-E[M]f (see proof of Theorem 3.3). Now ]]7A. is a set of the 
“A type”; write A,’ =[[7A.. Then we obtain []?Z(A.)>E[A/ ]=E(A,’)> 
E[M]. Hence E(A/ )f-E[M 

If A,, B, are projections in a K-bounded lattice 2 such that for a given 

fe ||(A,.—B,)f|| Sen, (w=1, 2,---), then for any C e Q, 


For n=1, ||(4:—B,)f|| <a, ||C(41—B,)f||S Kea. Assume the statement for 
n—1. Then 


Hence 
1 1 


$4.) 


The last term above does not exceed Ke: +K(e2+ - +2"-*e,). 
THEOREM 4.2. For any set M and its complement M, E[(M|+E[M] =I. 


For any f e 8, we choose sequences {A,}, A.>M, {A4/}, such 
that E(A,)f/-E[M]f, )f/-E[M]f. By the discussion preceding Theorem 
4.1, E(A,)f+E(A!)f=f. But 


E(A,)f + E(as)f > E[M]f + E[M]f 


by the last remark preceding this theorem. This establishes our assertion. 
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TueoreM 4.3. If 

SinceM > M,, E[M|>E[M,], (n=1, 2, - - -); hence 
For fixed f e Mzjm we find coverings A,>M,, (n=1, 2,---), such that 
|| (E(4,) —E[M,])f|| <€, where €,20. Since M, =f. Thus 
for «€>0 we may find an integer such that ||f—}-**E(A.)f|| <e. Finally, 


Se+ + 2e.+--- +2 e,) S + K) 


if Thus and 

A set M is said to be projection measurable if E[M]-E[M]=0 where M 
denotes the complement of M. If M is projection measurable, its projection 
measure is defined to be E[M ]. If M is projection measurable, M is projection 
measurable. Since E[M]4+E[M]=I, E[M]- 0, 
Any set 6 is projection measurable. 

THEorEM 4.4. If M, is projection measurable, (n=1, 2,---), then 
is projection measurable and In addition 
is projection measurable and 

We have M=][,°M., hence E[M]<]],°E[M.]. By Theorem 4.3, E[M] 
=)>-*E[M.]. We shall prove that E[M]-[]°E[M.]=0. This will imply 
E[M]-E[M]=0, M projection measurable. For fixed e>0, f « 8, we de- 
termine 7 so that 


| - | <e. 
Then 


«| (eo - 


| ( E[Malf | < Ke 


For M’, we have M’ =>°,° M., and M’ is projection measurable according 
to what precedes; hence M’ is projection measurable, and 


E[M’] = = — E[M,)). 


Thus if the manifolds associated to E[M,] are M,, Mn, those associated to 
are [];°M., and those associated to E[M’]=I 
—E[M’] are [],°M., Na. In other words, E[M’]=]]E[Mz]. 
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From this point forward, and for obvious reasons, we shall denote the 
projection measure of a projection measurable set M by E(M). Thus the new 
symbol E(M) is identical with the old whenever both are significant. We 
note that Borel sets are projection measurable. We shall use the terms “of 
zero measure,” “almost everywhere,” and so on, without introducing them 
formally. 


V. THE OPERATIONAL CALCULUS 


In this chapter we establish the existence of an extensive homomorphism 
between a substantial class of real functions and a class of operators. As our 
principal theorem indicates, the correspondence is more than a ring homo- 
morphism. 

To a resolution of the identity E(A), we associate an operator A in the 
following manner: Let 6, - - - , 6, be nonoverlapping intervals covering the 
fundamental interval r<A<R (where E(r)=0, E(R)=J). Let 
(i=1,---, m), and form the operator >-*\.E(6.). Consider, as in the 
classic case, a sequence of such divisions of the fundamental interval in 
which the maximum length of any interval converges to zero. The sequence of 
operators which corresponds to the sequence of subdivisions converges by 
virtue of Definition 4, (3).to a linear operator A whose bound does not exceed 
K-max (|r|, | R|). Because of its suggestive value, we may, if we wish, write 
A = 

We now apply our theory of measure to real functions ¢(A) of the real 
variable \. The function (A) is said to be E(A)-measurable if the sets 
M,,= {¢(d) Su} are projection measurable. We consider exclusively functions 
(A) which are measurable and bounded almost everywhere. If ¢:(A) and 
¢2(A) are two such functions, so are +@2(A), Gi(A) -Ge2(A). Any Baire func- 
tion is Z(A)-measurable. The limit of a converging sequence of E(A)-measur- 
able functions is E(A)-measurable. 


THEOREM 5.1. Let o(A) be E(A)-measurable and bounded almost every- 
where. Let M,={(d) <u}, (—2 <p<o). Then D(u) =E(M,) is a resolution 
of the identity. 

Since $(A) is bounded, |¢(A)| <s almost everywhere. To establish (1) 
in Definition 4, note that D(—s)=E(M_,)=0, D(s)=E(M,)=TI. (2) Since 
M,¢ M, for we have <D(v). (3) Let 6:1, - - - , 6, be nonoverlapping 
intervals in the u-space and yy, - - - , zn complex numbers for which | pil <1. 
Then to the 6; correspond measurable sets M; in the \-space for which 
M;,M;=0, (i+). For fixed f e B and e>0 we find bia, (i=1, 
such that 
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[ x26.) - <« 
(we assume that 6;;5;,=0, (7#)). We then find suitable integers m; such that 


Let us replace >-1*E(i2) by Ei, D(6;) by D;. Then 


1 1 
n—1 
+ + — E\E2) +--+ + un (z. ~ E, | 
1 


n—1 
1 


From the terms on the right side of the equation we obtain ||>-"u.(D.—Ez)f|| 
<ne. The operator in brackets yields, when applied to f, an element of norm 
at most K||f|| by Definition 4, (3). In examining the norm of the element 
*E.f, (i=2,---,m), we use the fact that =0 as 
well as an inequality immediately preceding Theorem 4.2. We have 


+ 


(E; — E(M))f | 


< Ke(1+2+---+ 2**) + Ke 
= 


Thus || (> <ne+K||f|| =2(2"-"—1)Ke. This proves (3) since m is 
fixed at the outset. 

As E(A) yields an operator A, A = [Ad E(A), so does D(u) generate an oper- 
ator which we designate by ¢(A), (A) = fudD(u). We have thus established 
a correspondence between E(A)-measurable functions ¢(A) and operators 
(A). We write this correspondence in the form ¢(A)~¢#(A). In particular, 
we have \~A. In what follows, the statements (A) =¥W(A), 
on(A) (A), -- - will imply equality, inequality, convergence, and so on, re- 
spectively, almost everywhere. 


TuHeEoREM 5.2. Let E(d) be a resolution of the identity, and let A = [Xd E(X). 
Let o(d), WA), on(A) be any bounded E(d)-measurable functions. The corre- 
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spondence ~ which associates to these functions the operators (A), ¥(A), n(A) 
has the following properties: 

(1) If |@(A)| Ss, then |$(A)| SKs. 

(2) 6A) +¥A)~o(A) +9 (4). 

(3) 

(4) If <b and if {¢,(A)} converges to then {bn(A)} converges 
to 

(5) (A) is permutable with any linear operator with which A is permutable. 

(6) If D(u) is the resolution of the identity of B=(A) and if &(u) is D(u)- 
measurable, then is E(A)-measurable and &(¢(A))~é(B). 

(7) =0 if and only if o(d) =0. 

(8) (A) is a projection if and only if (A) assumes only the values 0 and 1. 

If @(A) is a function assuming the values i, --- , A» only on the sets 
M,,---, M,, respectively, then ¢(A)=)>—7\,.E(M.). If (A) is arbitrary, 
we may approximate uniformly to ¢(A) by functions ¢,(A) assuming only a 
finite number of values. ¢,(A) may, for instance, be defined as follows: On 
<o(d) s (g+1)/n}, (q=9, + 1, +2, ), $n(A) for g=0, 1, 2, 
and ¢,(A)=(g+1)/n for g=—1, —2,---. By the definition of ¢(A), 
We note that if |¢(A)| <s, |¢,.(A)| <s, by Theorem 5.1, 
|on(A)| SKs, (n=1, 2, ~- - ); hence |@(A)| <Ks. This proves (1). 

(2) Given $(A) and (a), let {¢,(A)} and {y,(A)} be chosen as indicated 
in the previous paragraph. Then ¢,(A)+yW,.(A) -@(A)+Y(A) uniformly. The 
functions ¢,(A)+y,(A), (7 =1, 2, - - - ), assume only a finite number of values, 
and clearly If we write 6A) +~A)~C, 
then by the first paragraph, C is the limit of a sequence of operators C, which 
has the property that | B,—C,|—0. Hence B,C or C=$(A)+ (A). 

(3) The relation is derived by replacing, in the previous paragraph, ¢+y 
by o-y, Ont Wn by 

(4) First, let {¢,(A) } be a monotone decreasing sequence of positive func- 
tions, b=¢:(A) =>¢2(A)= --- , for which ¢,(A)—0. Let f e B and e>0. Let 
M,={¢,(A)>e}. Then M,>M.> ---, and, since ¢,(A)0, [[°M.=0; 
hence [],°£(M.) =0. Thus there exists an integer r such that 


|= s « 


II E(M.)f 


Now 


S — + |] 
< + 4), s=1,2,---, 
by applying to the first term on the right of the inequality the results (3) 
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and (1). Thus ¢,(A)-0. Similarly if —b<@,(A) S$@2(A) S --- and ¢,(A)-0, 
then ¢,(A)—0. 

Nowlet {¢,(A)}, |¢,(A)| <b, bearbitrary subject to the restriction ¢,(A)—0. 
Then Wn(A) <¢,(A) <y¥,(A), ¥n(d)—0, ¥i(A) = and 
Wi(A) S¥2(A) S - --. Thus for fixed f e 8 and e>0, we may find an integer 
r and sets M,, M, such that ||E(2,)f|| <e, ||E(M,)f|| <e, ¥-(A) Se except on 
M,, ¥-(A) = —e except on M,. Then 


< + 20), s=1,2,---. 


Thus again ¢,,(A)—0. 

In the general case, ¢,(A) (A); hence =G2(A) By (2) and 
above, ~n(A) =¢,(A) —¢(A)-0, ¢,(A)—(A). This completes the proof of 
statement (4). 

(5) In the first place, a linear operator B is permutable with A, BA = AB, 
if and only if BE(A)=E(A)B, (— © <A<~). If the latter equation holds, 
so does the former from the very definition of A. We prove the converse. 
For any y, let {¢un(A)} be a sequence of polynomials such that |@,n(A)| <C 
in the interval r<A SR, and ¢yn(A)—¢,(A) where ¢, (A) =1, (Au), (A) =90, 
(A>un). We have =E(u), dun(A)— E(u) by (4), and dun(A)B = Boyn(A) 
by (2) and (3). Hence E(u)B=BE(u). 

If D(u) is the resolution of the identity of ¢(A), then D(z), and hence 
$(A),are permutable with any linear operator permutable with E(A) (Theorem 
3.3 and others), and hence, by the above, permutable with any linear opera- 
tor permutable with A. 

(6) Let @(A) be E(A)-measurable, and let D(u) be the resolution of the 
identity of ¢(A). Let M be any D(u)-measurable set, and let V denote the set 
of all numbers J such that (A) e M. We shall show that W is E(A)-measurable 
and that D(M) =E(N). As before, we denote the exterior measure of a set H 
by D[H] (or E[H]); use of the symbol D(H) (or E(H)) will imply that H is 
measurable. Assume f e 8 and e>0. Then there exists a set A = A(e) covering 
M such that||D(A)f—D(M)f|| <«. Let ! =I'(e) denote the set of all \ such that 
$(A) eA. Then is E(A)-measurable, D(A)=E(T), and Let {en} be 
a sequence converging to 0 with 1/n, and let 1, T (ea). 
Then 0; =) M, WV; > N, D(9,)f =D(M)f =EW,)f. Let =|[,9,, Vv 
where products are taken over the entire space 8. Then 0,2 02M, 
Therefore But we see readily that 
IL,D(9,;) = D(M). Hence D(M) =J],D(0,) =] > E[¥] > E[N]. 
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If we now turn our attention to M, the set of all \ such that ¢(A) e M is 
precisely V. The argument just given leads to the conclusion D(M) >E[W]. 
Since M is measurable, D(M)-D(M)=0; hence N is measurable and E(N) 
=D(M). 

If &(u) is D(u)-measurable, the set M, = { £(u) <v} is D(u)-measurable, the 
set V,= {£&(¢(A)) is E(A)-measurable and E(N,)=D(M,). Thus &(¢(A)) 
is Z(A)-measurable. The operator £(B), where B=¢(A), has the resolution 
of the identity J(v)=D(M,). The operator corresponding to the function 
£(¢(A)) has the resolution of the identity J’(v) =E(N,). Since J(v) =J’(v), 
the operators are identical or &(@(A))~£é(B). 

(7) Suppose ¢(A) =0; then clearly ¢(A)=0. Now assume that $(A)~0; 
in this case we may assume that M = {|¢(A)| 21} has an E(A) measure differ- 
ent from zero, for any other case quickly reduces to this one. Let $(A) be the 
function defined by $(A) =0 for |A| <1 and $(A) =1 for \21, and let $,(A) 
be polynomials such that $,(A)—> (A), | B.(A)| SC on the interval r<A SR, 
and §,(0)=0. Then $,(@(A))—-B(@(A)), and if we write B=¢(A), we de- 
duce, using (6) and (4), that %,(B) = $,(¢(A))-E(M) +0. If B=0, $,(B) 
=0 by (2) and (3); hence B=$(A)+0. 

(8) If #(A) assumes the values 0 and 1 only, then if ¢(A)~R, since 
(p(A))?=9(A), R?=R by (3) and R is a projection. If R~@(A) and R is a 
projection, then by (2) and (3), (A). By (7) 
¥(A) =0; hence $(A) assumes the values 0 and 1 only. 

As the aim of this presentation has been to establish the possibility of de- 
veloping an operational calculus in reflexive spaces, we have purposely re- 
frained from doing this in its most general form. Obvious generalizations of 
our results will present themselves to the reader; these offer, for the most part, 
no difficulties. 


BARNARD COLLEGE, CoLuMBIA UNIVERSITY, 
New York, N. Y. 


THERMAL STRESSES IN ELASTIC PLATES* 


BY 
I. S. SOKOLNIKOFF AND E. S. SOKOLNIKOFF 


1. Introduction. Thermal changes in an elastic body are accompanied by 
shifts in the relative positions of the particles composing the body. Such 
shifts, in general, cannot proceed freely, and thermal stresses are set up in 
the body. The analytical basis for the determination of such stresses was pro- 
vided by Duhamel} and Neumannf{ who, starting from certain assumptions, 
have modified the stress-strain relations of Hooke. The theory based on the 
law formulated by Duhamel has not been very much developed§ because of 
the complicated character of the partial differential equations satisfied by the 
stress components. In particular, there is a notable lack of a careful formula- 
tion of the differential equations governing the deflection of elastic plates 
subjected to nonuniform distribution of temperatures. 

Starting with the usual assumptions of the thin plate theory, NAdail| has 
developed the differential equation for deflection of a thin elastic plate sub- 
jected to a linear distribution of temperature in the direction of the thickness 
of the plate. In two recent papers Marguerre{] has considered some related 
problems, and, on the basis of reasoning essentially similar to that of Nadai, 
was led to a somewhat more general equation. In the present paper the differ- 
ential equation governing the deflection of an elastic plate is derived without 
using the objectionable assumption of the thin plate theory. It will be seen 
that the differential equations obtained by Nadai and Marguerre are special 
cases of the more general equation here given. Furthermore, the hypotheses 
of Nadai and Marguerre that a heated plate will be in a state of plane or gen- 
eralized plane stress (which form a focal point in their discussion) are not used 
in this paper. The abrogation of these hypotheses enormously complicates the 
analysis, but inasmuch as there has been some considerable doubt regarding 
the validity of the generalized stress assumption, it appears necessary to 
sacrifice simplicity. The complexity of the situation lies in the nature of the 
problem itself. 


* Presented to the Society, April 8, 1938; received by the editors February 9, 1938. 

tJ. M. C. Duhamel, Mémoires .. . par Divers Savants, vol. 5, 1838, p. 440. 

¢ F. E. Neumann, Vorlesungen iiber die Theorie der Elasticitat der festen Korper, 1885. 

§ Cf. A. E. H. Love, Mathematical Theory of Elasticity, 4th edition, 1927, p. 109. 

|| A. NAdai, Elastische Platten, 1925, p. 268. 

4K. Marguerre, Zeitschrift fiir angewandte Mathematik und Mechanik, vol. 15 (1935), pp. 
369-372; Ingenieur-Archiv, vol. 8 (1937), pp. 216-228. 
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2. General thermo-elastic equations. According to Duhamel’s law the 
stresses and strains in an elastic body are connected in the following way: 


1 (~ Ou; 1 of o 


2.1 
2 \Ox; Ox; E 


where 6;; is the Kronecker delta, 9=)-?_,Xi:, T is the prescribed tempera- 
ture at any point of the body, and a is a constant depending on the physical 
properties of the material. Young’s modulus E, and Poisson’s ratio o are re- 
garded as independent of the temperature.* 

Since the equations of equilibrium are deduced with no reference to the 
law connecting stresses and strains, they remain valid in this case.t They are 

3 2 

(2.2) =. ns 0, i = 1, 2, 3, 


j=l Ox; 


Xij (<0 +ar)u, i,j = 3, 


where the stress components X;; must satisfy, on the boundary of the solid, 
the following conditions: 


3 
(2.3) Xij cos (x;, n) Xni; i= 1, 3. 
j=1 
It is well known that the satisfaction of (2.2) and (2.3) does not guarantee 
a physically realizable system of stresses. The additional conditions which 
form a connecting link between (2.1) and (2.2) are the compatibility equa- 
tions of St. Venant{ which demand, in effect, that the displacements u; in a 
simply connected region be single-valued functions. Substitution of (2.1) in 
St. Venant’s compatibility equations gives, after some reduction, the desired 
equations of connection: 


1 a0 ak ak 
l+o 0x,0x; 0x,0x; 
i, j ani 1, 2, 3, 


where @ satisfies the equation 


2 
(2.5) = 


and 


* For some critical remarks regarding the applicability of these equations in practice, see a paper 
by J. N. Goodier, Philosophical Magazine, vol. 23 (1937), pp. 1017-1032. 

t A. E. H. Love, loc. cit., p. 100. 

} A. E. H. Love, loc. cit., p. 49, equations (25). 
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3 
= 


The equations (2.4) reduce, as they should, to the compatibility equations of 
Beltrami* when T is set equal to a constant. The sets of equations (2.2), (2.3), 
and (2.4) give a unique determination of stresses. 

In order to avoid the use of the subscripts on the variables u3 and x3, which 
figure prominently in the remainder of this paper, the letters w and z will be 
used in their stead. The notation adopted at this point agrees with that of 
Love’s treatise. 

One can readily obtain a set of equations in the displacements u, v, and w 
by substituting the expressions for the stress components from (2.1) in (2.2). 
The resulting equations{ are 


2a(1 + oT 1 0A 


It will be observed, with reference to (2.1), that 
1 — 2¢ 


(2.7) A= 0 + 3aT. 

The foregoing equations give a unique characterization of the behavior 
of a simply connected elastic body subjected to heat, and involve no simplify- 
ing assumptions in regard to the geometrical properties of the body. In de- 
riving the thermo-elastic plate equation, both Nadai and Marguerre assume 
that the plate is so thin that one is permitted to write 

OWo 
(2.8) 

Ox oy 
where wo denotes the deflection of the “middle surface” of the plate, and is a 
function of x and y only. They further assume that the plate is in a state of 
plane stress, so that one is permitted to set 


(2.9) Z.=0 
throughout the thickness of the plate. 


* A. E. H. Love, loc. cit., p. 135. 
t Cf. S. Timoshenko, Theory of Elasticity, 1934, p. 205. 


: and two similar equations for « and v, where 
Ou dw 
Ox 
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A number of investigators in the theory of elasticity have objected to the 
simplifying assumption (2.9), and have attempted to justify it on the basis of 
something more satisfactory than intuitive feeling or experimental grounds. 
The latest of such attempts is that of Southwell* who investigates the dis- 
tribution of stress along the edges of the plate where it is assumed that the 
plate is in a state of generalized plane stress. His results, although not quite 
conclusive, point to the fact that in order to maintain a state of generalized 
plane stress one is obliged to apply a complicated distribution of stresses on 
the edges of the plate of a type which is not likely to be realized in practice. 
The derivation of the differential equation for the deflection of the middle 
surface of an elastic plate given in the next section makes no use of the simpli- 
fying assumptions (2.8) and (2.9), and thus appears to be applicable to thick 
as well as thin plates. 

3. Thermo-elastic plate equation. The two-dimensional Laplacian opera- 
tor 0?/dx?+0?/dy? will be denoted here by the symbol V?’, so that 


Oz? 


Substituting (2.7) in (2.6) gives 


oT 100 dw 
(3.1) = —-a— —- — — - — 
Oz E 02? 


Differentiating the stress-strain relations (2.1) for es; with respect to z and 
substituting the resulting value of 0°w/dz? in (3.1) gives 
o-100 o+1 


Viw = — 2a—+ 
& E Oz E 0z 


But the equations (2.4) with 1=7 =3 give 
1 ak aE 
dz? 1+o dz? 


(3.3) 


and from (2.5), 
2aE 


(3.4) 


= — aky?T+ (1 + 0)V°Z., 


where the last step results from the substitution of the value of 0?0/dz? from 
(3.3). 
* R. V. Southwell, Philosophical Magazine, vol. 21 (1936), pp. 201-215. 


Vrw 
a= 
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Operating on (3.2) with V? gives 


— V70 — — ViZ., 
E 


0 
(3.5) Viw = ~ + 


and substituting in (3.5) and (3.4) and simplifying , we obtain 


(3.6) vi (1 +0) ‘ —1 


The equation of the middle plane is obtained from (3.6) by setting z=0. Thus 
one can write 


oT 
Viwo = — a(1+o)V? (=) + 
0z 0 


— 1 ( 
E dz 
where the zero subscripts denote that the values of the expressions affected 


are calculated by setting z=0. 
It is interesting to note that if one assumes with Nadai* 


(2) 


E 
(3.7) 


T = T(x, y) + 27i(x, y) 


and Z,=0, the equation (3.7) reduces directly to that obtained by Nadai 
without invoking his additional assumption (2.8). 

Equation (3.7) contains in the right-hand member the unknown function 
Z., the determination of which is given in the following section. It will be 
seen that in the case of thin plates, for a suitably restricted T, Z, is quite 
small. This affords some justification for the assumption (2.9) of earlier in- 
vestigators. 

4, The determination of Z.. The differential equation satisfied by Z, is ob- 
tained by setting i=7 =3 in (2.4), operating with the Laplacian operator and 
noting from (2.5) that 


‘ 00 2aE 
02? Oz? 
The result is 
E 0? 
(4.1) = (= vir). 
1 — o \dz? 


* NAdai, loc. cit., p. 265. 


| 
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Denote the thickness of the plate by 2A, and let its faces be given by z= +h; 
then it follows from (2.3) that 


Xn, Vn, On 2= th. 


If the faces of the plate are free from external loads,* so that the thermal 
stresses are the only ones under consideration, it is clear that 


ZA x, + h) = 0, 


(4.2) Z(x,¥, + h) = 0, 
Z,(x, y, + h) = 0. 
From (4.2) and the equations (2.2) it follows that 
OZ, 
(4.3) =0, on z=+4h. 
0z 


Thus in addition to satisfying (4.1), Z, together with 0Z,/dz must vanish on 
the faces of the plate. 

If the plate is so large that one is justified in regarding the problem as two- 
dimensional, the equation (4.1) together with the boundary conditions (4.2) 
and (4.3) determine Z, uniquely. In particular, if the right-hand member of 
(4.1) is zero (which is certainly the case when T is steady) and if the plate is 
infinite, the only solution of the problem is Z,=0. This suggests that in the 
case of finite plates of thickness small compared with the linear dimensions 
in the x and y directions, Z, cannot be very great. In fact, let Z, be expanded 
in an infinite series in powers of z so that 


Z. = Di y)z/, 
j=0 

where the coefficients a; are unknown functions of x and y. It will be seen pres- 
ently that the determination of these unknown functions can be made to 
depend on the solution of an infinite system of partial differential equations 
of a complicated sort. In order to make the problem tractable, it is desirable 
to introduce at this point a simplifying hypothesist of quite mild nature. It 
will be assumed that Z, is adequately represented by a polynomial in z of the 
form 


n 


(4.4) = a,(x, y)z/, 


j=0 


* If the plate is subjected to a normal pressure #, the first of the boundary conditions reads 
Z,(x, y, h)=—>p, Z,(x, y, —h)=0. The introduction of p produces no essential complications in the 
argument that is to follow. 

Tt See in this connection §8 below. 
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where 1 is finite, but can be chosen arbitrarily large. This amounts to assum- 
ing that, for sufficiently large m, the remainder in the Taylor expansion for Z, 
is negligibly small. In order to make the argument clear and not to complicate 
unduly the resulting equations, the discussion will be confined to a distribu- 
tion of the temperature of the form* 


3 
(4.5) T = Tilz, y)s*, 
k=0 
which includes the important linear case of NAdai,} as well as the cases con- 
sidered by Timoshenko.f The extension to a more complicated distribution 
of temperature is obvious and involves little more than the change of the 
indices of summation. 
Noting the operator identity 
3 ot 
4=— 4 2 — 
Vi=vit2 
where 


vi = Vrv?, 
and calculating with its aid V‘Z, defined by (4.4) gives 
ViZ. = [sivita; + — a; + JG — NG YG — 
j=0 


The right-hand member of (4.1) upon substituting for T from (4.5) becomes 


E /# 
(= — v'r) D Ti + — |, 


1 — o \d2? 1 — o 


so that (4.1) gives the identity in z, 


Dd + 4G 0; + JG — DG — 2G — 3)az**] 
j=0 

E 3 
[stv Te + — 


1 — 


Equating the coefficients of like powers of z on both sides of this equation 
gives a system of partial differential equations to be satisfied by the a;, 
namely, 


* This is not an assumption since we prescribe T. Besides the space variables x and y, 7; may 
contain the time variable as a parameter. 

Tt N&dai, loc. cit., p. 265. 

} S. Timoshenko, loc. cit., p. 207. 


n 
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(4.6) Viiax + 2V Parse + = + k=0,1,2,---,n, 
where 
az = = a; =0, if i>n, T,;=0, {> 5, 


and 
ak 


Two important observations regarding the structure of the system (4.6) are 
in order: 

(i) The system can be broken up into two independent systems of identi- 
cal forms, one of which depends on the a, with even subscripts, while the 
other depends on the a; with odd subscripts. 

(ii) Every a, in the first system can be expressed explicitly in terms of a 
and a2, whereas a, and a3 determine every a; of the second system. The last 
assertion becomes clear when the first »—3 of equations (4.6) are solved for 
to give 
(4.7) = Vil (Te — ax) + Vi (Ti+2 2ai+2) k= 0,1,2,---,#—4. 

Inasmuch as the system of equations associated with the even subscripts 
on the a,’s is of the same form as that for the odd ones, it will suffice to con- 
sider only one of them. 

Thus, setting k=0 in (4.7) gives 

as = Vi(tTo — ac) + VP (T2 — 2a). 
Substituting this value of a, in as obtained from (4.7) by taking k=2 gives 
ag = — — ao) — Vit (T2 — 


Introducing these expressions for ag and a, in the right-hand member of (4.7) 
with k=4 gives as entirely in terms of ap and az. The continuation of this 
process of successive substitutions gives the formula 


aor = (— 1)*[(k — 1) (to — ao) + — haz) ], 


4.8 
k = 2,3,---,N, 


where N=(n/2), the greatest integer contained in n/2. Thus, it is merely 
necessary to obtain the solutions for ap and az in order to determine com- 
pletely the remaining a2,. The corresponding result for the odd a; is 


= (— 1)*[(k — (71 — a1) + — has)], 


4.9 
k =2,3,---,M, 


where M=((n—1)/2), the greatest integer contained in (w—1)/2. 
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5. The determination of ao, a1, a2, a3. The boundary conditions (4.2) and 
(4.3) impose some restrictions on the functions a;, and the nature of these 
restrictions will be investigated next. Substituting (4.4) in (4.2) and (4.3) 
gives 


— [aght — --- + (— 1)"a,h"], 

— [4a,h? + --- + 


do + ayh + ach? + a3h' 
ado — + ach? — ash’ 
a; + 2a2h + 3a3h? 
a, — 2a2h + 3ash? 


The determinant of the coefficients of the a; in the left-hand members of this 
system of equations is equal to —16h*; so one can solve for a;, (7 =0, 1, 2, 3), 
in terms of the remaining ones. If m =4, the solution for ap is* 


h h h? 
—h — hi 
a = a;hi— ( ) 
16h4 j 1 2h 3h? 
(— 1 3h? 


It is clear that the value of the coefficient of 4‘ corresponding to odd 
values of j is zero. Setting 7 =2k gives, after some elementary reductions, 


N (k — 1) 
(5.1) ao = ao = >, (k — = D> 
k=? (2)! 
Similarly solving for a2, a:, and as one obtains 
N N k 
(5.2) ae = 2ag = — kh?*%ay, = — 25 
k=? (2k)! 
M. M k—1 
= = 2k = 
(5.3) a a (k 1)h (2k + 1)! h 
M M 
(5.4) a3 = 6a3 62 62 Qk+! 


It is thus seen that the equations arising from the boundary conditions 
also fall into two independent groups associated with even and odd sub- 
scripts on a;, respectively. The important consequence of this observation 
lies in the fact that one is led to two independent systems of differential equa- 
tions and boundary conditions, where the functions a2; are determined by T> 
and and the by T; and 73. 


* If n<4, ag=a,=a2.=a;=0. See in this connection §7 and §8. 


244 I. S. SOKOLNIKOFF AND E. S. SOKOLNIKOFF [March 


Inasmuch as the two systems of equations are of the same form, the dis- 
cussion to follow is confined to the system depending on the even subscripts. 
Referring to (4.6) and (4.8), and remembering that n=4, one sees that 
this latter system is 
= (— 1)*[(k (70 ao) + kas), 
k = 2,3,---,WN, 
(5.6) Vi + 2aw) = ViTev-2, 


(5.7) Vitaw = 0. 
The right-hand member in (5.6) vanishes if NW >2. Consider first the system 
(5.5), (5.6), (5.7) when N >3. Using (5.5) with k=N and k= N —1, and sub- 
stituting the resulting values for a2, in (5.6) and (5.7) give, after some alge- 
braic reductions, 
(5.8) + (N + 1)az] = + 72), 
(5.9) — 1)v2a0+ Naz] = — + 72). 

The differential equations for ao and az are obtained by operating on (5.8) 
with V? and solving for V?"+4ao and V?"**as. The result is 


(5. 10) = 


(5.11) Vir tag = 70 — 72). 


These equations will be solved by a device of constructing a sequence of differ- 
ential equations of lower orders which ap and az must satisfy. 
Substitution of (5.5) in the boundary conditions (5.1) and (5.2) gives 


(— 1)*"(k-1 
(5. 12) ag= ( ) h?*[(k 1)V? (To ao) + kas) 
(5.13) a. = — — 1)V2* (ro — ao) + V2*-*(r2 — ka) | 
2 rar (2k)! 1 0 0 1 2 2) 


Operating on (5.12) with V2" produces 
(— — 1) 


= (28)! 
(— 1)*(k 1) 


km? (2k)! 


h?*[(k 1)V2**?" (75 = ao) + | 


h?*[(k — — ao) + — a2) 
1) 

(28)! 
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which vanishes since the terms in the brackets vanish by (5.10) and (5.11). 
Thus 


Vira = 0. 
In precisely the same way it is shown that 
Vira, = 0. 


Referring to (5.8) and (5.9) one sees that these last two equations demand 


that 

(5.14) + 72 = 0, (N — + = 0. 
Therefore* 

(5.15) =0. 


Again calculating V.2"—*ao and V2"%—*ae from (5.12) and (5.13), and tak- 
ing account of the relations just found furnishes two equations for a and ae 
of lower order than the preceding ones, namely, 


h4 
= (Vito +72), = — Vir (Vito + 72). 


The result of operating on (5.12) and (5.13) with V,2¥— and noting the two 
equations just found is 


h4 hé 
= + T2) + Vi" (6V2 70 + 872), 


h h* 
= — To + T2) — 6! (280270 + 3472). 


A little reflection will show that a continuation of this process of operating 
successively on a and az with V2"—?7, (p=0, 1, 2,---, N), will yield, after 
N operations, expressions for a» and az of the type 


N+1 N+1 
(5.16) ao = = p Bon-2h?"*, 
n=2 n=2 
where 
(5.17) Aon = AanVE"To + 72, 


Ban 


+ 


in which X, yp, p, and o are constants. 


* For significance of this see §8 below. 


4 
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The device just outlined can be used successfully to determine the ao and 
a for any N 23, but it is simpler to calculate the functions As, and Be, by 
the method of undetermined coefficients since the forms of a» and az are now 
known. This method is followed in the next section where a set of compact 
formulas is developed for the determination of these functions. 

An argument in every respect similar to that just used shows that if M23, 


M+1 


> 
n=2 
(5.18) M+i 
a3 = > Bon—2h*"*, 
n=2 


where A, and B:, are of the form (5.17) with 7» and 72 replaced by 7: and 73, 
respectively. The functions 7; and 73 satisfy the equations 


+73) = 0, 
(5.19) = 0, 


= 0, 


which correspond to (5.14) and (5.15). 
6. Recursion formulas for A, and B,. Substituting the expressions for 
a and a from (5.16) in the right-hand member of (5.12) and rearranging 


gives 


(—1)Mk-1) 
ao = (2k)! h 1)v Arsh ) 


N 
+ vit? (7. Bask) 


(— 1)*(k — 1) 
= > 


(2k)! 


N 
— — h2k+2ig 2k-2[( — 1)V?Ao;+ kBo;| 


j=2 


{Ic — 72) + 


This expression can be written as 


N 1 k—1 k 1 N+1 
(6.1) w= > — 1)vP Ao; + 


kat (2k)! 


where the following definitions are introduced: 
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(6.2) Vr¥Ao = Vet0 +72), = — 
= 0, = 0. 

A similar substitution in the right-hand member of (5.13) gives 

N (- 1)*2k N+1 

(6.3) az = >, ——— — 1)V Ao; + 

=(2k)! 


In order to collect the coefficients of powers of h, set k+j7=r; then (6.1) and 
(6.3) become* 


2N+1 j 1 


r=2 7=0 
(6.4) 2N+1 j) 
a2= her? (—1)-§ [(r— jf —1) V2 Bai]. 


r=2 j=0 (2r j)! 


Equating the coefficients of like powers of / in (5.16) and (6.4) gives the de- 
sired recursion formulas 


(6.5) j=0 (2 


Referring to (6.2) it is clear that the functions A», and B,, can be expressed 
for any NV 23 in terms of the prescribed functions 7 and 72, so that a» and as, 
and hence a2,, are completely determined. 

The recursion formulas for Az, and Be, in (5.18), deduced by precisely the 
same method, are 


(6.6) i=0 (2 2j+1)! 

Bor-2 = [((r—j—1) VP Bas], 

where 

Vir*Ao = + 73), virB, = — 


vit Ae = 0, = 0. 


* This amounts to rearranging the finite double sums in (6.1) and (6.2) so that summations pro- 
ceed first along the diagonals. 


t 
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7. Special case VN =2, M=2. The determination of Z, was carried out 
under the assumption that V>3 and M23, so that the degree of the poly- 
nomial (4.4) was assumed to be greater than 5. It follows from the boundary 
conditions* that unless »>3 the only possible solution for Z,, of the form 
(4.4), is Z,=0. It remains to consider the case when n=4 or n=5, that is, 
N=M=2. 

Referring to (5.5), (5.6), and (5.7), one sees that the system of equations 
associated with even subscripts in this case is 


(7.1) a, = Vito + — Viiao — 2VPae, 
(7.2) Vitae + = 
(7.3) = 0, 
and the boundary conditions (5.1) and (5.2) become 
h* h? 


From (7.4) and (7.3) it follows that 
(7.5) Viiao = 0, Viiae = 


Hence (7.2) gives 
1 
(7.6) = PTA 


Since Viiaz=0, (7.6) requires that 


(7.7) = 0. 
Calculating Vita, from (7.1) and making use of (7.7) gives 
(7.8) Vitro = 0. 
But from (5.12) and (5.13), 
ht 

(7.9) ao = (Vito + Vit2 — Vitao — 2V?az), 
and 

h? 
(7.10) a= (Vito + Vite — Vitao — 2VPaz). 


Calculating V2a2 from (7.10) and noting (7.5) gives 


* See the footnote in the beginning of §5. 


= 
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h? 
Vira, = 3 (Vitro + Vi'T2), 


which upon substitution in the right-hand members of (7.9) and (7.10) gives 
the desired result: 


ht h? 
ae a, = fi, 


where 


h2 
A= (1 + vt) (Vitto + 


The expression for a, just given is obtained from (7.1). 

It will be observed that (7.7) and (7.8) are given by (5.15) with NV =2. 
It is easily checked with the aid of (7.1) and (7.6) that (5.14) is valid even 
when N =2. 

The formulas for a, a3, and a; are found to be 


h? 
a= a= as = fe, 


where 
he? 
(1 + (Vit: + Ves). 


It is easily checked that the equations (5.19) are valid when M =2. 

8. Critique of method. The determination of Z., outlined above, leaves 
nothing to be desired from the standpoint of rigor, provided that the assump- 
tion that Z, is adequately represented by a polynomial in z, of sufficiently 
high degree, is satisfied. The assumption that Z, is expressible as an infinite 
series in powers of z leads to an infinite system of partial differential equations 
on the a;(x, y) of the form (4.6). This in turn will lead to infinite series de- 
velopments for the a,. An analysis of the behavior of the resulting series will 
prove exceedingly difficult, and is not attempted here. On the other hand, 
it will be recalled that a considerable portion of the theory of elasticity is 
built on the assumption that one is dealing with a class of functions which 
can be approximated arbitrarily closely by polynomials of sufficiently high 
degree. If it further be noted that a successful theory of moderately thick 
plates* has been developed on the hypothesis that Z, is a polynomial of de- 
gree 3 in z, the assumption involved in (4.6) should be regarded as exceedingly 


* Cf. A. E. H. Love, loc. cit., pp. 465-487. 


— 
= 
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mild. However, it must be noted that the choice of N is connected with the 
prescribed temperature function T via equations (5.14), (5.15), and (5.19). 
The significance of this connection becomes clear upon reflecting that one 
cannot hope to satisfy the differential equation (4.1), for an entirely arbitrary 
T, if he selects the solution for Z, in the form (4.4) where x is small. For ex- 
ample, if an attempt is made to satisfy (4.1) by assuming a solution of the 
form (4.4) with n=4 or 5, then the polynomial solution will exist only for a 
class of temperature functions of the form (4.5) in which T;(x, y)=r;/k!c 
satisfy the equations (5.14), (5.15), and (5.19). Obviously, the class of ad- 
missible temperature functions is greatly increased with the increase of the 
degree m in (4.4). In fact, if the 7;(x%, y) in (4.5) are polynomials in x and y, 
it is always possible to find a pair of numbers N and M so great that 


= 0, = 0, 
= 0, = 0. 


Such a choice of N and M will, certainly, satisfy (5.14), (5.15), and (5.19) 
identically; hence the exact solution of the form (4.4) can be obtained. The 
case where the 7;(x, y) are polynomials in x and y presents the most interest- 
ing distribution from the point of view of applications. 

9. Linear distribution of temperature. It is of interest to investigate just 
how far the behavior of an elastic plate subjected to a nonuniform distribu- 
tion of temperature departs from the state of generalized plane stress assumed 
by NAdai and Marguerre. It will suffice to consider the case of linear distribu- 
tion of temperature of the form 


T = y) + 2Ti(x, ¥). 


The calculations will be carried out under the assumption that Vi'°7) =0 
and Vi37,=0. Accordingly, the degree of the polynomial in z for Z, in (4.4) 
is eight. This choice of T will certainly be satisfactory if T>) and T; are poly- 
nomials in x and y of degrees 9 and 7, respectively. 

Referring to (6.5) and (6.6) one finds easily that 


1 
Ay=—ViTo, By= Vile, 
37 
_ 1 54 
Ay= —-—ViT1, As=——ViTi1, Ba ~ 


Hence from (5.16) and (5.18) it follows that 
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aE 41h8 
a = hv? To VitTo ViTo ’ 


5040 
ak 37h® 
a2 = 410 — Tot+ ViTo + 1260 
5'(1 — a) 105 
51(1 — o) 35 
The remaining functions a; are readily calculated from (4.7); the results are 
4\(1 — o) 3 360 
ak 1 h? 
ag = 411 — 0) (— + 60 
a= — 
4\(1—«) 560 
= (vers + 
5!(1 — o) 5 
21. 


Substituting these coefficients in (4.4) gives 


Z ak (2? 4T, 47 ‘ 6T 
523 — 11h2z O24 — 6622h? + 41h4 
525 7! 


If m is assumed to be greater than 8, the additional terms appearing in the 
expression for Z, do not affect the coefficients of the powers of Vi just found. 

It is clear that a similar analysis, pertaining to unheated plates, subjected 
to an arbitrary load, can be carried out. In this way one will arrive, from an 
altogether different point of view, at the solution of the problem discussed by 
Southwell.* 

10. Shearing stresses Z, and Z,. The determination of the remaining 
stress components acting in the direction of the thickness of the plate will be 


*R. V. Southwell, loc. cit. 
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given in this section, the point of interest being that it is possible to obtain 
these stresses directly from the fundamental equations and without imposing 
restrictions as severe as those implied by (2.8) and (2.9). 

The equation (2.4) with 7=7 =3 gives 


1+o 
(10.1) = (1+ aky?T + aE 
dz? 
and from (2.5) one obtains 
2aE 
(10.2) wT. 
02? 


Equating (10.1) and (10.2) and simplifying gives 
(10.3) vr9 = (1+ — aEVv?T. 
Setting i=2 and j7=3 in equations (2.4) yields 


(10.4) vz, = - 
l1+odydz dydz 


Taking V? of both sides of (10.4) and substituting from (10.3) furnishes 
the relation 


OZ, 
Hence 
(10.6) VrZ, + o(x, z), 


where ¢ is a harmonic function. 
But the last one of the conditions (4.2) demands 


Z,(x, y, + h) = 0, 
so that 
vViZ,=0 on z=+h. 
Thus, it follows from (10.6) that ¢(x, y, 2) satisfies the conditions 


+0) (=) 
OVOZ/ 


However, the function Z, has been determined, and it follows from the fore- 
going that its form is 
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k 


Z, = (2? — a(x, 


i=0 


( ) =0. 


Thus the harmonic function ¢(x, y, z) vanishes on the faces of the plate, 
and it follows that in a small region about the middle of the plate it cannot 
differ very much from zero. Hence, as a first approximation, one can choose 
¢=0. By assuming the solution for ¢ in the form 


so that 


oilx, 
i=0 
and following the method of §4, one can improve upon the first approxima- 
tion,* but it will be assumed, for the present, that ¢=0 gives a satisfactory 
expression for V?Z, in (10.6). 
Therefore the conditions on Z, become as follows: 


(10.7) = — 


where 
Zy,=0 on 
Observing that V?Z,=V2Z,+0°Z,/dz?, and making use of (10.7), one 
is enabled to write (10.4) in the form 
1 aE OZ, 


(10.8) = 
02" 1+o d0ydz dydz 


On the other hand, the differentiation of (3.2) with respect to y gives 


(10.9) —viw = — 2a 
Eliminating 070/dydz between (10.8) and (10.9) produces 
(10. 10) + 
1 — o* dy dydz Oydz 


If it be assumed that w(x, y, z) can be replaced by w(x, y, 0), then the 


* The process here will be much less involved since ¢ satisfies Laplace’s equation. 
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right-hand member of (10.10) becomes a known function of x, y, and z, since 
the deflection of the middle plane, z=0, can be calculated from (3.7). It is 
to be noted that the assumption that the deflection of the middle surface be 
nearly the same as that of any plane parallel to the middle surface is not as 
severe as (2.8). 

Thus, replacing w by w» in (10.10), and integrating twice with respect to z 
gives 


Z, = —vim+ dz 


2(1 — dy i-e 


where /; and f2 are arbitrary functions of x and y. 
Since Z, vanishes on z= +h, the functions f; and f2 are uniquely deter- 
mined. An elementary calculation shows that 


E(z? — @ oT * OZ, 
= vim taf f dz 
2(1 — o”) dy 0 Oy 0 Oy 


Zz h oT OZ, 
—istaf 
2h nh OY OY 


(10.11) 
h oT 9T 
= —dz+ 
0 oy 
C2 —h OZ, 
_a 
2 0 oy 0 oy 
where 
ak 
= ce = 


The expression for Z, can be obtained in precisely the same way. The re- 
sulting formula is (10.11) with y replaced by «x. 

The first term in the right-hand member of (10.11) is recognized as the 
expression for shear given by the ordinary thin plate theory under the hy- 
potheses (2.8) and (2.9). 

11. Conclusion. Some interesting deductions regarding the behavior of a 
heated elastic plate can be drawn immediately from (3.7). The right-hand 
member of (3.7) can be regarded as a fictitious normal load p(x, y) which pro- 
duces the same deflection in an unheated plate as that caused by the thermal 
stresses. Now, if the 7, are constants so that the temperature is a function 
of z alone, the right-hand member of (3.7) vanishes and w» satisfies 


Viwo = 0. 
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If the plate is clamped, 


along the rigid support, and the only possible solution of the system is w» =0. 
Hence a clamped plate under the action of thermal stresses alone will remain 
plane. The same conclusion is reached upon assuming a linear distribution of 
temperature of the form T = T)(x, y)+271(x, y), where T is steady. However, 
a simply supported plate will buckle under the action of thermal stresses. An 
investigation pertaining to the action of such plates, based on the theory de- 
veloped in this paper, will be published elsewhere. 


UNIVERSITY OF WISCONSIN, 
Mapison, WIs. 
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GEOMETRY OF A SURFACE IN THE NEIGHBORHOOD 
OF A SPINE* 


BY 
V. G. GROVE 


1. Introduction. In this paper we propose to continue the study begun by 
Bompiani,f Lane, and others of curves and surfaces in the neighborhood of 
a singularity. The curves and surfaces previously studied possessed a tangent 
line or plane at the singularity. We shall discuss from a projective point of 
view the geometry of a surface in the neighborhood of a singularity we have 
called a spine by making use of certain osculants of a plane curve at a cusp. 

We shall say that a point O on a surface S is a spine if it is a conical point 
such that the cone at the conical point degenerates into two planes. A spine 
may also be defined as a point O through which there exists a line ¢ such that 
every nonspecialized plane section of S through ¢ has an ordinary cusp at O 
with ¢ as the cuspidal tangent. 

Two cases arise according as the degenerate cone consists of distinct 
planes or coincident planes. In the first case, which we will call the non- 
parabolic case, the line ¢ is unique and is the intersection of the distinct planes. 
We shall call the line ¢ the spinal tangent. In the second case, which we shall 
call the parabolic case, the line ¢ is any line in the pair of coincident planes. 
We shall call ¢ a spinal tangent, and shall call such a spine O a spine of the 
parabolic type. 

In §§3 and 4 we derive the equations of certain osculating curves of a 
curve at a cusp. In particular, we define order of contact of an algebraic 
curve with a given curve at its cusp. 

In §2 we derive a simple form of the equation of a surface S with a spine 
at O in the nonparabolic case, and then use the osculants for a curve at a cusp 
to study the surface 

In the last section we briefly discuss the surface in the neighborhood of a 
spine of the parabolic type. 

2. The canonical form of the equation of S. Let the surface S have a 
spine of the nonparabolic type at O. Let the nonhomogeneous projective co- 


* Presented to the Society, April 10, 1937; received by the editors January 24, 1938. 

t E. Bompiani, Per lo studio proiettivo-differenziale delle singolarita, Bolletino dell’ Unione Mate- 
matica, vol. 5 (1926), p. 118; E. P. Lane, The neighborhood of a sextactic point on a plane curve, Duke 
Mathematical Journal, vol. 1 (1935), p.287; T. L. Downs, Asymptotic and principal directions at a 
planar point of a surface, Duke Mathematical Journal, vol. 1 (1935), p. 316; V. G. Grove, Differential 
geometry of a surface at a planar point, these Transactions, vol. 40 (1936), p. 155. 
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ordinates of a point P be (x, y, z). If the planes y=0, z=0 be chosen as the 
distinct planes of which the degenerate cone consists, and the point (0, 0, 0) 
be chosen at the spine, we may write the equation of the surface in the form 


(1) ys = As + Box + Cix® + + Ag+ Bax + Cox* + + Eqxt*+---, 


wherein A;, B;, Ci, - - - are homogeneous functions of degree 7 in y and z only. 
By transformations of the form 


a= + ay’ + 


x’ = » : 
+ + v2 1+rA + + 2 + + 
&= y=, z= sf, 


we may reduce equation (1) to the following canonical form 
(2) nf = As + Boé + + + Ag + Bsé + Cot? + + +---, 


wherein 


As = Aszon® + + + Aosf*, 
Bz = — A3zon? + — Aosf*, 

= 0, 

Do = 1, 


Ag = Agont + + + Arsnf? + 
Bs = Baon* + + + 

C2 = Coon? + Cif + Cor2s?, 

D, = — Aan — Arf, 

Eo = — Bu, 


(3) 


We shall call the tetrahedron of reference giving rise to the equation (2) the 
canonical tetrahedron. Every coefficient appearing in (2) is an absolute in- 
variant of S at O. 

We find it convenient to introduce homogeneous projective coordinates 
by the formulas 


3. Canonical form of the equation of a curve with a cusp. In this section 
we shall derive a canonical form of the equation of a curve with a cusp, and 


$ 
%1 Xe 
i 
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define certain osculating curves of the curve. We find these osculants useful 
in discussing a surface in the neighborhood of a spine. 

Let (£, 7) be the nonhomogeneous projective coordinates of a point P in 
a plane. Let the point (0, 0) be chosen at the cusp O of the curve C, and let 
the side »=0 of the triangle of reference be the cuspidal tangent of C at O. 
By proper choice of the side £=0, the equation of the curve C may be written 
in the form 


= + aren? + + + + + aisén® + 
+ + + + + + aosn® +--+ , 0. 


If on the equation (4) of C we make, in order, the transformations 


(4) 


5 
(5) 


wherein p, g, 7, s are defined by the expressions 


(6) paso = a0 + = O31 + az0a3, 


azor? = s?, + se) = + a4), 
we reduce (4) to the following canonical form 
(7) y? = x3 + + dosy® — — dosx*y + + aisxy*® + dosy* 
+ asox® + aaxty + + + + + , 
wherein d22+ 450 = @13+4s1 #0. We shall speak of the triangle giving rise to the 
canonical form (7) as the canonical triangle. 


From the canonical form (7) we derive the equations of C in the simple 
parametric form 


(8) «=f, y = B+ + + al? + +---, 
wherein 
= 3(d22 + a5) a = 3 [a12(ae2 + + + + aco], 


The transformation of coordinates between the triangle of reference for 
the equation of the curve C in the form (4) to the canonical triangle may be 
written in the form 


rx sy 
1+ pre + sy. 1+ prx + 

wherein /, g, 7, s are defined by the formulas (6). The inverse of transforma- 

tion (9) is 


(9) 


; 
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x= = ° 
r(1 — pt — qn) s(1 — p& — qn) 


We shall find it convenient to introduce homogeneous projective coordi- 
nates by the formulas 


(10) 


4. Osculating curves of a curve at a cusp. Let A}, be an algebraic curve 
of order n, with a multiple point of order +2 at the cusp O of C, two of 
whose multiple point tangents coincide with the cuspidal tangent y=0 of C 
at O, and the remaining » of whose tangents do not so coincide with y=0. 
Let the number of points of intersection of A>, with C coinciding at O be 
denoted by N. We shall say that A, has g-point contact or (g—1)-order 
contact with C at O if 


q=N-—2p-—4. 


In the language of Bompiani we shall say that the curve A}, represents the 
neighborhood of the (q—1)st order of C at O, and shall call A>, an osculating 
curve of C at O. 

Writing the most general equation of a cubic with a cusp at O, and de- 
manding that the power series resulting by the substitution of (8) into that 
equation shall lack terms in ¢*, (k =0, 1, 2, 3, 4, 5), we find the equation of the 
osculating cubic Aj, to be 


(11) y? = x3, 


The equation of the osculating cubic gives a simple geometrical charac- 
terization of the canonical triangle. The vertex Oz (0,1, 0) is the inflexion point 
of the cubic; the side x3=0 is the inflexion tangent. 

The neighborhoods of C at O of the sixth and seventh orders may be repre- 
sented by the respective curves 


4 
Ao,z: = + + a50)x?y?; 
4 
Ais: — y) = at — + + aso) 


The unit point of the canonical triangle of reference is the intersection of the 
triple point tangent y =x of A‘, with the osculating cubic A},. 

5. Sections of the surface S through the spinal tangent. We now shall 
use the results of the previous sections in a discussion of a surface in the 
neighborhood of a spine of the nonparabolic type. 

The plane which is given by 


Xe 
x=—) y=—: 
X3 X3 
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(12) ¢ = mn, 
intersects the surface S whose equation is (2) in a curve with a cusp at O 
(0, 0, 0, 1). The line » ={=0 is the cuspidal tangent for all of these sections. 
The planes n=0, ¢ =0 are the only planes through the spinal tangent which inter- 
sect the surface in curves with a triple point at O. 

The equations of the curve of intersection of the plane (12) with the sur- 
face S are 


= mn, 
(13) 9? = + + + + + + aisén® + 
+ ast? + antn+---, 


wherein a0, a12, @o3 are defined by the formulas 


Mazo = + Byym Ao3m?, 
mao; = + + Aigm? + = — Bu, 
ma3; = — (An masz, = Coo + Cum + 


14 
(14) mays; = Bso + Baym + Bigm* + Bom’, 
moos = Ago + Agim + + Aigm® + Aqam'*, 


maso = Foo, may = Ey + Eom, . 


The second of equations (13) is of the same form as (4). Hence we may derive 
the equations of the loci associated with the various neighborhoods of the 
sections of S through the spinal tangent by the use of the transformations 
(9) and (10). 

By this method we find that the equations of the osculating cubic of the sec- 
tion C by the plane (12) are 


(15) mn, = & — (Ago + Aosm?)in? + (Aso + Aosm*)n’. 
The locus of the osculating cubic (15) is a cubic surface whose equation is 
(16) = — (Aszon? + Aosv?)E + (Ason® + Aosg*). 


We shall call this cubic surface the osculating cubic surface of S at O. The 
osculating cubic surface of course has a spine at O. 

We note from the form of equations (15) that the points of inflexion of all 
of the osculating cubics of the sections of S through the spinal tangent lie in a 
plane. This plane is the face =0 of the canonical tetrahedron. The locus of 
the inflexion points of the osculating cubics is therefore a plane cubic whose 
equations are 


(17) nf = Azon* + Aosf*. 
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Equations (17) furnish another interpretation of the edges £=7=0, £=[¢=0 
of the canonical tetrahedron. The inflexion points of the cubic (17) lie on the 
edge x, =x4=0 of the canonical tetrahedron. 

The inflexion tangent of the osculating cubic (15) intersects the spinal 
tangent in the point 


(18) (m, 0, 0, Azo Aggm?). 


There is established therefore a (1, 2) correspondence between the points on 
the spinal tangent and the planes through the spinal tangent. The vertex O; 
(1, 0, 0, 0) of the canonical tetrahedron is the only point to which correspond 
planes separating the planes n=0, ¢ =0 harmonically. There exist on the spinal 
tangent two points D, D, to each of which correspond identical planes. The 
vertices O and O, separate D, D, harmonically. 

The equations of the inflexional tangent of the osculating cubic (15) are 


= mn, 


19 
(Azo + Aogm*)E + (A30 + Ao3m*)n +m=0. 


The locus of this inflexional tangent is the cubic ruled surface 
(20) = — (A + A + + Aosxs’. 


This ruled surface intersects the edge x3 =x,;=0 of the canonical tetrahedron 
in the point O; and in the point (1, 1, 0,0). It intersects the edge +2 =2,=0 
in the point O, and in the point (1, 0, 1, 0). The point (1, 1, 1, 0) is therefore 
characterized. The line joining the spine O to (1, 1, 1, 0) intersects the osculating 
cubic surface in the unit point of the canonical tetrahedron. 

We may readily verify that the planes § = mn wherein A39—A osm? =0 inter- 
sect the cubic surface (20) in a pair of torsal generators of that surface. The torsal 
generators intersect the spinal tangent in the two points D and D, previously de- 
scribed. 

The line x. =2x3=0 evidently lies on the surface (20). The line whose para- 
metric equations are 


= 1 +m, x= i, = Mm, + Aogm), 


also lies on the surface. Hence the surface (20) possesses two straight line direc- 
trices (flecnode curves). 

The locus of the triple point tangent of the curve A}, having eight-point con- 
tact with the section of S at O is a cubic cone whose equation is 


Bson*® + (Bai + + (Biz + Eor)nf* + 
= [Coon? + (Cur + Foo)nt + Cort? 


(21) 
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The vertex of this cone is of course the spine O. The spinal tangent is a singu- 
lar line; the planes 


Coon? + (Cu + Foo)nf + Coxe? = 


are the singular tangent planes along the line. The surface (21) intersects the 
face x,=0 of the canonical tetrahedron in a cubic curve which has a double point 
at O,, and whose inflexions lie on the line x,=x,=0. 

Loci associated with other algebraic curves representing neighborhoods of 
higher order could be considered, but we shall carry this discussion no further. 

6. The parabolic case. In this section we discuss briefly the geometry of a 
surface in the neighborhood of a spine of the parabolic type. 

By proper choice of the tetrahedron of reference the equation of a surface 
possessing such a spine may be written in the form 


(22) = As + Bak + Cis? + + Ag+ Bot + Cot? + Dit? + 


wherein 
As = Agon*® + — Aosnt? + Aosf*, Ags 0, 
Bz = — Aosf?, 
C, = 0, 
= 1, 
(23) Ag = + + + A inf? + 


Bs = + + + Boss’, 
C2 = Coon? + + 

D; = — Azson — Anis, 

Eo = — Boo, 


The plane 7=0 intersects the surface S in a curve with a triple point at O. 
The triple point tangents are determined by the cubic form 


— Agsf2(E — = 0. 


The interpretation of the condition A390 is evident. The line 7 ={=0 is an 
arbitrary line in the plane n =0. 

The section of the surface S through O (0, 0,0) by the plane {=mz7 has 
the equations 


f= mn, 
£3 + + + + + + 
+ +---, 


(24) 
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wherein 
ai2 = Boo — Ao3m?, 
= Azo + — Aogm® + Aogm’, as = — Bao, 
a@31 = — Ago — Aom, = Co + Cum + 
a13 = Bso + + Biym? + Bom’, 
aos = Bao + Baym + Boom® + Bizym* + 


If use be made of formula (10) and the definitions of p, g, r, s occurring 
therein, we may show that the equations of the osculating cubic of the section 
(24) of S are 


=m), 
n? = & — Aggmn?[E — (1 + m)n]. 


Equations (25) show that the inflexion points of the osculating cubics of all sec- 
tions through a given arbitrary spinal tangent n = =0 lie on the fixed plane &=0. 
The locus of the osculating cubic is the cubic surface with the equation 


(26) n? = & — Aosft(E— 9 — 


The inflexional tangent of the curve (25) intersects the line »={=0 in a 
point whose homogeneous coordinates are (1, 0, 0, —Aogm?). As in the non- 
parabolic case, there is thus established a (1, 2) correspondence between the 
points on 7={=0 and the planes through that spinal tangent. The point O, 
(1, 0, 0, 0) is the only point on the line to which correspond identical planes. 
Moreover the planes corresponding to the points on n={=0 are paired in involu- 
tion; the double planes of the involution are the planes n =9, § =0. 

The line £=¢=0 intersects the surface (26) in O and in the vertex O; 
(0, 1, 0, 0) of the tetrahedron of reference. 

The inflexion point of the cubic (25) has the homogeneous coordinates 


(25) 


=0, x2 = 1, x3 =m, = Aoym?(1 +m). 


The locus of this point passes through the vertex (0, 1, 0, 0), and the tangent 
to the locus at this vertex is the line £=¢=0. 
The inflexional tangent of the osculating cubic (25) has the equations 
5 = mn, 
— (1 + m)n] +1 = 0. 


The locus of this inflexional tangent is the cubic ruled surface 


(27) 


— Aos|x1 + x3) x? 


264 V. G. GROVE 


The edge x; =x;=0 lies on this cubic; the edge x2 =a,=0 cuts the cubic in the 
points O, and (1, 0, 1, 0). The edge x; =x,;=0 cuts the cubic in the point O2 
and (0, 1, 1, 0). The point (1, 1, 1, 0) is therefore characterized. 

The osculating cubic of the plane section of S by the plane ¢=0 has the 
equation 


5=0, 7? = 
The projection of this cubic from the vertex (0, 0, 1, 0) is the cubic cone 


X4 = xP 


The line joining O to (1, 1, 1, 0) intersects this cubic cone in the unit point of 
the tetrahedron of reference. 

Hence the tetrahedron of reference giving rise to the expansion (22) and 
the unit point of the system have been geometrically characterized. Other 
properties of the surface could be obtained by considering the loci or en- 
velopes of the various curves and surfaces associated with the sections of S 
through the arbitrary spinal tangent ¢ in the plane 7 =0 by allowing ¢ to vary 
in that plane. We shall refrain from discussing these details in this paper. 
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CONDITIONS ON u(x, y) AND »(x, y) NECESSARY AND 
SUFFICIENT FOR THE REGULARITY OF u+iv* 


BY 
PHILIP T. MAKER 


Introduction. On what subset of an open set must a continuous function 
of a complex variable be assumed to have a derivative in order that the regu- 
larity of the function be implied? A series of researches on this problem cul- 
minates in the following theorem due to Besicovitch: f A complex function f, 
continuous on an open set G, is regular in G if it is derivable at almost all the 
points of G and if further, 


lim sup | + — f(z)|/h| << + 
h-0 


at each point z of G except at most those of a set which is the sum of a se- 
quence of sets of finite length.f 

At the same time the problem of reducing the conditions on u(x, y) and 
v(x, y), where u+iv=f(z), necessary and sufficient for the regularity of f(z), 
has also received much attention,§ the most general result being the theorem 
of Looman and Menchoff:|| If the functions u(x, y) and v(x, y), continuous 
in an open set G, are derivable with respect to x and with respect to y at 
each point of G except at most at the points of an enumerable set, and if 
uz(x, y) =v,(x, y) and u,(x, y) = —v,(x, y) at almost all the points (x, y) of G, 
then the function u+7v is regular in G. 

In the first part of this paper we investigate a question raised by Saks, | 
as to the existence of a more general theorem including these two results. The 
answer obtained is affirmative in the case when the sequence of sets of finite 
length mentioned in the theorem of Besicovitch is an F, with respect to the 
open set considered. 

In the second part we further extend the set on which the partial deriva- 


* Presented to the Society, April 16, 1938; received by the editors March 14, 1938. 

¢ Proceedings of the London Mathematical Society, vol. 32, pp. 1-9. The version given here is 
due to S. Saks, The Theory of the Integral, New York, 1937, p. 197. 

t For a definition of the length of a planar set, see C. Carathéodory, Nachrichten der Gesell- 
schaft der Wissenschaften zu Gottingen, 1914, pp. 404-426, 

§ For a review of recent results, see D. Menchoff, Les Conditions de Monogenéité, Actualités 
Scientifiques et Industrielles, no. 329, 1936. 

|| Quoted from Saks, p. 199. 

| Saks, p. 201. 
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tives of u and v may fail to exist by placing certain restrictions on u and 2 in 
addition to continuity. In particular, we state a condition on u and v accord- 
ing to which if the Dini partial derivates of u and v are finite except at most 
on an F, of measure zero and if the partials, where they exist, satisfy the 
Cauchy-Riemann equations (u,=v,, uy = —vz) a.e. (almost everywhere), then 
u+iv is regular. 

Finally, in the third part we obtain conditions necessary and sufficient in 
order that a function of two real variables be harmonic. 

We agree to the following conventions: G will be used to denote an open 
set in the complex plane; R an open rectangle with sides x=a,, x=d2, y=), 
y=bs, (d1<de, b:<be); (R) will denote the boundary of R; R will be said to 
be in G if R+(R) is contained in G. 

i. Extension of the Looman-Menchoff theorem. We prove the following 
theorem: 


THEOREM 1. Let F be any class of continuous functions defined in G. Let En, 
(n=1,2,--- ), be subsets of G, closed with respect to G, and such that regularity 
of any function of ¥ on G—E,, implies its regularity throughout G. 

If f(z) =u(x, y)+iv(x, y), belonging to F, has its Dini derivates infinite on 
dine: at most, and if the partial derivatives, where they exist, satisfy the 
Cauchy-Riemann equations a.e., f(z) is regular in G. 


Proof.* Let F be the points of G where f(z) is not regular. F is evidently 
closed in G, and it has to be proved that F is empty. 

Suppose therefore, if possible, that F 0, and let F,, denote, for each posi- 
tive integer n, the set of points of G such that whenever |/| <1/n, none of 
the four differences 


u(x + h, y) u(x, y), o(x + h, y) v(x, 
u(x, + h) u(x, y), v(x, + h) v(x, y) 
exceeds |h| in absolute value. By continuity of « and v each set F, is closed 


in G. Every point of G, except for the set >>”. ,Z,, has all derivates finite and 
so falls in some F,,. The subset F of G can therefore be expressed as 


F=)>F,:F+)> 
n=1 n=1 


Since F is closed with respect to G, we have by Baire’s theorem that some 
term in the right-hand side is everywhere dense with respect to a portion of 


* The first part of this proof follows closely the first part of the proof which Saks gives of the 
Looman-Menchoff theorem, p. 199. 
Tt Saks, p. 54. 
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F, say S-F in the square S. We have two cases according as this is true of a 
term in the first or the second sum. 

If F,-F is supposed everywhere dense with respect to S-F, then, since 
F ,,-F is closed in G and so with respect to S, F,-F contains S-F. Hence each 
point of G-S has finite derivates; and by an extension* of the Looman- 
Menchoff theorem, S-F =0. 

In the second case £, is everywhere dense with respect to S-F. Since E, 
is closed with respect to G, it contains S-F. We have therefore the case of f(z) 
regular in G-S—E£,, and by our assumption about the sets £, it follows that 
f(z) is regular throughout G-S, contrary to the assumption that S-F #0. This 
completes the proof of Theorem 1. 

By the theorem of Besicovitch it follows that a continuous function is 
regular in G if it is regular except for a set of finite length closed with respect 
to G. As an immediate consequence of Theorem 1 we obtain the following 
generalization of the Looman-Menchoff theorem: 


THEOREM 2. /f f(z) =u+iv is continuous in G, and if the partial derivates 
of u and v are infinite at most on the sum of a sequence of sets of finite length 
closed in G, and if the Cauchy-Riemann equations hold a.e. where the partials 
exist, f(z) is regular in G. 


It might be supposed that if the partial derivates of « and v are assumed 
finite except for a closed set of measure zero, then the continuous function 
u-+iv is regular in G. The following example shows that this is not the case. 

Let u(0, y), (QS y<1), be the function defined by Hille and Tamarkin,f 
monotone and continuous but not absolutely continuous, and let u(x, y) 
=u(0, y), 0<x<1;0<y<1). Then u(x, y) is continuous (even of bounded 
variation, a property to be defined in §2) with u(x, y)=0 and u,(x, y) =0 
a.e. The function w+iu is regular a.e. but not regular throughout the unit 
square. 


THEOREM 3. There exists a function f(z) defined in the unit square, continu- 
ous and of bounded variation there, and regular everywhere except on a closed set 
of measure zero. 


The function f(z) just defined is not regular on a set of parallel lines which 
divide the region into an infinite number of separated sets. The following 
question then arises: If f(z) is continuous in R and regular a.e. with the points 
of regularity connected, is f(z) regular in R? For example, take a Cantor set 


* Saks, p. 200: “instead of assuming partial derivability of the functions « and 2, it is sufficient 
to suppose that at each point of G (except at most those of an enumerable set) these functions have 
with respect to each variable, x and y, their partial Dini derivates finite.” 

{ American Mathematical Monthly, vol. 36 (1929), pp. 255-264. 
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on two adjacent sides of R and pass parallels to the sides through these sets, 
and take the intersection points of these lines as the set E. If f(z) is continuous 
in R and regular in R—E£, is f(z) regular on E as well? In the following section 
we shall show that this is the case under the added assumption that u and v 
are of bounded variation. 

2. Functions with summable partials. In this section we assume explic- 
itly or otherwise, that the partial derivatives u,, uy, v, v, exist a.e. and are 
summable as functions of two variables. We begin by considering a function 
f(z) defined only on a certain subset of G and state conditions under which f(z) 
is equal there to a function regular throughout G. 

We need the following definitions: The intersection of an open set G and 
any set of almost all lines parallel to the x (y) axis will be called a G, (G,). 
We define R, and R, similarly. The sum of a G, and a G, will be denoted by 
G.+G,,. 

To avoid the phrase “continuity of u(x, y) as a function of x for almost 
all values of y,” we shall say “u(x, y) is continuous in x for almost all y,” 
or more simply, “w(x, y) is continuous in a G,.” 

THEOREM 4. Let f(z) be defined in a G.+G, with f(z) =u(x, y)+i0(x, y). 
Suppose that in every R in G the following conditions hold: 

(a) u(x, y) and v(x, y) are absolutely continuous in x for almost all y, and 
in y for almost all x. 

(b) The partials uz, Uy, Vz, Vy, are Lebesgue-summable in (x, y). 

(c) The Cauchy-Riemann equations hold a.e. 

Then f(z) is equal in G,+G, to a function regular in G. 

Proof. Let P be any point of G, and let R be a rectangle in G containing P, 
with the vertex (a;, b;) chosen so that u(x, b:) and o(x, b:) are continuous in x 
for a; 5% and u(a, y) and v(a, y) are continuous in y for y<be. By 
Fubini’s theorem and the Cauchy-Riemann relation we have 


f f u,(é, n)dnd—é = f f u,(é, n)dtdn = — f f v2(&, n)dédn, 
a a; b; a; 


(x, y) in R. 
By the absolute continuity of u(x, y) in Ry we have 


f uy(§, n)dn 
b 


1 


u(é, y) — di) in R,. 


Similarly 


v(x, ) — v(a1, in some R;. 


f n)dé 


1 
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Substituting these in the extreme members of the first equation, we have 
the relation 


a) b; 


Let 
9) = f ult, — f 
a b 


1 1 


By the continuity of u in R, and the first equality, w:.(x, y) =u(x, y) in R.. By 
the continuity of v in R, and the second equality, wi,(x, y) = —v(x, y) in Ry. 
Again, 


f f u(t, n)d&dn = f f mands = f f oy(&, n)dndé, 
b; a, a) by 


and as before 


b a, 


1 


Let 


(2, 9) = f “u(x, nan + f 


1 


z y 
f + u(ai, n)dn. 
a 1 
By the continuity of u in R, and the first equality, we,(x, y) =u(x, y) in R,. By 
the continuity of v in R, and the second equality, we.(x, y)=v(x, y) in Rz. 
By a theorem due to H. Rademacher,” a function (x, y) +ip(x, y) is regu- 
lar in R when the following conditions are satisfied there: (1) ¢(x, y) and 
¥(x, y) are absolutely continuous in x and y separately for all values of x 
and y; (2) o(x, y) and v(x, y) are summable in (x, y); (3) gz, dy; Wz, and Vy, 
which necessarily exist a.e., are summable in (x, y); (4) the Cauchy-Riemann 
equations hold a.e. This result is applicable to wit+iwe. For (1) is true since 
by definition w; and w» are integrals; (4) has already been verified; (3) is true 
since the summability of u and v is a consequence of the summability of the 
partials and the continuity of u(a:, y), as the following inequality shows: 


* Mathematische Zeitschrift, vol. 4 (1919), p. 184, Theorem II. 


_ 
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+f f "| u(ar, y) | 
< f f f y)| dédydsx 


+f "| u(as, y)| dydz. 


By repeating this argument for w, and we, the partials of which are summable 
by (3), we obtain (2). Hence w;+iw» is regular in R. 

If R; and R2 are any two separated rectangles lying in a domain of G, 
the regular function to which u+7v is equal in R, is readily shown to be the 
analytic continuation of the regular function to which w+ is equal in R2; 
hence the proof is complete. 


ae | dydx 


Coro.iary. If, in addition to satisfying the conditions of Theorem 4, u(x, y) 
is continuous in x or in y, and v(x, y) is continuous in x or in y, throughout G, 
then u-+iv is regular in G. 


For, in G,+G,, u+iv is equal to a regular function. On any line parallel 
to the « axis, for example, the points of G, are everywhere dense. Hence the 
continuity of u(x, y) with respect to x implies that u(x, y) is equal everywhere 
in G to the real part of a regular function, and by a similar argument applied 
to (x, y), the proof is complete. 

A function f(x) satisfies the (N) condition in the set A if the measure of 
the image of E (Ec A) with respect to f(x) is zero when the measure of E is 
zero. A function f(x, y) will be said to satisfy the (N) condition linearly in A, 
a plane set, if for almost all xo and yo in the interval (— ©, +), f(x, y) 
and f(x, yo) satisfy the (N) condition in A. 


THEOREM 5. Theorem 4 holds when condition (a) is replaced by either of the 
following: 

(i) u, and v, exist and are finite in a G,; uy and v, exist and are finite in a Gy. 

(ii) u(x, y) and v(x, y) are continuous in x in a G,, in y in a Gy, and satisfy 
the (N) condition in a G, and a Gy. 


Proof. It is readily seen from the proof of Theorem 4, and the similarity 
of the conditions on u« and 2 in x and in y, that it will suffice to show that (i) 
and (ii) imply the absolute continuity of u with respect to x in an R, for all 
Rof G. 
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If (i) is given, from the summability in (x, y) of uz it follows that wu, is 
summable in x for almost all y. Hence for almost all y, 


= w(x, 9) nas, 
a 
by a well known theorem;* so u(x, y) is absolutely continuous in x in a G,. 

To prove that (ii) implies the absolute continuity of u(x, y) in x in R,, 
let E, denote the linear set in R with ordinate y at which u(x, y) has a finite 
nonnegative partial with respect to x, and let E be all such points in R; then 
since y) is summable on E, fz,u.(t, y)d§<+ for almost all y, 
(b, Syke), and by a theorem due to N. Baryf this is sufficient for the 
absolute continuity of u(x, y) in x in G,, assumed continuous and satisfy- 
ing the (N) condition for almost all y. 

Given f(x, y) continuous in R, denote by 71(f; x; b1, be), for any x such 
tha! a;<%* <a, the total variation of f(x, y) with respect to y from }, to be, 
and by 7:2(f; y; a1, a2), for any y such that b:< y<Jn, the total variation of 
f(x, y) with respect to x from a; to a2. When 7; and 7: are finite for almost all x 
and y, respectively, and the Lebesgue integrals /2?7,(f; x; 01, be)dx and 
SeT2(f; ¥; a1, a2)dy exist (finite), f(x, y) is said to be of bounded variation 
(in the sense of Tonelli).t 


Lemma. If the continuous function f(x, y) (a) is absolutely continuous in x 
in R, and in y in R,, or (b) has fz existing and finite in R, and f, existing and 
finite in R,, a necessary and sufficient conditiun that f(x, y) be of bounded varia- 
tion in R is that f, and f, be Lebesgue-summable there. 


Proof. To prove the necessity, assume that both f2°7,(f; x; bi, b2)dx and 
SeT2(f; 9; a1, a2)dy exist and are finite. Since by either (a) or (b) f(x, y) is 
absolutely continuous in x in some R, and in y in some R,, 


be a2 
T1(f; b1, be) -f lfuldy, To(fs ¥3 a1, a2) -f | fe| dx 
by 


for almost all x and y, respectively.§ Substituting these values for 7; and 7>, 
we get f2/7|f,|dydx and J72/%|f.|dydx finite; hence the double integrals 
exist. || 

The converse follows from the fact that the Lebesgue integral is absolutely 


* E. W. Hobson, The Theory of Functions of a Real Variable, vol. 1, 3d edition, Cambridge, 1927, 
p. 601. 

t Saks, p. 285. 

t Saks, p. 169. 

§ Hobson, p. 605. 

|| Hobson, p. 631. 
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convergent. For example, the summability of f, implies the finite existence of 


a2 a2 be 
f Ti(f; x; bi, be)dx = f f | fy | dydx. 
a 


As a consequence of this lemma and Theorem 4, it follows that if « and 9 
are of bounded variation in every R of G and absolutely continuous in x 
in G, and in y in G,, and if the Cauchy-Riemann equations are satisfied a.e. 
in G, f(z) is regular in G. Using the following definition, we can state Theorem 
immediately. 

The function f(x, y) is absolutely continuous in R if it is of bounded varia- 
tion in (x, y) and absolutely continuous in x in R, and in y in R,.* 


THEOREM 6. The function u+iv is regular in G if and only if u and v are 
absolutely continuous in every R of G and if the Cauchy-Riemann equations hold 
a.e. in G. 


THEOREM 7. Jf u and v are of bounded variation in every R of G, and if their 
partial derivates are infinite at most on an F, with respect to G, of measure zero, 
on which u and v satisfy the (N) condition linearly, and if the Cauchy-Riemann 
equations hold a.e. where the partials exist, u+-iv is regular in G. 


Proof. We first show that if « and v are of bounded variation in R, and 
u+iv is regular except possibly for a set E of measure zero, necessarily closed 
with respect to R, on which u and » satisfy the (N) condition, then u+iv is 
regular in R. By Theorem 6, it will be sufficient to show that u and v are ab- 
solutely continuous in R; we need therefore to prove that « and v are ab- 
solutely continuous in x in an R, and in y in an R,. By the symmetry of the 
conditions of « and v with respect to x and y, it will suffice to prove that u 
is absolutely continuous in x in an R,. Any line L=[y=yo] in R is composed 
of J,+£-L, where I,, (n=1, 2,--- ), is an interval free of E and like 
E-L may be null. Since u(x, yo) satisfies the (N) condition on each of these 
subsets, it clearly satisfies the condition on their sum, that is, on L. Hence, 
because u is of bounded variation and satisfies the (N) condition in an R,, 
u is absolutely continuous in x in an R,.f 

Now use Theorem 1 and the proof is complete. 

In the example given in the first section, « and v are of bounded variation, 
and their partials exist a.e. satisfying the Cauchy-Riemann equations; hence 
the assumption of the (N) condition or its equivalent must necessarily be 
made in this theorem. However there is a less general class of sets of measure 
zero for which this (N) condition obviously need not be assumed. 


* Saks, p. 169. 
t Saks, p. 227. 


> 
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Coro.ary. If u(x, y) and v(x, y) are of bounded variaton in every R of G, 
and if their partial derivates are infinite at most on an F, with respect to G such 
that the lines parallel to the axes which intersect F, in a nondenumerable number 
of points are of measure zero, and if the Cauchy-Riemann equations hold a.e. 
where the partials exist, then u+-iv is regular in G. 


Coro.iary. Let E be a non-empty subset of G such that almost every line 
parallel to an axis intersects E in at most a denumerable set. The function f(z), 
regular in G—E, is regular throughout G if and only if u and 0 are of bounded 
variation in every R of G. 


This corollary should be compared with a similar result of V. Fedoroff.* 
He requires that G—E be connected; otherwise E is any set of measure zero. 
On the other hand, his condition (D) is more restrictive than the present con- 
dition that u and v be of bounded variation. 

3. Morera’s theorem and its application to harmonic functions. Rade- 
macherf has shown that if for every R in G, u and v are summable in (x, y) 
and, as functions of x and y separately, are summable for each value of x 
and y, and if [(2)(u+iv)dz =0, then u+iv is regular in G except for removable 
discontinuities of measure zero. 

In extending this result we introduce the following definition: Let E be 
a set of measure zero in G, and let R be any rectangle in G with sides x =a, 
y=bi, y=be, (1 with (a1, b:) and (a2, b2) in G—E; the set 
of all such rectangles will be called almost all R in G. 


THEOREM 8. [f for almost all R in G the functions u and v are summable in 
(x, y) and J cx)(u+iv)dz =0, u+iv is regular in G except possibly for removable 
discontinuities of measure zero. 


Proof. Let 


z y z g 
wi(x, y) = -f f v(, n)dndé +f f 
ay b; | 
f f u(a, m)dmdn, 
by 
z y z g 
w(x, 9) fue mands + 
by a, 


y 
f f u(a, m)dmdn. 
b, by 


(1) 


(2) 


* Recueil Mathématique de la Société de Moscou, vol. 41 (1934), p. 97. 
t Rademacher, loc. cit., p. 183, Theorem I. 
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The condition yields 


(4) f — f o(é, + n)dn — f = 0. 
a, by by 


In the first term of w(x, y) replace Sv. v(é, n)dn by the function 


f bi)dé — f + v(a1, n)dy 


to which by (3) it is equal a.e. Since the value of w(x, y) has not altered and 
the new integrand is continuous in x, the latter equals the partial, w,.(x, y) 
in an R,. 

Hence by (3), 


(5) 9) = — fox, nant ace. 
a 
Replacing in the first term of wi(x, y) by 
z y 
fo, + fue, — dn 


1 


and using a similar argument, we have 


(6) 9) = — f [ular 
a by 
Applying a similar proof to w(x, y), we obtain 
(7) was, 9) = f u(x, + a.e., 
b; ay 
(8) wala, 9) = f ane. 
b; 


By (3), (5), and (8), we verify wiz=we, a.e.; and by (4), (6), and (7), 
Wy = —Wez a.e. Theorem 4 implies that w:+7w» is regular in R, therefore, and 
because u+iv is equal a.e. to the second derivative of w:+iwe, the theorem is 
proved. 

As an application of Theorem 8, consider a function f(x, y) of two real 
variables, with partials f, and f,. If we take these to be the functions u and 2, 
formally the conditions /(x)f.dx+f,dy=0 and J,r)(df/dn)ds =0 are the real 


a 
i 
1 
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and imaginary parts, respectively, of [(x)(u+iv)dz=0. Consequently, u+iv 
is regular and f(x, y), harmonic, except for removable discontinuities. A pre- 
cise statement of the conditions for this conclusion is the following: 


THEOREM 9. A necessary and sufficient condition that f(x, y) be equal in a 
G.+G, to a function harmonic in G is that for almost all R in G the following 
conditions hold: 

(i) f(x, y) is absolutely continuous in x in an R,, and in y in an Ry. 
(ii) f.(x, y) and f,(x, y) are summable in R. 

(iii) (df/dn)ds =0. 

As in the case of Theorem 4, the requirement of absolute continuity in x 
in R, and in y in R, can be replaced by conditions (i) or (ii) of Theorem 5. 

The further assumption that f(x, y) is continuous in x or in y separately 
throughout G would imply that f is harmonic everywhere in G. 

Finally, in view of the lemma, we state the analogue of Theorem 6: 


THEOREM 10. The function f(x, y) is harmonic in G if and only if for almost 
all R in G, f(x, y) is absolutely continuous in R and fz) (df/dn)ds =0. 


Theorems 9 and 10 are similar to results obtained by G. C. Evans* in 
connection with the theory of potential functions. 


*G. C. Evans, Fundamental points of potential theory, The Rice Institute Pamphlet, vol. 7 
no. 4, 1920, p. 286. 
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IRREDUCIBLE SYSTEMS OF ALGEBRAIC 
DIFFERENTIAL EQUATIONS* 


BY 
WALTER CHARLES STRODT 


INTRODUCTION 


Let 7 be a domain of rationality, and let y,, - - - , y, be a set of indetermi- 
nates. Then the set of prime ideals in the ring of polynomials ¥[¥1, - - - , yn] 
satisfies a divisor-chain condition for decreasing sequences as well as for in- 
creasing sequences. That is, a sequence of prime ideals 2, 22,--- in 
¥[v1,--+, Yn] must be of finite length not only if 2,41 properly includes 
Y; for every i, but also if 2,4; is properly included in 2; for every i.T 

However, if the domain of rationality 7 is a set of functions meromorphic 
in an open region , and if 7 is closed to differentiation (in other words, if 7 
is a field, in the terminology of algebraic differential equations{), and if 
F{v,--+, Yn} is the differential-ring consisting of all forms in 1, --- , Yn 
with coefficients in ¥, then the set of prime differential-ideals in ¥{1, ---, yn} 
satisfies a divisor-chain condition for increasing sequences,§ but does not sat- 
isfy such a condition for decreasing sequences. That is, we can have an infinite 
sequence 22,--- of prime differential-ideals such that is properly 
included in 2;. In the set-theoretic sense the sequence 2, 22, - - - converges 
to a limiting set = which is the intersection of the 2;. If A; is the manifold 
of 2;, then the sequence 2,, M2, - - - is a monotonically increasing sequence 
converging in the set-theoretic sense to a set N which is the union of the 21. 
However, while the limiting set = is a prime differential-ideal, the limiting 
set N not only is not the manifold of 2, but is not a manifold at all. We are 
concerned in this paper with the relation between N and the manifold 2 of 2. 

In the terminology of ADE, what we are considering is an infinite se- 
quence 2, 22, --- of closed irreducible systems in ,, - - - , y, such that 2;, 
the manifold of 2;, is a proper part of the manifold of Di4:, (@=1, 2,---). 

* Presented to the Society, February 26, 1938, under the title Sequences of systems of algebraic 
differential equations; received by the editors April 12, 1938. 

t Cf. Van der Waerden, Moderne Algebra, vol. 2, pp. 25, 63. The set of all ideals in #[y1, - - - , yn] 
satisfies a divisor-chain condition for increasing sequences, but not for decreasing sequences. 

t See, for example, J. F. Ritt, Differential Equations from the Algebraic Standpoint, American 
Mathematical Society Colloquium Publications, vol. 14, New York, 1932. We shall refer to this book 
by the letters ADE, and we shall use the terminology of ADE without further reference. 

§ As a consequence of Ritt’s theorem on t he completeness of infinite systems, ADE, §7. The set 


of all differential-ideals in F{y,---, yn} does not satisfy a divisor-chain condition for increasing 
sequences (by ADE, §11). 
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The set Nis the union - - - , and the manifold of the system 
consisting of all forms F such that F is in every 2;.* Not only does 2 con- 
tain solutions which do not appear in N, but there is even a sense in which we 
may say that 2 is of higher dimensionality than N. This is expressed in the 
statement that = has more arbitrary unknowns than %;, (i=1, 2,---) 
(Theorem 3). On the other hand, we shall see that 2 may be described as the 
set of all ordered sets of » analytic functions which can be approximated in 
a certain manner by solutions in N (Theorem 4). 

Approximability, as we shall define it, will not imply the familiar uniform 
approximability in a region. Indeed, for certain sequences 2, 22, - - - , every 
solution of 2 which is not in N possesses no region of analyticity in which it 
may be uniformly approximated by solutions of the 2;. On the other hand, 
there exist sequences 2, 22, --- such that every solution of = has a region 
of analyticity in which it can be approximated uniformly by solutions of 
the Di. 

As a converse to Theorem 3, we have the theorem that for every closed 
irreducible system 2 with a non-empty set of arbitrary unknowns there is a 
sequence 21, 22,--- of closed irreducible systems such that 2,4; holds 2;, 
> is the set of forms common to the 2;, and 2; has fewer arbitrary unknowns 
than 2, (¢=1, 2,---). In fact, =; may be taken to have no arbitrary un- 
knowns. 

In studying the sequences 21, 22, - -- we use several preliminary theo- 
rems which are demonstrated in Part I of this paper. These theorems are 
extensions of results obtained by Ritt. Theorem 1 deals with the possibility 
of approximating a solution of a prime algebraic system by solutions which 
do not annul a specified simple form. Theorem 2 has to do with an analogous 
question for differential equations. 

Lemmas 1 and 2 of Part II are devoted to the study of the degree of free- 
dom which one enjoys in assigning initial conditions to a solution of a prime 
algebraic system. 


Part I. APPROXIMATION THEOREMS 


1. The following theorem is due to Ritt: Let = be an indecomposable sys- 
lem of simple forms in y1,---, Vn. Let B be any simple form which does not 
hold 2. Given any solution of =, analytic in an open region ,, there is an open 
region X’, contained in %,, in which the given solution can be approximated uni- 
formly, with arbitrary closeness, by solutions of = for which B is distinct from 0 
throughout X’ 


* We shall see that = is closed and irreducible (Theorem 3, below). 
+ ADE, §64. 
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We shall use the following modification of Ritt’s result: 


THEOREM 1. Let = be an indecomposable system of simple forms in 
V1,° °°, Vn» Let B be any simple form which does not hold 2. Given any solu- 
tion of 2, analytic in an open region %,, there is an open region M in A,, such 
that X,—M is isolated in A,,* and such that for every bounded simply-connected 
open region © which lies with its boundary in M, there exists a sequence of solu- 
tions of XZ, analytic in ©, for each of which B is distinct from zero throughout ©, 
the sequence converging to the given solution in ©, uniformly in every closed sub- 
set of ©. 


Following the procedure in ADE, §64, we introduce the system 2; 
in 2%,°:~*, 2, With which are associated the simple forms R, G, D, E,;, 
(i=q+1,---,n;7=0,1,---,g—1), as in §§59-61. We denote by C;some 
simple form of 2, which is of degree m in the 2;, (j=1, 2, --- , g, g+7), and 
of degree m in the coefficient of being unity (¢=1,---, With 
>, and B are associated the simple forms C, NV, X, and Y of §64. We let 
H=XR+YN, and we may and do assume that X and Y are so chosen that H 
is divisible by DG. By &,---, &, we understand that solution of 2; which 
corresponds, under the transformation of §57, to the given solution of 2. Pro- 
ceeding from this definition of H and the £; as in §63, we introduce constants 
6g such that H, under the substitution (t=1,---, 9), 
becomes a function of x not identically zero. Then H, under the substitution 
(i=1,---, g), becomes a polynomial 


where r=1, the a; are functions of x, meromorphic in %,, and a,(x) 40. 

Let II be the set of simple forms C, NV, X, Y, R, G, D, Ei;, Ci, - + + , Cp. 
Let M be the set of points of %, at which the coefficients in II are analytic and 
at which the function a, is different from zero. Evidently %,—M is isolated 
in %,. The functions a; are analytic in M. 

Let € be a bounded simply-connected open region which lies with its 
boundary in M. Since € is at a positive distance from the boundary of M, the 
function a, is bounded away from zero in ©, and the functions a,41, - + - , @ 
are bounded in €. This implies that for every sufficiently small nonzero con- 
stant h the polynomial a,h’+ --- +a,h* vanishes nowhere in ©. Therefore 
in the considerations of ADE, §63, we may take %.=€. Moreover, we may 
take U; =, since the functions &, - - - , £, and the coefficients in Ci, -- - , Cp 
are bounded in G. 


* We shall say that a subset S of an open region § is isolated in R if S is empty, or if S isa non- 
empty set which has no limit points in ®t. 
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Let D be a region which lies with its boundary in ©. Taking A’ =D, and 
following the procedure of ADE, §63, we determine a sequence of solutions 


$1.6) ° °° #=1,2,---, 
of 2, for each of which Z is distinct from zero throughout ©, the sequence 
converging to &,---, &, uniformly in D. Moreover, the sequence is so con- 


structed that there is a positive number d’ for which the inequalities 
<a’, 


are valid in ©. Hence by Vitali’s theorem* the sequence {1,:, --- , {n,« con- 
verges to &, --- , &, in ©, uniformly in every closed subset of €. Correspond- 
ing to this sequence is a sequence of solutions of 2 for each of which B is 
distinct from zero throughout €, the sequence converging to the given solu- 
tion in ©, uniformly in every closed subset of ©. 

2. We use Theorem 1 to prove the following lemma: 


Lemma. Let = be a non-trivial closed irreducible system in y1, +--+ , Yn, and 
let B be a form which does not hold =. Given any positive integer m, and any solu- 
tion +, Fn(x) of analytic in an open region B, let Bm be the set of 
all points x» in B such that for every «>O there is a solution yi(x),- ~~ , Yn(x) 
of 2, analytic at xo, for which B is different from zero at xo, and 


| yss(x0) — <e, i=1,---,;7 =0,1,---,m.t 
Then 8 —B, is isolated in B. 
Let m, - -- , % be a set of arbitrary unknowns for 2%, let y,---, yp be 
the remaining unknowns in 2,f and let 
(1) 


be a basic set for 2 with the unknowns ordered 1, , %g; V1) * Vos 
Let 


be a solution of 2, analytic in an open region %. 

Following the procedure in ADE, §73, without change, we determine the 
prime algebraic system 2. Corresponding to (2) is a solution #, Jj, of Q, 
analytic in $. In accordance with Theorem 1 of this paper there is an open 
region I? in SB, whose complement in % is isolated in B, such that, in every 


open region which with its boundary is included in a bounded simply-con- 


* Montel, Les Familles Normales de Fonctions Analytiques, p. 30. 
t The second subscript is an index of differentiation. 
t We renumber the unknowns if necessary. 
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nected subregion € of M, the solution #x., Fj, of Q can be approximated 
uniformly by solutions of 2 for which BS, ---S, is distinct from zero 
throughout ©. In particular, if xo is a point of M, then for every «>0 there 
is a solution u;x, yj, of Q, analytic at xo, for which BS, - - - S, is different 
from zero at #» and 


| win (x0) — <€, | — <e, 


(3) 
=0,1,--+,m. 


Now the x(x), ¥;x(%o) in (3) furnish initial conditions for a normal solution 
of the set of differential forms (1). Hence for every point x in 8 and every 
e>0 there is a solution ;, vy; of 2, analytic at x9, which satisfies (3), and 
which gives BS, ---S, a nonzero value at xo. Thus M is included in %,,, 
and therefore is isolated in 

3. We use this lemma to prove the following theorem: 


THEOREM 2. Let = be a non-trivial closed irreducible system in y,,- ++ , Yn; 
and let B be a form which does not hold >. Then the open region* % contains 
a subset % whose complement in % is at most denumerably infinite, such that 
for every point xo in YB, every solution J1,---, Fn of ZX, analytic at xo, every 
positive integer m, and every positive number « there is a solution y,,--- , Yn 
of =, analytic at xo, for which B is different from zero at xo and 


(4) | Vij(Xo) | <€, i= i, 2, n;j = 0, 1, ym. 


We shall use the following notation: If 7:1, ---, 9, is a solution of 2, 
analytic in an open region %, then by $(fi, - - - , 5.3 B) we shall mean the 
set of points x) in B such that for every positive integer m and every e>0 
there is a solution y;, - - - , y, of 2, analytic at xo, for which B is different from 
zero at x» and (4) holds. Now for every choice of 7;, --- , ¥, and % the set 
BF, ---, Fn; B) has a complement in B which is at most denumerably 
infinite. For let 7, --- , ¥, be a solution of 2, analytic in S$. Then for every 
positive integer m let %,, be the set of points x» in S such that for every e>0 
there is a solution y,,---, Yn of 2, analytic at xo, for which % is different 
from zero at x» and (4) holds. It is easy to see that B(i, - - - , Jn; B) is identi- 
cal with the intersection of the B;, (¢=1, 2, - - - ). By the lemma just proved, 
S-—%,, (i=1, 2,---), is at most denumerably infinite. Consequently 
-- , Fn; B) is at most denumerably infinite. 


* We recall that 9% is the open region in which are defined the functions belonging to ¥, the 
underlying field of coefficients. 

+ This statement is an extension of a theorem of Ritt, according to which, for every solution 
Ht, In Of analytic in B, the set B(ji, , Jn; B) is dense in B. (ADE, §74, and Ritt, On ihe 
singular solutions of algebraic differential equations, Annals of Mathematics, vol. 37 (1936), note 18.) 


1939] IRREDUCIBLE DIFFERENTIAL SYSTEMS 281 


Let &:, ®2,--- be the set of those circles contained in 2% whose centers 
have rational coordinates and whose radii are rational. Let §;, (¢=1, 2,---), 
be the set of all solutions of 2 which are analytic in the closed envelope of &;. 
We consider §; to be a metric space, the distance between two solutions 
¥1,°°*,¥nand %,---,2,in§; being given by 


5:((y1, Yn), (21, Zn)) 


(S) 
= max (| y1 — 21] +| v2 — 22] +| yn — 


where the maximum is take over the closed envelope of &;. Then S; is a 
separable space.* For §; is a subset of the separable space 4; consisting of 
all ordered sets of m functions y,, - - - , y, analytic in the closed envelope of &;, 
the distance between two elements yi, ---, and %,---, Zn of c4; being 
given by (5);<4; is separable because the subset of ¢4; consisting of all ordered 
sets of 2 polynomials with rational complex numbers for coefficients is dense 
in and denumerable. 

Let G; be a denumerable dense subset of S;:, (t=1, 2,---). Let Q be 
the set-theoretic sum 

where i ranges over the positive integers, and for each 7 the solution jy, - - -, Fn 
ranges over ©;. Then © is at most denumerably infinite. We define $ as the 
complement of Q in Let x be a point of $, 71, --- , a solution of 
analytic at xo, m a positive integer, and ¢ a positive number. Then there is 
a &; containing 2» such that i, ---, 9, is analytic in the closed envelope 
of &;. There exists a solution fi, - - - , ¥, belonging to G; such that 
(6) | — < €/2, i=1,---,";j =0,1,---,m, 


since there is a sequence of solutions in G; convergent to ji, - - - , , uniformly 
in &;. Since x is in , Fn; Ki), there is a solution y;,---, y, of 
analytic at xo, for which % is different from zero at x» and 


(7) | ysi(%0) — | < €/2, i=1,---+,m;7 =0,1,---,m. 
By (6) and (7) we have (4). Since %— is at most denumerably infinite, we 
have our theorem. 
ParT II. SEQUENCES OF IRREDUCIBLE SYSTEMS 
4. We state first the following lemma: 


Lemma 1. Let = be a prime system in the unknowns uy, Vi, * Vp, 
where , Uqis a set of unconditioned unknowns for and let 


* Of course S; may be an empty or finite set. 


282 W. C. STRODT [March 
(8) A}, A» 


be a basic set for 2, with A; introducing y;:, (i=1,---, p). Let F be a simple 
form which does not hold >. Then there exists a nonzero simple form G in 
U1, * Uq which is a linear combination of the simple forms Ai, ---, Ap, F. 


Let J be the product of the initials in (8). Let K be a nonzero simple form 
in %4, + - , % such that every solution of (8) which annuls J is a solution of 
K.* Let ® be the system of simple forms A,, - - - , Ay, F, and let ® be equiva- 
lent to the prime systems II), - - - , Il; Ai, ---, A, where every II; is held 
by K and no A; is held by K. It is easy to see that each A; is held by 2+ F 
and is therefore of lower dimensionality than 2; that is, has a nonzero simple 
form G; in m, , 

Set H=G, - - - G,K. Then H is a nonzero simple form in 1, - - - , %, which 
holds &. Consequently, there is a positive integer o such that H” is a linear 
combination of the simple forms of ®. We evidently may take H” for the sim- 
ple form G whose existence is to be demonstrated. 

5. We can now prove the following lemma: 


Lemma 2. Let A be a prime system in the unknowns + , 21, * Sey 
where 11, , 0, a set of unconditioned unknowns for A, and let Ci,---,Cs 
be a basic set for A, with C; introducing z;, (i=1, -- - , 5). Let T; be the separant 
of C;, and let F be any form which does not hold A. Then there is a set N in A 
with the following properties: 

(i) A—MN is isolated in A. 

(ii) If o is any integer with 1Sos, if x9 is any point of N, and if 
a1,°**,@:30;,--+,b, is a set of complex numbers such that C;=0 and T;+0, 
(i=1,---, 0), when and (j=1,---, t; R=1,---, 0), 
then for every 5>0 there is a solution (x), --- , v(x); a(x), , of A, 
analytic at xo, satisfying the inequalities 


| — a;| <6, | <6, f=1,---, tk =1,---,0, 
and giving F a nonzero value at xo.t 


Let J; be the initial of C;, ({=1,---, s), and let k be any integer with 
1<kss—1. Now Ci, --- , C; is a basic set for a prime system A; which has 
%1,° °°, for a set of unconditioned unknowns.f{ does not hold Ax, 
since it does not hold A. By Lemma 1 there is an identity 


(9) Ge = + + + Ex, 


* Ritt, Systems of algebraic differential equations, Annals of Mathematics, (2), vol. 36 (1935), §8. 
t We shall apply this lemma only for the case ¢=1. 
t Cf. ADE, §45. 
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where G; is a nonzero simple form in 1, - - - , v;. Likewise, since T,--- 7,F 
does not hold A, there is an identity 

(10) G=FCi + + FC. + T.F, 

where G is a nonzero simple form in 7, - - - , a. Set L=,GG; - - - G,1. Then 
L is a nonzero simple form in 1, - - - , 7%. We now present the set Jt. Let N 


consist of all points in 9% at which the coefficients of the simple forms appear- 
ing in the identities (10) and (9), (k=1, - - -,s—1), are analytic, and at which 
Lhas one or several nonzero coefficients. Evidently %— Nis isolated in YX. Now 
let o be any positive integer with 1<aKs, let x be any point of Jt, assume 
5>0, and let a, - - - , a4; b:, - - - , 6, be complex numbers such that C;=0 and 
T;+0, (i=1,---,0), when 0;=4;, 3. 
Since 7, - - - T, is equal to the Jacobian (Ci, - - - , C,)/O(z, - - + , 2), there 


is a unique set of functions fi(%, 1, 01, 2), analytic 
near (xo, a1, - , such that b;=f;(x0, ai, - - - , a1), (@=1,-- + and such 
that the substitution of f;(x, v1, - - - , 2,) for z;in Ci, - - - , C, yields o functions 
of x, v1, - - - , ¥ each of which is identically zero. 


Let ® be a neighborhood of (%o, a1, , in which every f;(x, 01, - - - , 22) 
is analytic (¢=1,---,o) such that for every point (x, c1,--- ,¢:) in R the 
relations 

|c;— a;| <4, | filo, C1, , — <8, 
are valid. Let c, - - - , be chosen so that ¢:) is a point of R 
at which L is not zero. Such a point exists because L has one or several coeffi- 
cients different from zero at xo. Let d;=/;(%0, 1, - , ce), @=1,---,o). Then 
the substitution 


(11) % = Xo, V7 = Cj, 3 = di, $=1,---,o;f=1,---,6, 
annuls Cj, - - - , C, but not G,, and therefore does not annul J,,; (by (9), with 


k=c). Therefore the polynomial in 2,4; obtained from C,,; by the substitution 
(11) has at least one root d,,:. The substitution 


(12) = 0; = Cj, = di, 


annuls C,, - - - , C.4; but not G,4:, and therefore does not annul J,42 (by (9), 
with k=o+1). Hence the polynomial in z,,2 obtained from C,42 by the sub- 
stitution (12) has at least one root d,42. 

Continuing in this manner, we obtain a set of values q, ---,¢:;di1,---,d,s 
such that the substitution 


(13) Xo, = Cj, = di, $=1,---,s;j =1,---,8, 


annuls C,, --- , C, but not G, and therefore does not annul 7, - - - 7,F (by 


| 
t 
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(10)). Since 7, - - - T,=0(Ci, - - - , Cs)/O(z, - - - , 2s), there is a unique set of 
functions 01, --+,%1), °° +, &s(%,01, - - analytic near ¢1, - - - ,¢:), 
such that d;={;(%0, 1, - - ,¢:), (¢=1, - - - , s), and such that the substitution 
0), 5), transforms Cj, ---, C, into s functions 
of x, 21, , ¥, each of which is identically zero. 

Let 2;(x) =c;, 2:(x) +, G=1,---,t; #=1,---, 5). Then 
v;(x), 2:(x) is evidently a solution of A, analytic at xo, for which F is different 
from zero at Xo, and 


| — aj| <6, | — <6, fF 0. 
6. We now prove the following theorem: 
THEOREM 3. Let 
(14) 21, 22,°°° 


be a sequence of closed irreducible systems in the unknowns 1, - - - , Yn Such that 
the manifold of =; is a proper part of the manifold of Di41, (t=1, 2,---). Let 
be the set of all forms F such that F is in every system X;, (i=1,2,---). Then = 
is a closed irreducible system having more arbitrary unknowns than Xi, 
(¢=1, 2, 

> is obviously closed. > is irreducible because if GH holds 2, then either G 
holds an infinite set of the ;, hence all the 2;, or H does; so either G is in = 
or H is. 

Now let >; be any system in (14). Evidently, if there is a set of unknowns 
in which 2; has no nonzero form, then = has no nonzero form in the unknowns 
of that set. Hence > has at least as many arbitrary unknowns as 2;. Now sup- 
pose that there is an m such that 2,, has the same number of arbitrary un- 
knowns as =. Then there is a set of unknowns 9j,, yi,, - - - , Vig Which is a set 
of arbitrary unknowns for 2, and which is also a set of arbitrary unknowns 
for 2m. Now 2;, (j2m), has no nonzero form in y;,,-- - , yi, because 2» has 
no such form. But 2; has not more than g arbitrary unknowns, because 2 
has g arbitrary unknowns. Hence yj,, - - - , yi, is a set of arbitrary unknowns 
for every Dj, (72m). Taking y;,, - - - , yi, as a set of arbitrary unknowns for = 
and for each =;, (72m), we introduce a resolvent for = and for each 2; (ad- 
joining x to 7 if necessary) and we let p, p; be the orders of the resolvents of 
respectively (j= m). By a theorem of E. Gourin,f since = has the same 


* For a closed irreducible system A, the number of unknowns in a set of arbitrary unknowns for A 
is independent of the manner in which the set is chosen (ADE, §30). This number we call the number 
of arbitrary unknowns in A. 

Tt E. Gourin, On irreducible systems of algebraic differential equations, Bulletin of the American 
Mathematical Society, vol. 39 (1933), pp. 593-595. 
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set of arbitrary unknowns as each of the 2;, we have pm<pmii<--- <p, 
which is clearly impossible. 

Coro.tary. > has a non-empty set of arbitrary unknowns. 

7. We now make the following definition: 

DEFINITION. Let n be any positive integer. Let f(x), - - - ,fn(x) be an ordered 
set of n functions analytic in an open region B. Let N be a set each of whose ele- 
ments is an ordered set of n functions which have a region of analyticity in com- 
mon. Then if m is a positive integer, we shall say that a point xo of B is a point 
of mth order contact between the set f,(x),--- ,fn(x) and the set of sets N if for 
every €>O there is a set y;(x), -- - , Yn(x) in N, analytic at xo, such that 


| — fis(%o) | < €,* =0,1,---,m. 


If xo is a point of mth order contact between f,(x), --- , f.(~) and N for 
every m, then we shall say simply that x is a point of contact between 
fi(x), ,fn(x) and N. 

8. We can now state the following theorem: 

THEOREM 4. Let 21, 22, --- , and = be as in the hypothesis of Theorem 3. 
Let M; be the manifold of ;, (t=1, 2,---), and let N be the set-theoretic sum 


MitMe+ ---. Tf filx),---,fn(x) is an ordered set of n functions analytic in 
an open region &, then a necessary and sufficient condition for fi(x), -- - , fn(x) 
to be a solution of = is that B contain a point of contact between f,, - - - ,f,and N. 


Sufficiency proof. Let 
(15) fi(*), +++ , falx) 


be an ordered set of m functions analytic in an open region $ which contains 
a point x9 of contact between (15) and N. We shall prove that (15) is a solu- 
tion of =. 

If H is a form in = whose coefficients are analytic at xo, then H, considered 
as a function of x and the letters appearing in H, is continuous when ~ is 
near Xp. 


Let m be a positive integer greater than the order of Hin y;, (i=1,---,m). 
Assume e>0. Let 
(16) yi(x), Ya(x) 
be a solution in N, analytic at xo, such that 


(17) | — <e, t=1,--+,";7 =0, 


* The second subscript is an index of differentiation. 


b 
y 
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When we substitute (15) and (16) in H, we obtain functions h(x) and k(x), 
respectively, which are analytic near x9. Evidently k(x) =0, since (16) is in N 
and is therefore a solution of 2. In particular k(x») =0. Now e« is arbitrarily 
small; consequently, the relations (17) and the continuity of H imply that 
| k(”o) —A(xo)| is arbitrarily small. Thus |4(x)| is arbitrarily small, so that 
h(x») =0. Now h’(xo) may be obtained by substituting (15) in H’ and putting 
x =2».* Hence, by the preceding argument, h’ (x) =0. Continuing in this man- 
ner we prove that every derivative of h(x) vanishes at x. This means 
h(x) =0. Hence (15) is a solution of H, where H is any form of 2 whose 
coefficients are analytic at xo. But if G is any form of 2, the product of G 
by a suitable nonzero function ¥(x) in 7 is a form H of = with coefficients 
analytic at 2%9.T 

Since (15) annuls H, it annuls G. This proves that (15) is a solution of 2.f 

Necessity proof. The necessity of the condition is implied by Theorem 6, 
below. 

9. The next theorem is as follows: 


THEOREM 5. Let the notations 2;, M;, and Z have the same significance as 
in the hypothesis of Theorem 4. Then there exists a function b=b(m), defined on 
the positive integers, and assuming positive integral values, such that for every 
solution yi(x),--- , ¥n(x) of 2, analytic in an open region B, and every positive 
integer m, the set of points of mth order contact between y;("),---, Yn(x) and 
WW is set whose complement in is isolated in B. 

Let mm, --- , %, be a set of arbitrary unknowns for 2. If = is non-trivial, 
we introduce a resolvent for = with a new unknown w satisfying w—Q=0.§ 
If = is trivial (that is, if 2 has no nonzero forms) we introduce a new un- 
known w satisfying w=—Q=0, where 0=0. 

In either case let 2 be the set of forms holding =+(w—Q), and let Q; be 
the set of forms holding 2;+(w—Q), (¢=1, 2,---). Then Q;4; holds Q;, Q is 
closed and irreducible,|| and © is the set of all forms F such that F is in every 
system Q;, (i=1, 2,---). 


Let 1, - - , Yp be the unknowns in @ other than - - - , Let the 
unknowns be ordered - - , V1, Vp, and let 
(18) R, » Ay 


* Superscripts indicate differentiation. 

t For if G has a coefficient ¢(x) with a pole at xo, then the reciprocal of ¢(x) will have a zero at xo, 
and a suitable power of that reciporal will serve asy(x). 

t This proof is similar to a proof given by Ritt for a different theorem, ADE, §72. 

§ ADE, §§25-29. 

|| Q is also closed and irreducible. 

{| We renumber the unknowns if necessary. 
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be a corresponding basic set for 2. Then A; is of zero order in y; and is linear 
in yo, (¢=1,---, p).* 

Let hk be the order of R in w. We assert that if a is any positive integer, 
then there is an integer b depending upon a such that the system Q, has no 
nonzero form in the letters 


(19) Uap, Wy, =0,1,---,4—1. 


For let us assume that this assertion is false. Then there is an a such that 
every Q; has a nonzero form in the letters (19). From each Q; let a nonzero 
form F; in the letters (19) be selected which is of minimum rank. With- 
out loss of generality we may assume that F; is algebraically irreducible 
(t=1, 2, ---). Since Q must have solutions, each F;, (¢>2), involves un- 
knowns. 

Since the totality of letters involved in the F; is a finite set, there is an 
infinite subset of the F; such that if F, and F; are two forms in the subset, 
then F; and F, have the same order in u., (a=1, - - - , g), and the same order 
in w. We assert that the quotient of any two forms in this subset is a (nonzero) 
function in 7. For if F, and F,, (k </), are relatively prime, then the resultant 
G of F; and F;, with respect to the highest letter in F;, and F;, is a nonzero 
form free of that letter. Then Q, has the form G in the letters (19).t But G 
is lower than F;. This contradiction with the minimal property of F; proves 
that there is an infinite set of the F;, each of which is the product of a fixed F;, 
by a nonzero function in 7. Then this F; is in all the Q;, and therefore in Q, 
although it is lower than R. This contradiction proves that for every a there 
is a b such that , has no nonzero form in the letters (19). 

Now let S, S; be the separant of R, A;, (t=1,---, p), respectively, and 
define K,=SS, - - - S,. Discarding a finite set of the Q; if necessary, we as- 
sume that K, holds no Q,, since K, is not in Q. 

Let g be a positive integer greater than the maximum order of each form 
of (18) in each unknown. 

Let m be any positive integer, to be fixed throughout the remainder of 
this proof. Let a=m-+-g, and let b=b(m) be the smallest positive integer such 
that Q, has no nonzero form in the letters (19). 

We take any set of arbitrary unknowns for , order the remaining un- 
knowns in any fashion, and let 


(20) Bi, Ba, B, 
be a corresponding basic set for Q. 


* Since either R is a resolvent for =, or = is trivial. In the latter case (18) is simply the form R. 
T Since G is a linear combination of F; and F;, each of which is in Q,. 


i 


288 W. C. STRODT [March 


Let 7,7:,0; be the orders of the highest derivatives of w,i,u;,(¢=1, ---, p; 
j=1,---+,q), respectively, appearing in (20).* Let Kz be the product of the 
separants in (20). Let A be the set of all simple forms that vanish for all solu- 
tions of the system 


(21) Bij, t=1,---,7;7 =0,1,---,4,f 


for which K.#0, where the forms (21) are to be considered as simple forms in 
the unknowns 


Uij, Wk, Vus, 


(22) 
kR=0,1,---,a+7; 


It is easy to see that A is prime, that every simple form which holds A, 
when considered as a form in the unknowns - - , V1, , Vp, and 
their derivatives, will hold 2, and that every form of Q, in the letters (22), 
when considered as a simple form in those letters, will hold A.f 

Since every form in A is in Q, there is no nonzero form in A in the letters 
(19). Renaming the letter (22), let 


(23) V1,° 
be a set of unconditioned unknowns for A, and let 
(24) Z1,*** 


be the other unknowns in A. We may and do choose (23), (24) so that (23) 
includes (19) and also so that 2:=w,, the latter being possible because R is 
in A. 

With the unknowns ordered 1, - , 21, , let 


(25) Ci, Ce, 


be a basic set for A. Then R can be taken for C;. For if F were a simple form 
of A in the unknowns 2, - - - , 2%; wa, of lower degree than R in w,, then the 
resultant of R and F with respect to w, would be a nonzero simple form of A 
in the letters (23),§ although (23) is a set of unconditioned unknowns. We 
shall assume that C,;=R. 


* If w, yi, or u; does not appear in (20), then r, 7;, or o;, respectively, is to be taken as zero. 

+ The second subscript is an index of differentiation. 

t If F holds A, then K2F vanishes for every solution of 2, since such a solution either annuls 
RK; or yields a solution of (21) for which K2+0; hence F holds 9, since K2 does not. Conversely, if 
F holds ,, then F vanishes for every solution of (21) for which K2+0, since such a solution provides, 
at every point where the coefficients in (20) are analytic and K: 0, initial conditions for a normal 
solution of (20). If FG holds A, then it holds 9»; so either F holds 2, hence A, or G does. Thus A is 
indecomposable. A is obviously simply closed. 

§ R is algebraically irreducible as a polynomial in wa, in the field F(u, - - + , x). Cf. ADE,§§65, 45. 


; 
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We note that Ke does not hold A. 

Taking Ke for the form F in the hypothesis of Lemma 2, we let 9 be the 
corresponding point set in % with the properties (i), (ii) of the lemma. 

Let 2, be the set of points in M at which the coefficients of the forms in 
(18) and (20) are analytic. Evidently &%—M,, is isolated in Y%. 

Let x be a point of N,,, and let 


be a normal solution of (18), analytic at x) and giving K; a nonzero value 
at xo. We shall prove that x» is a point of mth order contact between (26) 
and the manifold of 2,. Assume 


Ri = + Vi, Ai = + 


(27) ; 
k= 1,2,---,m;6 = 1,2,---,9;f = 


Then V;, is of order less than 4+ in w, and T;; is of order less than 7 in 4;. 
Evidently the equations 


(28) R; = 0, Ai; = 0, k=1,2,---,m;it=1,---,p;7 =0,1,---,m, 


define wa+x, Vij recursively as functions of x, w,, and the letters (19), con- 
tinuous near (Xo, tas(%o), @y(%o), (a=1,---, g; B=0, 1,---, a; 
y=0, 

Assume Then there is a 6>0 such that if @;(x),---, &(x); d(x); 
ji(x), -- Jp(x) isa solution of 2, with 


(29) | fias(%0) — tos(x0)| <6, | — &y(x0)| <5, | — |< 6, 
then 
| — <€, | — <e, 
(30) | — Fix(%0)| <¢, 
j= 1,---,qg;t=1,---,p;k =0,1,---,m., 

This results from the fact that every solution of 2, and therefore also every 
solution of 2,, must satisfy the equations (28). 

Now each 2;, (7=1, - - - , é), corresponds to one of the letters (22); let a; be 


the value at xo assigned to that letter by (26). Let b: =a (x). 
Then (C1=R), vanishes under the substitution «=2o, 2;=a;, 


j=1,---,¢#), and S does not; thus, since x» is in N, there is a solution 2;(x 
7 ? 


* R, is the kth derivative of R, and A;; is the jth derivative of Ay. 
+ Henceforth, whenever a, 8, y appear as subscripts, we shall understand that their ranges are 
the ones given here. 
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2i(x),(é=1, ---,8;7=1, -- -,4), of A, analyticat xo, for which | —a;| <6, 
| —b:| <6, (7=1, - - - ,é), and for which K¢ is different from zero at 2p. 
Evidently this solution of A provides initial conditions at x for a normal 
solution #,-+-+-, 9p, of (20) which satisfies (29). The inequalities (30) are 
valid for this solution of 2,. Therefore x» is a point of mth order contact be- 
tween (26) and the manifold of Q. 
Now let 
(31) u(x), U(x); yi(x), Yp(x) 
be a solution of 2, analytic in an open region %. Corresponding to (31) is a 
solution 


(32) u(x), , Ua(x); w(x); ya(x),- , 
of Q, analytic in S. According to the lemma of §2 there is a set 8, whose 
complement in % is isolated in 8, such that every point x» in %,, is a point 
of mth order contact between (32) and the set of those solutions of 2 which 
give K, a nonzero value at x. Let Rn=Bm- Mm. Then for every e>0 and 
every point x» in ®,, there is a solution 
of Q, analytic at xo, for-which 
| jx(x0) — <€, | — we(x0)| <e, 

(34) | — yie(ao)| < ¢, 

i= 1,---, = 0,1,--+-,m, 


and for which K,0 at xo; and then there is a solution 
(35) ti;(x), @(x); ji(x), F n(x) 
of Q for which (30) holds. By (30) and (34) we have in particular 


| jx(a0) — | < | — | < 2¢, 


(36) 
=0,1,---,m. 


Consequently every point of §,, is a point of mth order contact between (31) 
and 2,. Since 8@—NR,, is evidently isolated in-S, we have our theorem. 
10. As a consequence of Theorem 5 we have the following theorem: 


THEOREM 6. Let the notations 2 ;, Mi, 2, N have the same significance as in 
Theorem 4. Then the open region % contains a subset B whose complement in A 
is at most denumerably infinite, such that if xo is a point in 8, and 9;,-- +, Fn 
is a solution of analytic at xo, then x» is a point of contact between 
and N. 
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We prove Theorem 6 by using Theorem 5 in the same manner in which 
the lemma of §2 was used in proving Theorem 2. We simply replace the con- 
cept of a solution of = for which B is different from zero at xo, by that of a 
solution in N. 

11. Extending this result in a special case, we assert that when 7 consists 
purely of constants, then for every solution y;(x), - -- , yn(x) of 2, analytic 
in an open region %, every point of % is a point of contact between 
yi(x), ‘Yn (x) and N. 

For every point x, in 8, every positive integer m, every e>0, and every 
5>0, there is a solution 7,(x), ---, §n(x) in N, analytic at a point x in %, 
with | 1 <4, and with 


| | < €, 4 = = 0, 1, m. 
We assume that 6 is sufficiently small so that 
| — | i=1,---,;7 =0,1,---,m. 


Then | 9:;(%0) <2e, and this may be written |:2;;(x1) —yi;(x)| <2e, 
where 


= + — i=1,---,;j7 =0,1,---,m. 
But 2:(x), - - - , n(x) isin N, since F consists purely of constants. Therefore x; 
is a point of contact between (x), - -- , yn(x) and N. 
Part III. EXAMPLEs 
12. We give an example of a sequence 2, 22,--- and a solution 
yi(x),-- +, ¥n(x) of Z, analytic in an open region %, such that the set of those 
points in $ which are not points of contact between 4:(x),---, yn(x) and 


N is dense in $. From §11 we know that in such an example there must be 
functions in 7 which are not constants. 
Let F consist of all rational functions of «. Let 


(37) @1, 
be a sequence of points dense in the complex plane. Let 2, 22,--- be the 
closed systems in one unknown y such that the manifold of 2,, (n=1,2,---), 
is the family of functions 
C1 C2 

(38) a, (x — — ae) 

Cn 


where the c; are arbitrary constants. 
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Then it is easy to see that the manifold of =, is identical with the mani- 
fold of a linear differential equation in y, with coefficients in 7. This equation 
affords a basic set for 2,; therefore =, is irreducible.* Obviously the manifold 
of =, is a proper part of the manifold of 2,41. 

Now > must have a non-empty set of arbitrary unknowns, as we have 
seen, so that y is a set of arbitrary unknowns for 2. In other words, there is 
no nonzero form in 2; so every analytic function is a solution of =. Let N be 
the union of the manifolds of the 2,; that is, let N be the union of the families 
of functions (38), (n=1, 2, - - - ). Let f(x) be a function which is analytic in 
an open region % and which is not in N. Then the set of those points of the 
sequence (37) that lie in S is dense in $. No point in (37) is a point of contact 
between f(x) and N, since for every positive integer / the only functions in N 
which are analytic at the point a; are the functions which are in the family 
(38) when n=/—1. Hence the complement in 9 of the set of points of contact 
between f(x) and N is dense in B. 

We note that there is no open subregion %, of $ in which f(x) may be ap- 
proximated uniformly, with arbitrary closeness, by a solution in N. For if 
such an open region %, exists, then every point of ¥; is a point of contact 
between f(x) and N. 

13. The phenomenon exemplified in the preceding section is in marked 
contrast with that appearing in the following example: 

Let >, be the closed irreducible system in the unknown y with a basic 
set 

> is trivial as in the preceding example. Here, however, if f(x) is any func- 
tion, analytic in an open region %, then every point of S$ has a neighborhood 
in which f(x) may be uniformly approximated by solutions of the 2;. In short, 
every polynomial is a solution of some system 2j. 

14. In the example of §12, for certain solutions of = there existed no re- 
gion in which uniform approximation by solutions of the 2; was possible. 
Each solution of = having this property had the additional property that 
every subregion of its domain of analyticity contained a point which was not 
a point of contact between the given solution and the union of the manifolds 
of the 2;. This second property of course implies the first. We shall prove that 
the converse is not true. That is, we shall exhibit a sequence 21, 22,--- and 
a solution of the corresponding system 2, such that every point in the domain 
of analyticity of the given solution is a point of contact between the solution 
and the union of the manifolds of the 2;, while on the other hand, there is 


* Cf. ADE, §§65, 45. 
+ The existence of such a >; follows frora two theorems of Ritt, ADE, §§65, 45. 
t Subscripts indicate differentiation. 
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no open region in which the solution can be uniformly approximated by solu- 
tions of the 2;. 
Let 


(39) G2, ° 


be a sequence of complex constants. In terms of the sequence (39) we define a 
sequence of operators 


(40) 91, 02, 


as follows: 
(41) O:g(x) = g(x)(g’(x) + aig(x)),0:A = A(A’+a;A), i= 1,2,---, 


for every analytic function g(x) and every form A. Set $,=0;0:-1 - - - 0261, 
(k=1,2,---). Let 


(42) 21, 22, 


be the sequence of closed systems such that the manifold of 2,, (n=1,2,---), 
is the family of all functions y(x) which satisfy the equation 


d 
dx 


Set A, =¢xy, set and let be the separant of (k=1,2,---). 
Evidently the manifold of B;,; includes the manifold of B;, so that i+; holds 
Di, (@=1, 2, - - - ). Since S;S;41 does not hold B;, the general solution of B41 
includes the general solution of B;. 

We shall prove that =, is irreducible. This is equivalent to proving that 
the manifold of B, is identical with the general solution of B,. It suffices to 
prove that the manifold of S, is in the general solution of B,. This last is easy 
to see when »=1. We assume that it is true when »=r. Then the manifold 
of B, is identical with the general solution of B,. Now S,,:=A,5,. Hence 
every solution of S,,: is in the general solution of B,, and consequently in the 
general solution of B,4:. 

Thus 2,, (w=1, 2,---), is irreducible. As in §12, the system > is the 
trivial system of which every analytic function is a solution. 

Let be the manifold of (t=1,2,---), andlet 

Let y(x) be an analytic function such that for some k the function ¢;y(x) 
is not identically zero, and has a zero at a point 2%. Then y(x) is not in N. 
For suppose y(x) is in N. There exists an m such that y(x) satisfies (43). We 
may and do assume that n>k. Let x» be a zero of order o for dxy(x). Then it 
is easy to see that 2% is a zero of order 2"-*(o—1)+1 for ¢, (x). But this is 


(43) ey | 
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impossible, since ¢,y(x) is a constant, by equation (43). Hence y(x) is not 
in N. 

Let f(x) be a polynomial of positive degree. Then for every choice of a 
sequence (39) the function ¢:f(x) is a polynomial of positive degree 
(k=1, 2,---). Let 91, Me,--- be a sequence of open sets such that for 
every open region % there is a k such that 9%; is included in B. We shall choose 
a sequence (39) in such a way that for every & the function ¢;f(x) has a zero 
in 

We take a point in ®; such that f(b:) #0, and define a; = —f’(b:)/f(d:). 
Then ¢:f(x) has the zero 6; in When ay, a2, , have been chosen 
so that ¢.f(x) has a zero in Rx, (k=1, 2,---, m—1), we take a point 5, 
in ®, at which ¢,-:f(x) is not zero, and, letting g(x) =¢,-sf(x), we define 
an = —g’(b,)/g(b,). Then f(x) has the zero 6, in R,. Proceeding in this man- 
ner we determine a sequence of points 


(44) bi, be, 


dense in the complex plane, and a choice of the sequence (39), such that the 
point 5, is a zero of di f(x), (k=1, 2, - - - ). We now retain this choice of (39). 

Now suppose that there exists an open region %; in which f(x) can be ap- 
proximated uniformly by solutions of the 2;. Let y:(x), ye(x),--- be a se- 
quence of functions in N, converging to f(x) uniformly in %,. Then for each k 
the sequence $xJi(x), -- - converges to uniformly in Let k 
be such that ¢,f(x) has a zero in %,.* Then there is an m such that $:Vm(x) 
is not identically zero and has a zero in $;. We have seen that this implies 
that y,,(x) is not in N. This contradiction implies that there is no open region 
in which f(x) can be approximated uniformly by solutions of the 2;. On the 
other hand, every point of the complex plane is a point of contact between 
f(x) and N, since F is a field of constants. 

Another such example can be constructed as follows: Let 6 be the operator 
such that 


Og(x) = g(x)[2(g’(x))* — + 


for every analytic function g(x). Let 21, Z2,--- be the sequence of closed 
systems such that the manifold of 2,, (w=1, 2,---), is the family of all 
functions y(x) which satisfy the equation 


d 
(45) rs (6"y(x)) = 0. 
x 


Arguments similar to those used in the preceding example show that 2; is 


* We are using here the fact that the sequence (44) is dense in the complex plane. 
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irreducible and is held by 2441, (¢=1, 2, - - - ), and also show that if y(x) isa 
function such that 6*y(x) has a simple zero for some k, then (x) is not in N. 

Let w, w2 be any two complex numbers whose ratio is not real, and let 
a(x) be the corresponding o-function of Weierstrass.* Using a functional 
equation of o(x),7 we find that 


= (2k x) , k =1,2,--- 


Every circle which is of diameter greater than |«,| +|w2| contains a sim- 
ple zero of o(x), so that every circle which is of diameter greater than 
(|«:| +| ce] )/2* contains a simple zero of 6*o(x). 

Thus if o(x) can be approximated uniformly in an open region by solutions 
of the 2;, there is a & such that for some function y(x) in N the function 0*y(x) 
has a simple zero at some point in that open region. This contradiction proves 
that there is no open region in which o(x) can be approximated uniformly by 
solutions of the 2;. 

15. Let 21, 22,--- be a sequence of closed irreducible systems in 
Vi, °**, Yn such that the manifold of 2; is a proper part of the manifold 
of Diss, (¢=1, 2,---). Let Z be the set of all forms F such that F holds 
every 2. Discarding a finite set of the 2; if necessary, we assume that there 
is a fixed set of unknowns i, - - - , Yq which is a set of arbitrary unknowns for 
every Of course g<m. Let Ai, Ai,oi2, * Ai,n be a Corresponding 
basic set for 2;, with A;; introducing y;, and let y,;; be the order of A;; in yj, 
(j=q+1, ---,m;i=1, 2, ---). Let r be the number of arbitrary unknowns 
in =. Then g<r<m. If is not trivial, that is, if r<m, let Arye, 
be a basic set for 2, with A, introducing y,,§ and let 7; be the order of A, 
in yx, (k=r+1, -- - , 2). We consider the question of whether the values of r, 
and (when y; exist) of the ~,, are determined uniquely by n, q, and the ¥;;. 
We know that the answer is affirmative when »—q=1, since in this case 
n—r=0 and & is trivial. We shall indicate by examples in §§15, 16 that the 
answer is negative when n—q=2. 

Let o be any nonnegative integer, and let Z,, (n=1, 2, -- - ), be the closed 
irreducible system in u, y with a basic set A,, B, where 

n—1 


An = Un, B,=y— >> ivu;.|| 


i=1 
Since the order of A, in u becomes infinite with n, = cannot have a non- 


* Hurwitz and Courant, Funktionentheorie, p. 179. 
Ibid., p. 184. 

t We renumber the unknowns, if necessary. 

§ We renumber the unknowns again, if necessary. 
|| For the existence of such a =, cf. ADE, §§65, 45. 
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zero form in u alone. We shall prove that = has a nonzero form in u and y, 
so that u is a set of arbitrary unknowns for =. Moreover, we shall prove that 
the nonzero forms in = of lowest order in y are of order o +1 in y. Set 
n—j—1 
i=1 

Evidently C,; is a form in >, since it is a linear combination of derivatives 
of A, and B,,. Set 


o+1 


Dn = (— 1)4 


j=0 


It is easy to see that 


o+1 o+2 
D, = (- = (k — 
i=0 ke 
Since D, is independent of , D, is in 2; for every 7. Therefore = contains 
the nonzero form D,, which is of order o+1 in y. Let m be any positive integer 
greater than o—1, and let do, ai, - - - , dm; Do, bi, - - - , b, be any set of complex 
numbers. Let »=m-+o+2. We shall prove that 2, has a solution u(x), y(x) 
such that «,(0) =a;, y,(0) =b,, («=0, 1,---, m; k=0,1,---, 0). 
It is easily seen that such a solution exists if the system of linear equations 


m—k n—1 

i=1 a=m+1 

has a solution in (a=m+1,---,n—1). 


The system (46) will have a solution if the determinant d(m, ¢) is not zero, 
where the element of d(m, a) in the ith row and jth column is (m+1+j-—1i)", 
(i, 7=1,---,o+1). By repeated subtraction of adjacent columns, and then 
of adjacent rows, in d(m, it can be shown that d(m, #0. 

Hence & has a solution u(x), y(x) such that 


u(O) = ye(0) = bx, 


where m is any positive integer and the a; and b, are arbitrary. This obviously 
implies that = has no nonzero form whose order in y is less than ¢+1. Evi- 
dently if « is taken as a set of arbitrary unknowns for 2, then ¢+1 isthe 
order in y of a basic set for >. 


* Note that ¢4:C; is a binomial coefficient, not a form. 
This reduces quickly to proving the identity which holds for all 
complex k, since the left-hand member is the oth derivative at the origin of e**(1—e7*)7*1. 
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16. Let 2,, (1=1, 2, - - - ), be the closed irreducible system in u, y with a 
basic set A,, B, where A,=u,, B,=y—).,,i!u;. We shall prove that for 


every positive integer m and every set of complex numbers do, a1, - - - , @m; 
bo, bi1,---, bm the system Yemy2 has a solution u, y in which u;(0) =a;, 
yi(0) =b;, (i, 7=0, 1, --- , m). It suffices to prove that the system of linear 
equations 
m—k 2m+1 
(47) be = t (a2 — k=0,1,---,m, 
i=1 a=m+1 
has a solution in u., (a=m+1, ---, 2m+1). Such a solution exists because 


the determinant d,, of the coefficients is not zero, where the element of d,, in 
the ith row and jth column is (m+1+j—7)!, (i, 7=1, --- , m+1). The value 


of d» is easily seen to be - m!)?(m+1)!. 

Consequently, for every set of complex numbers do, @1,:--, Qm; 
bo, b:1,---, bm, has a solution u(x), y(x) with u,(0)=a;, 
(i, 7=0, 1,---, m). This means that ~ has no nonzero form. That is, = is 
the trivial system having u, y as a set of arbitrary unknowns. 

17. Let = be any closed irreducible system in m,-- V1, °° 5 Voy 
where ™, - - - , %, (g21), isa set of arbitrary unknowns. Let s be any integer 
with 0<s <q. We assert that there is a sequence 
(48) 21, 22,°°° 


of closed irreducible systems such that 2; has s arbitrary unknowns, such that 
the manifold of 2, is a proper part of the manifold of 2.41, (i=1,2,---), and 
such that is the totality of forms common to the (i=1, 2, - - - ). 

For example, we may construct a sequence (48) as follows: 

Let A;, Ao,---, Ap be a basic set for 2, with A; introducing y;. Let 


m be a positive integer greater than the order of A; in u;, (¢@=1,---, 3 
j=1,--+,q-—s). Then for every positive integer m the ascending set 
(49) U1,m+ny U2,mtn) * » Ug—s,mtn, A1,°** 


is the basic set of a closed irreducible system. This is a simple consequence 
of Ritt’s theorems characterizing the basic set of a closed irreducible system.* 
Let 2, be the closed irreducible system having (49) for a basic set 
(n=1, 2,---). It is easy to see that with this definition of 2, the sequence 
(48) has the desired properties. 


* ADE, §§65, 45. 


UNIVERSITY, 
New York, N. Y. 


ON THE COEFFICIENTS OF CERTAIN MODULAR 
FORMS BELONGING TO SUBGROUPS OF 
THE MODULAR GROUP* 


BY 
HERBERT S. ZUCKERMANT 


1. Introducton. The Fourier coefficients of modular forms F(r) of posi- 
tive dimension have been determinedt for the case in which F(r) belongs to 
the full modular group. It is the purpose of this paper to generalize some of 
those results to the case where F(r) belongs to an arbitrary subgroup of the 
modular group subject to certain restrictions. 

By F(r) belonging to a subgroup y we mean that F(r) is analytic in the 
upper half-plane J(r) >0 and that F(r) satisfies a transformation equation 


(1.11) F(r') = i(er + d))~'F(r) 
for every transformation 
b 
(1.12) = 
cr+d 


of y. In (1.11) 7, which we shall assume throughout to be positive, is the di- 
mension of F(r) and e= (a, b, c, d) is of absolute value one and depends only 
on the transformation (1.12). If c#0 we take c>0, assign 


us 
(1.13) == < arg (— i(cr + d)) <> 


and define (—i(cr+d))- as |cr+d|- exp { —ir arg (—i(er+d))}. 

In the case of the full modular group, a Fourier expansion for F(r) was 
found by considering a parabolic transformation which had infinity as fixed 
point. In the case of a subgroup y we must consider a set of parabolic trans- 
formations such that no two of the fixed points of the transformations are 
equivalent under . For these fixed points we take parabolic vertices of a 
fundamental region of y. The expansions corresponding to the point at in- 
finity are simpler than those corresponding to finite points. However, in gen- 
eral, the fundamental region will have more than one parabolic point; so 


* Presented to the Society, February 26, 1938; received by the editors February 17, 1938. 

t National Research Fellow. 

t H. Rademacher and H. S. Zuckerman, On the Fourier coefficients of certain modular forms of 
positive dimension, Annals of Mathematics, (2), vol. 39 (1938), pp. 433-462. 
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some finite points will have to be considered. In order to be able to treat all 
the expansions symmetrically, we choose a fundamental region which does 
not have the point at infinity as a vertex. We then show, in §3, that F(r) has 
a set of expansions of the form 

(9) 


F(r) = (— i(r — x = (— i(r — 


« = exp {— 2mi/c,(r — P,)}, g=1,2,---,5, 


corresponding to the parabolic points P,. 

In order that s in (1.2) be finite we assume that ¥ is of finite index in the 
full modular group. This is the only restriction that we place on y. We make 
use of the fact that the subgroup is defined by its fundamental region and 
hence do not need any arithmetical characterization of it. That is, the exist- 
ence in y of all the transformations which we use is an immediate conse- 
quence of the form of the fundamental region. 

To the conditions that r is positive and that F(r7) is analytic for I(r) >0 
we add the restriction that F(r) shall have only polar singularities, measured 
in the uniformizing variable x of (1.2), at the points P,. That is, we assume 
that only a finite number of a,, with negative m are different from zero. In 
§§5 and 6 we find expressions for the an for m>0 in terms of the a, for 
m <0. 

The expansions (1.2) which we obtain are Fourier expansions in the vari- 
able (r—P,)-. These expansions can be transformed into usual Fourier ex- 
pansions in the variable 7. We consider any transformation of the full modu- 
lar group 


A B 
(1.31) 
Cr+D 
and write 
(1.32) F(r’) = e*(— i(Cr + D))~*F*(r) 


where F*(7) depends on the choice of the transformation (1.31) as well as on r. 
In §3 we find an expression, (3.23), for F*(r) in terms of the f,(x) which is, 
in fact, a usual Fourier expansion in 7 since, by definition, we have 

(9) m 


= am 


In particular, we can obtain a usual Fourier expansion for F(r) itself by choos- 
ing the identity transformation for (1.31). 


7 
{ 
m 
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In §7 we specialize the results of §§5 and 6 to the case of a particular sub- 
group, evaluating all the constants which depend only on the choice of +. 
In §8 we consider the function #2(0 |r)-! which belongs to the subgroup of §7. 
From the F*(r) of (1.32) we then get expansions for #2(0 |r)-!, 33(0 |r)-, and 
3,(0|r)-!. This particular function is considered because it was partially 
treated by Hardy and Ramanujan.{ They considered only the expansion 
of 3,(0|r)—! and obtained results which compare with ours in the same way 
as their results for the partition function compare with those obtained by 
Rademacher. 

2. The fundamental region. We choose a fundamental region R of y which 
we shall keep fixed throughout the discussion. Although we could use any 
fundamental region, we find it convenient, for symmetry, to choose one that 
does not have the point at infinity as a vertex. This choice is clearly possible 
since the subgroup y is of finite index. Such a region R can be obtained from 
a fundamental region R’ of y, which has the point at infinity as a vertex, by 
subjecting R’ to a transformation of y which takes the point at infinity into 
a finite point and which does not take any of the finite vertices of R’ into in- 
finity. 

Under y every real rational point transforms into a real rational point or 
infinity. Since every real rational point is equivalent to a point of R, we see 
that each is equivalent to a real rational point of R. Also every real point of R 
is a parabolic vertex; so we see that every real rational point is equivalent 
under y to a parabolic vertex of R. 

Some of the parabolic vertices of R may be equivalent under y thus form- 
ing cycles of more than one vertex. We pick out a representative vertex from 
each cycle and name the vertices Pi, P2,---, P,. Since the P, are real 
rational points, we can write 


p 
(2.1) (Po, 90.) = 1, g = 1,2,--- 58. 


Vo 
3. The functions f,(x). Corresponding to each parabolic vertex P, there is 
a transformation of y which may be written 
1 1 


3.11 = 
tr —-P, r-P, 


+ > 0. 


Putting this transformation in our standard form, we have 


1 Asymptotic formulae in combinatorial analysis, Proceedings of the London Mathematical So- 
ciety, (2), vol. 17 (1918), pp. 75-115; also S. Ramanujan, Collected Papers, pp. 276-309. 

t On the partition function p(n), Proceedings of the London Mathematical Society, (2), vol. 43 
(1937), pp. 241-254. 
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"(Jol + )t — Scop? 
+ OMG? — 


where 6 = +97 , Cop? , 97 Co, — Code) = (G2, However this is a mod- 
ular transformation; so its determinant is unity. Hence we have 


Qo — = 6, 6=+q/; 
so g? divides c, and we may write the transformation in our standard form as 


(coP, + 1)7 — cP? 
= 
cort+i-—c,P, 


Then, by (1.11), we have 
F(r’) = i(cgr + 1 — cgP,))'F(r), 
or, writing T =(r—P,)-!, T’ 


(i(T + ¢g))-” ( 1 ) 


F(— + P,). 
(iT)-" TT 


+ P.) = 


Defining a, by =e" (0<a, <1), we have 


1 
exp { (T ch (ier + + P.) 


1 
= exp { r\ (i7)'F + P.) 
Se T 


and therefore obtain a Fourier expansion 


2ria, 1 2rimT 
exp { r\ cry + P.) => exp {- 


Cy Cy 


or, going back to the variable r, 


dria, 1 i (9) 2rim 1 
F(r) = exp {- > ( dm {- 
Cg T—H£y m te 


= x%(— i(r — P,))" x” 


with x=exp | —2mi/(c,(r—P,))}. We place the restriction on F(r) that only 
’ a finite number yu, of terms have negative exponents and write 


{ 

m 

i 

$ 
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(— — P,))ra% ay x” = (— ifr — P,))rxf,(x), 


{ 
exp g=1,4,°°°, 5S. 
cy(r — 


F(r) 
(3.12) 


The functions f,(x) are regular inside the unit circle except, when yu, >0, for 
poles of order u, at x =0. The functions 


(9) -1 


are the principal parts of the f,(x) at x =0. We understand P,(x) to be zero 
if wu, =0. 

In the following sections we shall determine the a,” in terms of the con- 
stants of (1.11) and (3.13). The functions F*(r) of (1.32) are then found as 
follows. We consider the point A/C where A and C are the coefficients of + 
in (1.31). If C40 we take C >0 and the point is a real rational point. If C =0 
the point is the point at infinity. In either case A/C is congruent to some 
parabolic vertex P; of R, where / is determined by A/C and hence by the 
transformation. Therefore we can find a transformation 


ayr + 
d, 


of y which takes P, into the point A/C. That is 


(3.21) = 


+ bigg A 
CiPy + 
hence 
(3.22) + bigg = KA, + digg = KC. 


Solving these equations for p, and g,, we have 
Po = K(Ad, * Aq); 


then, since (~,, g,)=1, we have x= +1. Using these equations and the fact 
that the determinant of (3.21) is unity, we find 
+ — 6D 
Ar+B + aD — 4B 
+ — bD 
(22 1 1 ) +d 
+ a,D — 


? 


then, by (1.11), we obtain the relation 


t 
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A B a,B — 
F( ) = bi, C1, (- ) + is)) 
Cr+D + — 4B 


Now applying (3.12) to the function on the right and simplifying, we obtain 


Ar+B wir 
F (= + D = bi, C1; d;) exp exp ne 


2 
a” exp m(a,D — ex = mr 


i(Cr + D))~"q-* exp 


wir 
= by, di) exp exp a,(a,D — 


2rig? 


Cg 


2rig? 
(cxp — exp { — rt), 
te Se 


therefore we have 


2rig? 
F*(r) = qc” exp 
c 


g 


2ri 2rig? 
Cg Cg 


(3.23) 


ir 
(3.24) e* = bi, C1, di) exp exp a,(a,D — 


Co 

4. The transformation equation. In order to make use of the transforma- 
tion equation (1.11) in the next section we shall need it in a special form. 
We consider all rational real nonnegative numbers h/k, (kh, k)=1, k>0, 
h=0. Then by (3.12) we have, with r =P, —k/(c,(iz+h)), 


(4.11) 


k 
— th) c(iz + h) 
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Now P, —k/c,h is a real rational point and hence is congruent under vy to some 
parabolic vertex Ps of R where B =8(h, k, g). Then there is a transformation 


of 7, 
ar+b 


where a, b, c, and d are determined, although not uniquely, by 4, k, and g, 
which takes P, —k/c,h into Ps, that is, 


k k 
do Vo Cah 
We have seen that g? divides c,, so we have 


a(= — + = 
(4.13) 
Cg (9) 
(= poh + = 
qo 
From these equations and the fact that / and & are relatively prime, it follows 
that o, divides ¢,, which implies 


( 
(4.14) 


Using this transformation we have by (1.11) 


+ h) + h) 


k 
o( 


k 
4.15 P,; +d 
( 
o(cP, + d)iz + 
= € — 
cy(iz + h) 


ke giz 
Pat (o) ), 
Th,k9a(Co(CP, + d)iz + on,498) 


where ¢”) =e(a, b, c, d), the € of (1.11) associated with the transformation 
determined by (4.12). We now apply the Fourier expansion (3.12) to the 
function on the right in (4.15), combine it with (4.11), and obtain after some 
simplification 


1939] MODULAR FORMS AND THE MODULAR GROUP 305 


= (enn) exp {(1 


(9) 
on, + da 
(4.2) -exp {- 


CB 


— ap (es - — 
| | gs k\° Calg 


(9) 
2 


B Co 


where if and if o(<0. The factor involving 6,2 


arises because we have combined three factors into the single factor 


low? 
In order to simplify the notation we write (4.2) as 


+ #)}) 


(4.31) (9) 
1 
z 
where 
ir 
4.32 
( ) on,nga(cP + d)ag 
‘exp — —|[|a,h+ 
k 
2a 
(4.34) onrga(cPy + d). 
cp 


We note that |9\% | =1 and that Gi? is real. ; 
5. A convergent series for a,. In the following we shall let >>,”, desig- 
nate a sum over all # and k such that O<h<k<N and (fh, k) =1. 
We let N be a positive integer and have by Cauchy’s theorem 
(9) 1 f 


=— dx 


i 

q 
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where we take the integral over the circle |x |=e-?*" ~ in the positive direc- 
tion. We make the usual Farey dissection, of order N, of the circle and set 

« = exp {— + 2ni(h/k) + 2rig} 
on the arc corresponding to /k. We then have 
fo(exp { — 2nN-? + 2wi(h/k) + 


a" 


exp — 2nN-2n + 2wi(nh/k) + 2ning} 


N h 
= exp {2rN-*n} >> exp {- 2rin 
h,k 


f (= + exp { — 2wing} de 


where 6’ and 6’’, which depend on / and k, determine the end points of the 
Farey arcs. Equation (4.31) now yields the result 


a, = exp { 2nN-2n} exp {- 2rin f Vv 
ad 


6’ 


» 
(cx 2a ex {— 2ming} do 
kesc,  k(N-* — ig) 


(9) 


— 
(5.1) 


with 6 =8(h, k, g). 
Now fs(x) is dominated by its principal part P,(x) near x =0; so we put 


(8) m 
Dg(x) = fa(x) — Pa(x) = 2, om 
m=0 
and split (5.1) into two parts 
(5.21) an” = + R'(n), 
where 
N h 
(n) = exp{2rN-*n} >> exp {- -\ 
h,k 
= (9) 
(5.22) W,,4(k(N-? — 


P ( 1 \) { \d 
ex e —_ 
B p h,kt N= xp dd 


and where R® (n) is given by 


| = 
| 
| 
] 
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N h 6” 
hk 


(9) 
-Ds (cxp {oii : \) 


kcgcg k(N-? — io) 


(5.23) 


exp {- 2ning} do. 


We can now make an estimate of R(m). From the theory of Farey frac- 
tions we have 


1 1 1 1 
(5.3) — <a" < —; 


hence for —0’<@<06” we have 


1 
R(k(N-2 — = kN-?, 


) k 
— id) 2 
| — ig) | < 
Using these results we find, by (4.33), 
(9) 
(9) 1 | 
W,,4(k(N-? — id))D, Girt — 
h RC ip)) »(exp { h kt k(N-2 — ig) 


Calg 


| {2 


(9) 
of | exp 


exp 


m=0 CBC g 
Cg” 

< —* 2°/2N-" exp {2ma,N-?} >> | exp {- 
qs" m=0 Calg 


< exp {2xa,N-*} 


where we have used (4.14) and the fact that the series for Dg(x) converges 
for |x |<1. Combining this result with (5.23), we have 


| (n) | < exp {2rN-*n} exp {2ra,N-"} 
N 
> dp = exp {2x(n + a,)N-*}. 


h,kv 


The determination of a” now rests entirely on the evaluation of 0 (m). 


To accomplish this we set w= N-*—i@ in (5.22) and have, by (3.13), the 
relation 


(5.4) 


| 
| 
: 
é 
{ 
| 
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h 
(n) = exp {2eN-2n} >> exp {- -\ 
hak 


(9) (8) 

vel 


N7*4 10" 


(9) 
21 v 
(5.51) exp {- + ai exp { — 2xnN-*} dw 
g 
(9).) ,(9) 
= > exp {- = exp {— 
hyk 
where 
(9) 
1 2 20,2 
(5.52) (n) = — (kw) exp + dw 
gw 


and where the inner sum is to be taken as zero if ug=0. By (4.33) we may 
write (5.52) as 


Cc 


(9) 
| Thk | qs 
(5.53) 
+i x)? qs" 
w" exp 4 2r(ay + — ay) 
gw 


We restrict our considerations to those a for which a,+n>0. That is, we 
leave undetermined all ’ for which a, =0 but determine all other a. This 
restriction is necessary in order that a certain integral shall converge. We 
cut the w-plane from 0 to — © along the negative real axis and considera 
path of integration encircling the cut in the positive sense and connecting the 
points 

— 0, id”, N-*— it”, i’, —6, — 


by straight lines where we take 0<¢< N-*. Then we can write 


N~*—i0"" —et+id’ 


1 
t —e+10’ 


(5.61) 


= — Ji: —J2—Js —Js — Jo, 
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say. All these integrals have the same integrand 


(9) 
2 
gw 
The integral J, is to be taken on the border below the cut, J; above the cut. 
In the integral J. we have w= —e+iv, O2v> —6’’, and 
R(w) = R(1/w) = — + v?) < 0, | w| < 
and therefore 
(5.62) | Jo| < < 
Similarly we have 
(5.63) | Js| 
In the integral J; we have w=u—i0’’, —N-*< —ex<u<N-*, and 
R(w) = us R(1/w) S 4k?, | w| < 
and therefore, using (4.14), 


| Js| (N-? + exp + n)N-? + 


(5.64) 


< exp + n)N-2 4 


< Kk-*N- exp {2x(a, + 
and similarly 
(5.65) | exp {2x(a, + n)N-}. 
Finally we have 
JI: + Jeg = w|"exp {— wir} 


(a) 
2 


gw 

1 

(5.66) +—f | w |" exp {wir} 
(9) 
— a 

gw 


— a) a 
yt 


2 sin xr f trexp { 


. 

iy 

a 
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where our restriction a,-+ >0 ensures the convergence of the integrals. Com- 
bining (5.61), (5.62), (5.63), (5.64), (5.65), (5.66), and letting e-0, we have 


(9) Cg ) Co 
8 


(9) 
2 
-sin t” exp {- + n)t — 8) at 
ot 


+ (ar) exp { + 


Introducing this into (5.51) and using (4.14), we obtain 


N h) #8 
=> exp {- = exp { — vGnri} 
h,k 


| | gs 


+ exp {2r(a, + )N-*} | 


with 
(9) 
1 fo 2 
(5.72) =— fw" exp + aw 
gw 
and 
(9) 
2 
(S.73) Mi‘, = 2sin exp | —2n(a + n)t — 96 (v ag) 
ot 


Now since >>” ,k-!< NV, we have, by (5.71), (5.21), and (5.4), 


a,” = 50! exp {- 2rin a’ 
+ O(N-* exp {2x(a, + ”)N-*}). 
If we keep m fixed and let N tend to infinity, the error term tends to zero, 
since r >0. Hence the series thus obtained converges and we have 


h 
(9) r g 

=> EXP {- 2rin k (=) 

hk k | | 98 


(9) 


(5.8) 
a exp { — + k (n)}. 


z 
z 

i 
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6. Evaluation of the integrals. We now express L{’},,(n) and MY, (n) in 
terms of Bessel functions. In (5.72) the change of variable u=22(a,+n)w 
yields 


(9) 1 
= 
i(24(a, + 
— 5) (a +”) 
f exp 4u+ du; 
gu 
hence we have, by a well known formula,* 
(9) (r+1)/2 
(v — ag) 


Lie, (n) = 


(= ont | — + 


(6.1) 


where J,,(z) is the Bessel function of the first kind with purely imaginary 
argument. 
In (5.73) we set »=22(a,+m)t and have 


(9) 2 sin mr 
Mi,,x,»(”) 
+ 
(o) 
f { — (ay + 2) 
v’ exp dy 
0 gv 
(6.2) (r+1)/2 , 
4| Qe (v — a) sin mr 


once | — + 


| 


where K,,(z) is the Bessel function of the third kind with purely imaginary 
argument.t Now adding (6.1) and (6.2) and simplifying ty means of the 
formulat 


sin rvK,(z) + I,(z) = I_,(z), 
we find the relation 


* G. N. Watson, Theory of Bessel Functions, Cambridge, 1922, p. 181, (1). 
t Watson, loc. cit., p. 183, (15). 
¢ Watson, loc. cit., p. 78, (6). 


| 

A 
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| 

| ons qa(v — as) 


2 


onal ga((v — ag)(ag + 


Using this result in (5.8) we have the following theorem: 


THEOREM 1. Let F(r) be a modular form of positive dimension r belonging 
to the subgroup y, and let its expansions (3.11) have only a finite number of terms 
with negative exponent. Then the coefficients a, of (3.12) for which a,+n>0 are 
given by 


(P-1)/2 


h 
(ay + k 
| ( = 
(8) | | — ap 
(9) 1/2 
ont | — + ) 
k(cgcg)'!? 


where B =B(h, k, g) is defined in §4; cg and c, are determined by (3.11); as and a, 
by (3.12); Oi is defined in (4.32); and G2 in (4.34). The F*(r) of (1.32) are 
then given by (3.23). 

7. Application to a particular subgroup. Many of the constants in (6.3) 
depend merely on the subgroup y and are otherwise independent of the choice 
of F(r). For this reason we can simplify the expression if we choose some par- 
ticular subgroup y. As an example we consider the subgroup consisting of all 
transformations 
ar+b 
For the region R we may take that part of the plane which is above the two 
circles |r—1/4|=1/4 and |r—3/4|=1/4 and which is within the circle 
|r —1/2|=1/2. Then R has the three parabolic points 0, 1/2, and 1, but 
0 and 1 are congruent under y; so we have s=2 and take P,=0, P,=1/2. 
Then we have 


(7.1) = a=d=1, c=0 (mod 2). 


pi = 0,7 a= 1, = 1, = 2. 


Corresponding to the transformations (3.11) we have the two transformations 
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T 3r — 1 
2r+1 4r—1 
which may be written in the form 
1 1 42 1 1 as 


313 


so we have c,=2 and c.=4. The expansions (3.12) can now be written as 


(1) m 
, 


m=—p 


(7.21) F(r) = (— ir) x” 


r 


(7.22) F(r) = (— i(r — 1/2)) x 


(2) m 
Lian 


= exp {— 


Tt 


In order to determine 8(h, k, g) we find transformations (7.1) which trans- 
form P,—k/c,h into Ps. We define h’, h’’, h’’’, and hiv as any solutions of 


(7.31) kh’ =1 (mod 2h), > 0, 

(7.32) kh’ = — 1 (mod >0, 

(7.33) (k — (mod 4h), h'’ > 0, 
k 

(7.34) G “ nie =1 (mod 2h), hiv > 0, 


and may take for a, b, c, 


and d the values given in the following tables. 


for k = 1 (mod 2); 
for k = 0 (mod 2); 
for k = 1 (mod 2); 


for k = 0 (mod 4); 


g k a b c 
hW'k—1 
1 = 1 (mod 2) h! 2h' + 2h 
2h 
k 
1 = 0 (mod 2) h = 2h" 
(k — 2h)h'” —1 
2 = 1 (mod 2) hi” 2h'" + 4h 
4h 
k 
2 = 0 (mod 4) hiv 2hiv + 2h 
2h | 
k— 2h | 
2 = 2 (mod 4) h 4h” 


T 
| 
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d B | on | One Gi,k 
2 1 (—~—+1)s 
kh 
2h 2kh 


k | 
(> i) hiv —1 
: 2 2 1 (= + 1) 
2 kh 


kh” +1 + 4 


The values of oj%, were found by means of (4.13) and of from (4.34). 


The series (6.3) can be shown to be absolutely convergent; so we may re- 
arrange the terms. Doing this and making use of (4.32) and the tables, we get 


q) q) (1) 


1 


vel k= 0(mod2) 
k>0 
(: (= — ai)(n + 
(7.41) 1 
(2) (1) 
+ — A,,,(n 
where 
k 1+ 
Ay (n) = h,—> 2h”, ) exp { wir} 
OSh<k 2 h 
(7.42) 


if k = 0 (mod 2), 


—— 
= | 
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h'k —1 -1 

Atn) = > 2h! + 2h, + 
OSh<k 2 h 
(h,k)=1 


{ h + ( +3) 


if k = 1 (mod 2), 


(7.43) 


if g=1 for all m such that a,+n>0. Similarly, if g=2 and a,.+n>0, we have 


(2) (r+3)/2 (1) @) — ay\(rtD/2 
a = 2 — A,,,(n) 


vel k=2(mod4) n+ ae 
k>0 
8 — n + 1/2 Me 1 
m((v — an)( @2)) ) +480 
vas k=0(mod4) 
(7.44) 
(- (= — ar)(n + 
+ r+1 k 
He 1 
k=1(mod2) 
k>0 
r+1 k ’ 
where 
k— 2h kh" +1 
= De @ » 4h”, 21") exp { rir} 
OSh<k 4 h 
(7 45) (h,k)=1 
if k = 2 (mod 4), 
k/2—h)hiv—1 k/2—h)hiv—1 
= De | +2h, | -1) 
OSh<k 2h h 2 


“exp {-= th +1 )ri—2rin 


if k=0 (mod 4), 


a 
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(2) 


Ax,»(n) 
k—2h)h'"—1 k—2h)h'"—1 
OSh<k 
(h,k)=l 
(7.47) 
“exp {-= ash+ ( +1) xi—2rin 


if k=1 (mod 2). 


Equation (7.44) can be given a more symmetric form by changing the 
indices of summation. In the first sum we set k =2/ in the second k=/, and 
in the third k =1/2. Then we find 


1 
v=l l= 1(mod2) 
i>0 
n+ ae 
(2) 1 
+2r>ia, —Ai,(n) 
vei 0(mod4) l 
I>0 
(: (=< — a2)(n + 
re r+1 l 
(3) 
+2r>oa, 
vol 1=2(modé¢) 
(7.48) 
(- — a2)(n + wr) 
+ r+1 l 
1 
= 2 T a_y — Ay,,(n) 
1(mod2) 
I>0 
= — a)(n + 
j21/2 
Ps (2) 1 
—Ar,(n) 
1= 0(mod2) 
I>0 


n+ ae 


| 
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where 
(7.49) I’ = 21if 1 = 1 (mod 2), l’ = lif 1 = 0 (mod 4), I’ = 1/2 if 1 = 2 (mod 4). 
We now find the functions F*(r) of (1.32). If C is odd and D even, we take 


+ Br+=A 
+DrFcC 


for the transformation (3.21) where we take the upper or lower signs to make 
+ D20. This transformation takes P:=0 into A/C and it belongs to y. From 
(3.22) we find x= #1 and from (3.23) and (3.24) we have 


e* = e(+ B, $A, + D, F 
Similarly if C and D are both odd, we use the transformation 
+ (B+A)r FA 
FC’ 


+(D+C)20, 


and obtain 


F*(r) = = eriagt > (— 1) 
(7.52) 
e* = e(+ (B+ A), $A, + (D+ O), F Chet 
Finally if C is even, we use the transformation 


+(4+2B)r F(A+B 
+ (C + 2D)r (C+D) 


which takes P;=1/2 into A/C and find 


F¥*(r) = = =. (— 1) ime 
(7.53) 


e* = (A + 2B), (A+B), + C+ 2D), F (CHD) 


Making use of (1.32) we summarize the results of this section in the fol- 
lowing theorem: 


THEOREM 2. If F(r) is a modular form of positive dimension belonging to 
the subgroup (7.1) and if its expansions (7.21) and (7.22) have only a finite 
number of terms with negative exponent, then the values of a® for a,+n>0, 
(g=1, 2), are determined as functions of a with n <0 by (7.41) and (7.48). 
Also we have 


318 H. S. ZUCKERMAN [March 


Ar+B 
(7.6) = i(Cr + D))~'F*(r) 


for any modular transformation r’ =(Ar+B)/(Cr+D) where &* and F*(r) are 
given by (7.51) for C odd, D even; by (7.52) for C odd, D odd; and by (7.53) 
for C even. 
8. An example. As a particular example we consider the function 

(8.11) F(r) = (@2(0| 
which belongs to the subgroup discussed in §7. From the theory of the theta- 
functions we take only the following results:f 
| ar +b 

ctr+d 


) = (+ or + d)"!92(0| 7) 


if a and d are odd and c is even where we take the upper or lower sign to 
make +d>0 and where 


8.13 + 5d — 
(8.13) - exp + sa 
(8.14) -) = (— ir)'/8,(0| 7); 
T 

(8.15) —) = (— i(r + 7); 
(8.16) 32(0| 7) = 4 
(8.17) 3,(0| r) =1—2er® +. 


From (8.11), (8.12), and (8.13) we see that F(r) satisfies a transformation 
equation of the type (1.11) with r=1/2 and 


+c 
(8.21) = ¢(a, b, c,d) -(< exp {- 5d -S+ +d>0, 


for all transformations of the subgroup. By (8.16) we have 

(8.22) F(r) = (2etit/4 4 Qe%rir/4 4... = — 2 4...) 
and by (8.14) and (8.17) we have 

(8.23) F(— 1/r) = (— + 

On the other hand, (7.6) and (7.53) with A=D=1, B=C =0 yield 


T See, for example, J. Tannery and J. Molk, Fonctions Elliptique, vol. 2, 1896, p. 262. 
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F(r) = e(1, 1, 2, 2-1/2 ir) 
8.24 
( ) = (- 1) 


and (7.6) and (7.51) with A=D=0, B= —1, C=1 give 


(8.25) F(— 1/r) = (— ir) > er ime, 


m=—11 


Comparing (8.22) with (8.24) and (8.23) with (8.25), we find 
(8.26) a= 0, ag = 7/8, Ma = 0, be = 1, = = 1. 


Using these values we find that equations (7.41) and (7.43) now reduce to 


(1) 1 1 an! 
(8.31) a, ze — Aia(n) Tan ( n2=1, 
k= 1(mod2) k 
k>0 
where 


h'k —1 -1 


(8.32) 
{ k = 1 (mod 2) 
+1)—2rin —$, k= 1(m 
8 kh k , 


with h’ defined by (7.31) and the e¢ of (8.21). Similarly (7.48), (7.46), and 
(7.47) reduce to 


(2) -7/4 —wi/8 1 1 
(n + 7/8)3/4 
(8.33) 
+ 7/8)'/? 
), 
121/2 
where /’ is given by (7.49) and 
Axa(n) 
k/2—h)hiv—1 k/2—h)hiv—1 Nhe 
= >» » 2hiv+2h, +—-h) 
OSh<k 2h h 2 


(8.34) 


h i h 
“exp {-= +1) —2nin if k=0 (mod 4), 


4 k 8 kh 


= 
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k—2h)h'""—1 k—2h)h'"—1 
=> «(a ) » 2h'’+4h, 2i-+k) 
OSh<k 4h 2h 
{ h +1) an if (mod 2) 
“ex —2rin f k=1 (m > 
4k 8\ 2kh 


with h’”’ and hiv defined by (7.33) and (7.34) and the e of (8.21). 

The Bessel functions which occur in (8.31) and (8.33) are of order half 
an odd integer and hence may be expressed in terms of elementary functions. 
Doing this we find that these equations may be written in the form 


sinh — n!/2 
1/2 (1) 


a 1 
(8.36) a, = > k an 


k=1(mod2) 
k>0 
and 
(2(n + 7/8))*/? 
(2) —ri/8- 1/2, (2) 
8.37 a, =—e Aya(n) — 
I>0 


The expansion of F((Ar+B)/(Cr+D)), for r’=(Ar+B)/(Cr+D) any 
modular transformation, can now be obtained from (7.6). However we shall 
consider only three particular cases from which we shall get expansions for 
83(0| and 8,(0|7)-!. Two of these are to be found from (8.24) 
and (8.25). We insert the values (8.26) and have 


(8.41) F(r) = (— 1) "ap? ime 
m=—1 
and 
(8.42) F(- 1/r) = (= ir)? >> 
m=0 


The third expansion is obtained from (7.6) and (7.52) by taking A =0, 
B=-—1, C=D=1, and the values (8.26). We then find 


(8.43) r(—) = (— i(t + yey (— 1) oxime, 


t 
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A comparison of (8.11) with (8.41), (8.15) with (8.43), and (8.14) with (8.42) 
then yields the desired expansions 


(8.51) 32(0| = (— 1) ma, (2) 
m=—1 
(8.52) 33(0| = » (- 1)"a,,)) evimr 
m=0 
(8.53) 3,(0| = = 
m=0 
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THE TYPE OF CERTAIN BOREL SETS IN SEVERAL 
BANACH SPACES{ 


BY 
C. RAYMOND ADAMS AND JAMES A. CLARKSON 


1. Introduction. Several writers have lately interested themselves in Borel 
sets in abstract spaces; especially in linear Borel sets in Banach spaces. In 
particular Mazur and Sternbachf have shown that a linear§ F,; need not be 
an F,. To prove this they resorted to a somewhat elaborate construction of 
sets having the desired properties instead of selecting a familiar subset of a 
space already much studied; and whether their examples are G;,’s was not 
then determined. Shortly thereafter, however, Banach and Mazur|| gave two 
theorems concerning the Borel character of the convergence set (necessarily 
linear) of a sequence of linear operations, by aid of which they established 
that in every infinitely many-dimensional Banach space] there exists a linear 
Fs which is not a G;,; and these theorems serve to fix completely the classifi- 
cation of some of the earlier examples. 

Still more recently Oxtobytf has examined, in the Lebesgue spacesff 
L,({0, 1]), (621), the set C of points corresponding to continuous func- 
tions and the set R corresponding to (properly) Riemann integrable functions. 
He showed that each of these sets is an F,; of first category; but he left un- 
answered, for example, the question of whether they are F,’s. 

Following Oxtoby we consider here several familiar subsets of well known 
function spaces, and complete the determination of their Borel type. The sets 


+ Presented to the Society, September 6, 1938; received by the editors April 21, 1938. 

t Mazur and Sternbach, Uber die Borelschen Typen von linearen Mengen, Studia Mathematica, 
vol. 4 (1933), pp. 48-53. 

§ Following Hausdorff we shall call a closed [open] set an F [a G]; the sum [product] of count- 
ably many closed [open] sets an F, [a Gs]; the product [sum] of countably many F,’s [G;’s] an Fes 
[a Gse]; and so on. E is a set of order a (20) in the F-classification [G-classification] if it isan F [a G] 
with a subscripts. Since every F [G] is a Gs [an Fe], any set of order a is ambiguous of order a+1; 
that is, of order a+1 in both classifications. A set of order a in both classifications, but of order a—1 
in neither, may be called properly ambiguous of order a. 

By definition, a set £ contained in a space S is of first category in S if it is the sum of countably 
many sets each non-dense in S; otherwise it is of second category in S. 

|| Banach and Mazur, Eine Bemerkung iiber die Konvergenzmengen von Folgen linearer Opera- 
tionen, Studia Mathematica, vol. 4 (1933), pp. 90-94. 

{| In a finitely many-dimensional Banach space a linear set is always closed. 

Tt Oxtoby, The category and Borel class of certain subsets of Lp, Bulletin of the American Mathe- 
matical Society, vol. 43 (1937), pp. 245-248. 
tt The notation [a, b] will always designate the closed interval a<t<b. 
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C and RcL, will be shown to be unambiguous of order 2; the same will be 
proved for the set R* ¢ L, corresponding to functions each of which is prop- 
erly or improperly Riemann integrablet over [0, 1], and for the set AC of 
absolutely continuous functions in the space C of continuous functions. The 
chief technical tool employed is Lemma 1, a characterization of G; sets in 
any metric space (complete or not) which seems easy to apply in many par- 
ticular instances. One of the above mentioned theorems of Banach and Mazur 
can also be used. Because of the lack of established technique for dealing with 
questions of the sort considered here we feel that quite as much interest 
(if not more) may attach to our methods as to our results. Therefore we offer 
no apology for developing our argument in such form that some of the results 
are proved more than once; the course of reasoning we shall follow seems the 
more clearly to illustrate the methods employed and the more accurately to 
indicate their range and ease of application. 

It may be of interest that in Z, the set CBV corresponding to continuous 
functions of bounded variation is properly ambiguous of order 2. 

We conclude this paper with a few remarks concerning other similar ques- 
tions, including an illustrative application of our methods to a non-Banach 
space. 

2. Preliminary theorems. Oxtoby has communicated to us the following 
theorem, of which he was in possession at the time his paper cited above was 
written; the simple proof given here, however, he obtained somewhat later. 


THEOREM 1 (Oxtoby). R* is an F,s of first category in each space Ly, (p=1). 


Proof. If x, x’ are arbitrary points of L, and x(é), x’(#) any functions repre- 
sentative of these points, we havet | (#)| <|x(¢)—x’(d)| for all ¢ in 
[0, 1] and all N>0; hence Ty(x) =xy is a continuous transformation of L, 
into a part of itself. Setting Rv =7y71(R), we may write R* =] y_,Rw. Each 
Ry, being the antecedent of an F,, under Ty, is itself§ an F,5; whence R* is 
an F,;. That R* is of first category follows at once|| since it is a proper linear 
Borel subset of L,. 


THEOREM 2. AC is an F,, of first category in the space C. 


+ We shall regard a function x(¢) e L; unbounded on [0, 1] as improperly Riemann integrable if 
and only if for each N>0 the truncated function xy(¢) defined as —N, x(t), or N according as 
x(t)<—N, —NS2x(t)<N, or N<x(t) is R-integrable and exists. With this definition, 
R* is the set of points in Ly corresponding to functions which are Lebesgue integrable and continuous 
almost everywhere. 

t Here xy(¢) stands for the truncated function x(¢) as defined in footnote f of this issue. 

§ See, for example, Kuratowski, Topologie I, Warsaw, 1933, p. 179. 

|| See Banach, Théorie des Opérations Linéaires, Warsaw, 1932, p. 36, Theorem 1. 
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Proof. Let Emn, (m, n=1, 2, 3,-- +), represent the set of all continuous 
functions «(¢) such that for any set of nonoverlapping subintervals t, <i <t#/ of 
[0, 1] with —t,) <1/m the condition x(¢/ ) —x(t,)| <1/n is satisfied. 
For any fixed set of such subintervals, the condition imposed defines a closed 
set of points x e C, and the product of any number of closed sets is closed; 
hence each Emp is closed. But we clearly have AC =][,...>-°_,Emn- That AC 
is of first category follows from Banach’s theorem (loc. cit.). 

3. Concerning the F, property. In this section we shall show that the sets 
mentioned in §1 are not F,’s in the spaces in question. We give first the fol- 
lowing proof that the set C is not an F, in Ly. 

It suffices to exhibit a set S¢C such that under every decomposition 
S=)),..,S, at least one subset S, has a limit point in L,—C. Let CS designate 
the class of continuous singular functions,t DBVN the class of discontinuous 
functions of bounded variation having no external saltus.{ According to re- 
cent results of Adams and Morse,§ if we introduce in the space BV of func- 
tions of bounded variation the metric]| 


1 
9) -f | — ae + | TH(2) — THC) |, 


CS is a set of second category in CS+DBVN. Since DBVN is dense in the 
sum set, CS is not an F, therein; that is to say, under every decomposition 
CS=>_." ,H, at least one set H, has a limit point in DBVN. Now convergence 
in the metric of BV implies convergence in the metric of Zi, as well as uniform 
boundedness of the sequence of functions involved. Hence it follows that if 
S is the set of points in L, corresponding to continuous singular functions 
and S=).,,S, is any decomposition whatever, at least one subset S, will 
have (in the metric of L, for all p=1) a limit point in the set of points of L, 
corresponding to DBVN. But a discontinuous function of bounded variation 
having no external saltus is not equivalent (in the metric of L,) to a continu- 
ous function; consequently the subset S, in question has a limit point in 
L,-C. 

It may be observed that this reasoning shows that any set E such that 
CScEcCcL, is no F, in L,. Moreover a precisely similar argument, in 


t A singular function is a function of bounded variation whose derivative vanishes almost every- 
where; see, for example, Saks, Théorie de l’Intégrale, Warsaw, 1933, pp. 11 ff. 

t A function x(¢) of bounded variation is said to have no external saltus if for every 4, (0S4S1), 
we have lim inf;.:,x(¢) Sx(4) Slim sup;..,+(¢). 

§ Adams and Morse, On the space (BV), these Transactions, vol. 42 (1937), pp. 194-205; see 
especially the concluding paragraph of §3. 

|| Throughout this paper the distance between two points x, y in a metric space will be denoted 
by (x, y). Here To'(z) stands for the total variation of 2(¢) on the interval OS#<1. 
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which the space BV is metrized with the distance functionTt 
1 

0 


and CS is replaced by AC, can be employed to establish that any set E such 
that ACC ECC no F,in Ly. 

This type of proof, however, seems to be inapplicable to the other ques- 
tions with which we are concerned. A method of attack with a much wider 
range of applicability is provided by the following lemma, which character- 
izes, by a property of the set itself, any G; in a metric space. 


Lemnat 1. Let E be a subset of a metric space S. A necessary and sufficient 
condition that E be a G; in S is the existence of a sequence of positive functions 
A, (x), (n=1, 2,3,-- +), defined on E and having the property that no sequence 
{an} CE with (2n, %n41)<An(%n) for all n converges to a point of S—E. 


Proof. We consider first the necessity, and prove that if E is a G;, there 
exists a sequence of functions A,(x) with the property asserted; in fact, 
each function A,(x) exhibited will in addition satisfy a Lipschitz condition 
of order 1 on E. Let E=[J,_,0;, where O; is open and O41 ¢0; for each i; 
let p(x, O;), (xe E;i=1, 2, 3,---), stand for the distance from x to the set 
0;=S—O,; and set A,(x) =2-2"p(x, O,). If {x,} ¢ E satisfies the condition 
Xn41) <An(x,) for each we have for all s 


S 2 (x41, Xs) + p(%s, O.41)] < 0.) = A,(x,)/2. 
Hence for & fixed and >k we infer 


n—1 


p(2%n, Ox) & Ox) — > Ox) — pan, Ox)/2. 

Therefore x, cannot converge to a point of O; for any k; hence it can converge 

to no point of }>;.,0,=S—E. 

; For the sufficiency, we note first that if there exists a sequence of func- 

tions A,(x) with the property specified, there certainly will exist one which 

has the additional properties A,4:(x) SA,(x) <1/n for all xe E, all. Assum- 

ing then the existence of a sequence A,(«) with all these properties, we may 

set E,=) 22K (x, An(x)), where K(x, A,(x)) stands for the open sphere of S 

with center x e E and radius A,(x). Then each E, is clearly open and 

Ec]J,.,£,. We shall show E,; whence E=[J],2,Z, is a G;. Let 


: t Here Lo\(z) designates the (Peano) length of 2(¢) on the interval OS#S1. The set AC is of 
i second category in AC+DBV N; see Adams and Morse, loc. cit., the last paragraph of p. 204. 
; t This lemma, as well as its proof, is due entirely to Dr. Clarkson.—C.R.A. 
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ze|[,.,£,; then z e E, and there exists x; e E such that (z, x1) <A;(x1). More- 
over, for every m there exists a point with (z, <A, )<1/n; the 
sequence {x,/ } tends to z, and for ” sufficiently large we have (x1, x,/ ) <A;(x1). 
Let x,’ (with » sufficiently large, and greater than or equal to 2) be taken as 
x2; then we have (2, x2) =(z, =A,(x2) SAe(x2). Next choose from 
} an element such that (x2, x,/) <As(x2) with and call it x3. Con- 
tinuing indefinitely this process of selection we obtain {x,}, a subsequence 
of with (xn, for every and x,—z. The property of 
A,(x) stated in the lemma being assumed, we have z ¢ E. 


THEOREM 3. The setsC, R, and R* in each space Ly, (p21), and the set AC 
in the space C, are no F,’s. 


Proof. We begin with a second proof that C is not an F, in L,, using 
Lemma 1 to show that L,—C is not a G;. The basic idea of that lemma is 
that a sequence of points in a G; which converges rapidly enough cannot tend 
to a limit outside the G;, the rapidity of the convergence being prescribed by 
the condition (x,, %n41) <An(*,). The following argument shows that, given 
any sequence whatsoever of positive functions A,(x) defined on L,—C, there 
always exists a sequence {x,} ¢Z,—C, converging to a point in C, with 
<An(xn) for every n. 

Let p be fixed, let-{t,} be any sequence satisfying the conditions 
1/2=h<h< +++ <tn< +--+, and define x:(#) as the character- 
istic function of the interval [0, 4]. In general, x,(¢) having been defined, 
let x,41(¢) =x,(¢) for ¢ not in the interval [¢,, fn4:]; in that interval let 
be linear, with 2n4:(¢;)=2'-', (¢=n, n+1). That each x,2eL,—C and 
that x,—x e C is apparent. Moreover, it is clear that 4, 4, - - - ,¢, having been 
fixed, we have lim, ,,+t,||n—2n41|| =0, so that by a proper selection of the 
sequence {t,} the condition ||2,—2n4:|| <A,(x,) may be satisfied for every n. 
This completes the proof for C ¢ Ly. Actually x e AC, so we have also proved 
that AC is no F, in Ly. 

By a precisely similar argument we may dispose of R and R* together, 
showing that for any sequence of positive functions A,(x) defined on L,—R* 
there exists a sequence {x,} ¢L,—R*, with x, e Rand <A, (xp) 
for each n. Let y(#) be a function in the classt Ly, with | y(#)| <1 for all ¢, 
which in no interval [2-*—, 2-"] is equivalent to a function in class R*. We 
define x,(?)=0 for 0<t#<1/2, x:(¢)=y(¢) otherwise; and in general, x,(#) 
having been defined, set xn,4:(#)=0 for for 
2-"-! <t<2-", define x,4:(#) as a continuous function in absolute value always 
less than 1 approximating x,(¢) in the norm of L, for 2-"<t<2-"*, and set 


¢ We employ the term class Lp when an element is to be thought of as a single function. 


§ 
| 
| 
4 
4 
| 
3 
4 
q 


1939] BOREL SETS IN BANACH SPACES 327 


%n4i(t) =2n(t) for 2-"+1<t<1, where {k,} is a sequence of numbers with 
0<k, <1 foreach n. This time it is clear that every x, e L,—R*;and x,—« e R, 
since x(¢) is bounded and continuous almost everywhere. At each step of the 
process of definition the condition ||x,—2n4:||<A,(x,) will be satisfied if we 
merely choose the constant k,41 sufficiently small and the continuous function 
in question to approximate x,(#) closely enough in the norm of L,. 

That AC is no F, in space C may be established by a proof that so closely 
follows the line of the above argument that we leave its details to the reader, 
remarking only that the construction may conveniently be based on func- 
tions of the Cantor ternary type. 

4. Concerning the G;, property. Our main object here is to establish the 
following theorem. 


THEOREM 4. The sets C, R, and R* in each space Ly, (p21), and the set AC 
in the space C, are no Gs,’s. 


For AC in space C a proof may be constructed by aid of this lemma: 


Lema 2. Let E be a subset of the spacet AC which is dense in some sphere 
of AC; then E contains a sequence which converges with arbitrary rapidity (in 
the sense specified by Lemma 1) in the metric of C to a point in C—AC. 


Proof of the lemma. On account of the homogeneity of AC as a Banach 
space, it suffices to consider the case in which £ is dense in K, the unit sphere 
about the zero element as center. Let A,(x) be any sequence whatever of 
positive functions defined on E. Then x;(#) may be taken as any element of 
E-K satisfying the inequality 1/2 <T¢ (x) <1. It is apparent that there exists 
a polygonal function #,(é) e K, its graph consisting of segments alternately 
horizontal and otherwise, such that the norm in C, ||x:—fil|c, is less than 
Ai(%1)/2; To!(pi) exceeds 1/2; and the sum of the projections on the ¢-axis of 
the segments of the graph that are not horizontal, say }>™, (i? —4)_,), is 
less than 1/2. By virtue of the density of E in K, there exists a function 
e E-K with |p: — <Aj(x) /2 and 


>| ) | = 1/2+ 4, 6, > 0. 

Next we choose a polygonal function 2(#) eK, its graph consisting of seg- 
ments alternately horizontal and sloping, such that ||x2— 2||c is less than 
min [A.(x2)/2, 5:/(8) ]; To'(p2) exceeds 1/2; and the sum of the projections 


on the #-axis of the sloping segments of the graph, say >-™,((2—“2_,), is 


t The space AC, here understood to be normed with ||x]] =| x(0)| +7 0'(x), is a Banach space. 
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less than 1/2%. Then we select a function 2;(¢) « E-K with || p.—a||¢< 
min [A.(x2)/2, 6:/(8m) ] and 


— (2) (2) 
> | ) — x3(to-1)| = 1/2 + be, > 0. 
v=1 
In the third stage of this procedure p;(¢) e K would be chosen to satisfy the 
inequalities 


— palle < min [As(x3)/2, 61/(16m1), 52/(Sm2)], To (ps) > 1/2, 


(te — tea) < 1/23; 


and x,(t) e E-K to fulfill the conditions 
— aalle < min [As(x3)/2, 51/(16m1), 52/(8m2)], 


ms 


— = 1/2 + 5s, 53 > 0. 
And so we continue for subsequent stages, indefinitely. It is quite clear that 
{x,} is a Cauchy sequence in the metric of space C, and that if x is its 
limit, we have x(t) >1/2 for each integer k=1; since 
me (1 — 1 _,)0 with-1/k, we have x e C—AC, and the proof of the lemma 
is complete. 

Returning now to the proof of Theorem 4 for AC in space C, we observe 
that since the space AC is complete and consequently of second category in 
itself, under any decomposition whatsoever AC =)_,,E, at least one set E, 
must be dense (in the metric of AC) in some sphere of AC. By Lemma 2 we 
conclude that this set Z,, contains a sequence of the sort specified in the state- 
ment of that lemma. Hence, by Lemma 1, £, is no G; in C; and AC is no Ge. 

For C, R, and R* in space ZL, one may employ an entirely similar proof 
using the following lemma. 

Lemma 3. Let E be a subset of the space C which is dense in some sphere 


of C; then E contains a sequence which converges with arbitrary rapidity (in the 
sense specified by Lemma 1) in the metric of Ly, (p21), to a point in L,—R*. 


Proof of the lemma. On account of the homogeneity of C as a Banach 
space, it is sufficient to consider the case in which E is dense in K, the unit 
sphere about the zero element as center. Let A, (x) be any sequence whatever 
of positive functions defined on E. A sequence of closed subintervals 46,, 
(j=1, 2, 3,---), of T=[0, 1] is to be chosen as follows: 6; is concentric 
with J; 52 and 6; are concentric with the two intervals to the left and right, 
respectively, of 5,; the next four 6; are concentric, respectively, with the four 
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subintervals of J which constitute the point set J —(6:+ 62+ 43); and so on, 
so that the point set >°,- ,4; is dense in J. For each j we allow 6/ to stand for 
the closed middle third of 6;. 

At the outset the condition m(>_,2 ,6;) <1 will be imposed. 

As a first step in the construction of the required sequence of functions 
x,(t), let 6; be chosen arbitrarily and x;(#) e E- K so that 


> 3/4 for te dy, < 1/4 for te I — 


The density of E in K clearly insures the existence of such a function «;(é). 

Secondly, if 52 and 6; are small enough, there will exist a function x2(t) e E-K 

with 

xo(t) > 3/4 for +43, << 1/4 for tel — (6, + 62 + 53), 
(x1, 2) < Ax(x), 


where (x1, x2) =||1 —22l| in L,; again this is insured by the density of E in K, 
and we assume %2(t) to be so chosen. Let this procedure be continued in- 
definitely; at each stage the existence of sufficiently small intervals 6;, and 
of a suitable function x,(¢) to satisfy the desired conditions (whose nature 
must now be apparent to the reader), should be clear from the steps already 
described in detail. The imposition of a further condition, such as, for ex- 
ample, (xn, Xn41) <2-*, will insure that x,(#) converge in L, to some func- 
tion x(t). 

For ¢e H=I—)_,2,,6;, each function x,(é) is less than 1/4, and m(H) is 
greater than 0; hence x(#) < 1/4 almost everywhere in H, and by aid of metric 
density we infer ess lim inf, .,,x(¢) < 1/4 for almost all #4; e H. On the other hand, 
for ¢ in any interval 6, all x,(¢) with » sufficiently large are greater than 3/4, 
whence «(¢) >3/4 for almost all ¢ e >>,-,4/ ; since each point of H is a limit 
point of intervals 6;’, this implies ess lim sup ;.,, x(#) =3/4 everywhere in H. 
Thus there is a set of measure greater than zero at each point of which the 
essential saltus of x(#) is greater than or equal to 1/2, and x e L,—R*. 

We may now show that any set E such that Cc Ec R* cL, is no Gj, in Ly. 
Since space C is of second category in itself, under any decomposition what- 
ever E=)_,”_,E, at least one of the sets C-E, contains a set of continuous 
functions which is dense (in the metric of C) in some sphere of C. The con- 
clusion follows from Lemmas 3 and 1. 

Oxtoby (loc. cit.) has proved that the set S, [S,] ¢ LZ, of points corre- 
sponding to functions each of which is upper [lower | semicontinuous on [0, 1] 
is an F,;, and has observed that R=S,-S;. Since S, and S; are clearly of the 
same Borel type, the determination of their type is made precise by the fol- 
lowing corollary. 
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Coro.iary. The sets S, and each space Ly, (p=1), are no G;,’s. 


For AC in space C, and C in space L,, alternative proofst of Theorem 4 can 
easily be made by means of Theorem 3 and the following result already 
spoken of in §1. 


Lemma 4 (Banach and Mazur). Let U,(x), (n=1, 2,3, -- - ), be sequence 
of operations each lineart on a Banach space S to a like space S’, and let E 
be the subset of S at each point x of which U,(x) converges in S’. If E is a Gio, 
itis an F,, 


A sequence of linear operations on space C to Z; having AC for conver- 
gence set is provided by the following lemma (we choose U,(x) = p,! (#)). 


Lema 5. Let x eC and let p,(t) be the polygonal function inscribed in 
x(t) with “corners” att=m/n, (n=1, 2,3,---;m=0,1,---,m). A necessary 
and sufficient condition that x « AC is that the sequence p, (t) converge in the 
space Ly. 


Proof of the lemma. For the necessity we have x « AC and #,(¢) converg- 
ing in length to x(#); by a theorem of Adams and Lewy § it follows that 
(~,—x)— 0. But since p, AC for each n, we have 


1 
2) = f - 
0 
For the sufficiency we may assume without real restriction that x(0) =0. 
Then, if p, Zi, we may set 2(t) = f}y(s)ds and obtain for all ¢ in 
[0, 1] 


| prlt) — 2(t)| = 


Since also | p,(¢) —x(#)| for all ¢, we infer x(t) =2(¢). 
For C cL, a similar proof can be constructed. Let us consider first the 
case of p=1, and for each x e Ly, each integer m =1, define 


< f | 620) |as0. 


E+1/n 
d Osts1-1 


— 1/m) for 1 1. 


} The applicability of these alternative proofs, however, is limited to Banach spaces. Moreover 
one such proof cannot yield the desired result for an entire range of sets in a space, as does, for ex- 
ample, the above proof based on Lemma 3. 

t Linear in the sense of Banach; that is, additive and continuous. 

§ Adams and Lewy, On convergence in length, Duke Mathematical Journal, vol. 1 (1935), pp. 19- 
26, Theorem 4. 


t 
; 
$ 


1939] BOREL SETS IN BANACH SPACES 331 


Then every U,(x) is a linear operation on L; to space C. If xe C¢ Li, and £ is 
any point in the interval 0<£<1, there exists ’ with O<¢’—£<1/m and 
=x(€’), so that the uniform continuity of a representative function 
implies y,(¢)—>x(¢) uniformly on [0, 1]. On the other hand, if the sequence 
yn(€) converges in space C, let be its limit; that =x(£) for almost all 
is well known, and we have y e C. Hence C ¢ J; is the convergence set of the 
sequence of linear operations U,,(x). For the case of p>1 the same reasoning 
is valid, the linearity of each operation being a consequence of the inequality 
|| 

Success has not attended our efforts to find a sequence of linear operations 
on L, having for its convergence set either R or R*. 

We conclude this section by exhibiting a properly ambiguous set of order 
2 in L,; namely, CBV. That is, we shall establish the following theorem. 


THEOREM 5. The set CBV in each space Ly, (p21), is simultaneously an 
F,, and a G3,, without being either an F, or a G;. 


To prove this theorem we note first that BV ¢ L, may easily be provedft 
an F, by setting BV =>_~_,E, where E, is the set of points each of which has 
a representative function x(#) with T(x) <n. That each E, is closed in L, 
is an immediate consequence of a well known theorem of Helly.§ 

Now it is easily seen that in L,, CBV=C-BV. Hence, in the light of 
Oxtoby’s result (loc. cit.) that C is an F,s, CBV is an F,;; that it is no F, has 
been shown above in §3, and that it is no G; follows from the theorem of 
Mazur and Sternbach just cited.{ It therefore remains only for us to prove 
that CBV is a G;,. This will be done by aid of the following lemma. 


Lemma 6. Let x(t), xo(t) be elements of the class CBV, and let ||x —x0||c and 
\|~x—xol| 2, represent the norms in the spaces C and L,, (p21), respectively; then 
the relation || x implies 


lim inf (T¢ (x) — || = Ti 
Proof of the lemma. It suffices to establish the conclusion for the case of a 


¢ Another proof for C C L, can be based on the following simple lemma, which provides a se- 
quence of linear operations (U;,(x)=sn(#)) on Ly to space M (or L..) having C for convergence set. 
Let x be an arbitrary element of L», and let s,(t) be the step-function defined on each subinterval 
m/nSt<(m+1)/n, (n=1, 2, 3,--+- ;m=0, —1), as the integral mean of on that sub- 
interval, s,(1)=s,(1—0),so that s,(t)is an element of the class M (or L..) of essentially bounded measur- 
able functions. Then a necessary and sufficient condition that x e C is that the sequence s, converge in 
the space M (normed, as usual, with ||s|| =ess supos¢si| s(¢)|). 

t Mazur and Sternbach (loc. cit.) have proved that a linear Gs; in a Banach space is closed; 
hence BY is no Gs, and its Borel type is completely determined. 

§ Helly, Uber lineare Funktionaloperationen, Sitzungsberichte der Wiener Akademie, class Ila, 
vol, 121 (1912), p. 283. 
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sequence x,(é), (v=1, 2, 3, - - - ), with This result will follow 
at once if we show that x,(#)—xo(¢) on a set D of points ¢ dense in [0, 1] 
implies the conclusion. 

Let € be an arbitrary positive number and let S:0=t<4<h< -- + <&=1 
be a set of points with ¢;e Dfori=1,2,--- ,—1andsuch that 


k 
<e for ‘= k; > | xo(t:) | > To (x0) 
t=1 


Next let NV be such that for alla >WN we have 
(1) | xn(ti) — 


whence 


k-1 


>| Xn (ti) (ti1) | > >| xo(t:) | T? (xo) — 4e. 


We now fix 7 as any integer greater than JN. Let ¢’ be a point where 


max | x,(t) — ao(t) | 


is assumed. Then ?’ is contained in one of the subintervals determined by S, 
say in [t,, ¢:]; and for at least one of the end points of this subinterval, 
say t,, inequality (1) holds. Therefore we have 
| — | — | — | — + — | 
> — — 
whence 


Td (xn) 2 [= +> il — Xn(ti-s) | +| — xn(t) | 


int 
2 | | wo(ti) — xo(ti1)| — + — — 2¢ 
k-1 


IV 


| xo(ti) — xy(ti—1) | + ||an — — 4e 


t=2 


IV 


and the proof of the lemma is complete. 

Returning now to the proof of Theorem 5, we set CBV =) *_,E; where Ex 
is the set of points in CBV ¢ L, each of which has a representative function 
x(t) with T(x) <k. It suffices to show that each E, is a G; in L,. Having 
fixed k, we define the function ,(x) specified in Lemma 1 as follows: for 


| 
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each x e E,, each integer n2=1, let A,(x)=r>0 where ¢ is such that for 
y e K(x, r) we have 


— S Td (y) — Te (x) + 1/2”, 
whence 
(2) Te (y) — Td (x) 2 — 1/2", 
this r existing in consequence of Lemma 6. If x,, (v=1, 2, 3,---), is any 


sequence contained in E;, with ||2n41—4nl|z,<An(xn), there is a sequence of 
representative functions x,(¢) for which we have 


— walle S Do [Tot — Te + 1/2". 

n=l n=l n=1 
The first series on the right is easily proved convergent, since its partial 
sum (%m)—To (x1) is “almost non-decreasing” by virtue of inequality 
(2) and is bounded from above by 2k. Hence x,(é) converges uniformly, 
say to x(t) eC; To (x) <k by Lemma 6; the corresponding element x ¢ L, 
to which x, converges in L, is in E;; and E; is a G; in L, by Lemma 1. 

5. Other questions. The above sections afford methods and illustrate tech- 
niques by means of which certain questions concerning the Borel character of 
many sets in various metric spaces can be settled. Without prolonging our 
discussion unduly we may list here, with slight indications of proof, the an- 
swers to a few questions which the reader might very naturally raise in view 
of the sets and spaces already considered. 

I. AC in the spaces M and L, is an Fs, no Giz. 
II. CBV in the spaces C and M is an F,, no G;. 
III. BV in the space M is an F,, no G;. 
IV. C in the space M is an F, no G. 
V. Rin the space M is an F, no G. 
In each case the set is of first category in the space in question, according 
to the theorem of Banach cited earlier. In cases I-III the set is no G; by 
virtue of the theorem of Mazur and Sternbach cited in §4. For determining 
the F-classification of AC in L, the following observations may be helpful. 

(i) Let x,(t), (n=1, 2, 3,--- ), be continuous on [0, 1] and x,(t)—x(t) in 

the norm of L,. If for arbitrary e€>0 there exists 5>0 such that for every n we have 


| xn(t’) — xn(t”)| for |t’ <6, 
then this condition is satisfied also by x(t). 


(ii) For fixed m, n, (m, n=1, 2, 3,--- ), the functions x(t), continuous on 
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[0, 1] and such that for any set of nonoverlapping intervals t,<t<t; with 
> (t/ —t,) <1/m the condition >,| x(t} )—x(t,)| <1/n is satisfied, constitute a 
closed set in the space C normed with the norm of Ly. 


In connection with the proof that R is closed in space M it may be ad- 
vantageous to note this fact: 

(iii) If x(t) is an element of class M with the property that ess lim,.1,x(t) 
exists for almost all t, « [0, 1], there exists a function y(t) in class R which 
equals x(t) almost everywhere. 


A considerable number of the listed results can be derived at once from 
others by means of the following simple observation concerning relativiza- 
tion: 

(iv) If S is a metric space, AC BCS, and A a Borel set of a certain type 
relative to S, then A is a Borel set of the same type relative to the space B metrized 
with any metric in which convergence implies convergence in the metric of S. 


In conclusion, we should like to emphasize that the range of applicability 
of the methods mainly employed above is by no means restricted to Banach 
spaces. By way of illustration, let us consider the set AC in the space BV 
metrized with the distance function mentioned in the second paragraph of §3, 
which is not a Banach’space. Adams and Morse (loc. cit., p. 201) have ob- 
served that AC is no G; relative to CBV c BV;; that it is no G; in BV follows 
at once; that it is no G;, in BV may be shown easily as follows, although 
Lemma 4 (Banach and Mazur) is obviously not applicable. From Lemma 6 
one may infer that the limit function x(#) determined in the proof of Lemma 2 
satisfies the condition 7, (x) <lim inf, ...7¢ (x,); in the course of that proof 
one may clearly impose an additional condition on the rapidity of conver- 
gence of to zero to insure >T —1/2* for every k; then 
x, tends to x e CBV —AC in the metric of BV. The reasoning contained in 
the first paragraph following the proof of Lemma 2 may now be duplicated 
to show that AC is no G;, in BV. That AC is an F,; in BV is an immediate 
consequence of I and observation (iv). Since CBV is already known to be a 
G; in BV, it follows at once that AC is an F,; but no G;, relative to CBV ¢ BV. 
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RESIDUATED LATTICES* 


BY 
MORGAN WARD AND R. P. DILWORTH 


I, INTRODUCTION 


1. We propose to develop here a systematic theory of latticest over which 
an auxiliary operation of multiplication or residuation is defined. We begin 
by showing that the two operations correspond to one another; under quite 
general conditions in every lattice over which a multiplication is defined a 
residuation may be defined and conversely. The residuation and multiplica- 
tion we introduce have the properties of the like-named operations in the 
particular instance of polynomial ideal theory. 

We next give various necessary conditions and sufficient conditions that 
such operations may exist in an arbitrary lattice, and apply our results to 
projective geometries and Boolean algebras. 

In the third division of the paper we extend E. Noether’s decomposition 
theorems of the ideal theory of commutative rings to general lattice theory. 
The introduction of a multiplication is obviously necessary for such a gen- 
eralization. The surprising result emerges that the decomposition theorems 
are largely independent of the modular axiom, as we show by specific ex- 
amples. We take this occasion to correct an error made in the preliminary ac- 
count of our researches (Ward and Dilworth [1]). Since we wrote this, we 
have obtained many new results which we give here for the first time. 

We plan to describe the main part of our investigations of distributive 
residuated lattices elsewhere (Ward and Dilworth [1], §§5, 6). Here we settle 
some questions raised by one of us (Ward [1]) as to the significance of certain 
auxiliary conditions which a residuation may satisfy by showing in all cases 
that they imply that the lattice is distributive. 

2. It was not until this paper was virtually completed that we learned of 
the investigation of Krull upon this subject (Krull [1]). There is, however, 
very little duplication between our results and Krull’s. Krull was chiefly con- 
cerned with the problem of finding out in what manner the Noether decom- 
position theorems could be extended to a residuated lattice in which the chain 
condition was weakened and no connection was assumed between irreducibles 


and primary elements. 


* Presented to the Society, March 27, 1937, and April 9, 1938; received by the editors April 21, 
1938. 
t For a connected account of lattice theory and the literature up to 1937, see Kéthe [1]. 
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3. We shall use the following terminology and notation. © is a fixed lat- 
tice with elements a, - - - , y with or without subscripts. Sublattices of S are 
denoted by German capitals AX, B. The letters X, 9, 3 are reserved to denote 
subsets of S which are not necessarily sublattices. We write x e ¥ for “the set 
X contains the element x.” The expressions x > y or y ¢ x, x > y denote, as usual, 
x divides y, x does not divide y. We write x=y if x>y and y>~ (Ore [1], p. 
42) and x>y or y<x for x covers y (Birkhoff [1]). We use (x, y) and [x, y] 
for union and cross-cut. If the unit and null elements exist, we denote them 
by i and z, respectively. Elements covered by i are called divisor-free. If 
(a, b) =i, a and b are said to be co-prime. If every pair of distinct elements 
of a set ¥ are co-prime, the set is said to be co-prime. An element u of © is 
called a node if either x > or n>~x for every x of S. A sublattice Y% is said 
to be dense over © if ai, a2 and a; >%> imply contains x. If every set 
of elements finite or infinite of S has a cross-cut (union), S is said to be com- 
pletely closed relative to cross-cut (union). Two properties P and Q which S 
may possess are said to be completely independent if there exist instances of 
lattices in which both P and Q hold, neither holds, P holds but not Q, Q holds 
but not P. 

We shall find it convenient to use the following conditions for a distribu- 
tive lattice either of which is equivalent to the usual formulation: 


(i) b> [a, c] implies b=|(b, a), (b, c)]. 
(ii) (a, c) >b implies b=([b, a], [b, c]). 


II. RESIDUATIONS AND MULTIPLICATIONS 


4. Assume that © contains 7. A well-defined one-valued binary operation 
x:y is called a residuation over © if the following conditions are satisfied: 


R 1. If S contains a, b, then S contains a:b. 

R 2. a:b=i if and only if a>b. 

R 3. a>) implies that a:c >b:c and c:b>c:a. 

R 4. (a:b):c=(azc):b. 

R 5. [a, b]:¢=[a:c, b:c]. 

R 6. c:(a, 6) = [c:a, 

We postpone the consideration of the dual residuation for our second 
paper. 

A well defined binary operation x-y (or xy) is called a multiplication over 
S if the following conditions are satisfied: 


M 1. If S contains a, b, then S contains a-b. 
M 2. If a=), then a-c=b-c. 
M 3. a-b=b-a. 
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M 4. (a-b)-c=a-(b-c). 

M 5. If S contains i, then a-i=a. 

M 6. a-(b, c) =(a-b, a-c). 

It may be shown (Ward [1]) that a residuation exists satisfying R 1-R 6 
if a multiplication over S exists satisfying M 1—M 6 and the following condi- 
tion: 

M 7. © is completely closed with respect to union, and the product of the 
unions of any two sets of elements of S is the union of the products of all pairs of 
elements in the sets.\ 


This residual a:b, satisfying R 1—R 6, is defined as follows: 
DEFINITION 4.1. (i) a> (ii) if a> xb, then a:b > x. 


If we take for x-y the cross-cut [x, y], then conditions M 1-M 6are all 
satisfied provided that © is distributive. If M 7 holds, the lattice is said to 
be completely distributive with respect to union. Hence (Ward [2]) every 
completely distributive lattice may be residuated in at least one way. 


Another condition* insuring the existence of a residual is the following: 


M 8. For any two elements a, b of S, the ascending chain condition holds 
in the set ¥ of all x such that a> xb. 


M 8 insures the existence of a union of the set ¥ expressible as the union 
of a finite number of elements of ¥ (Ore [1], §2). This union is the required 
residual. 


We list for reference the more important properties of residuation and 
multiplication (Ward [1], Dilworth [1]): 
(4.1) a:b>a. (4.7) If r=a:b and s=a:r, then 
(4.2) a:(a:b) >(a, b). r=a's. 
(4.3) (a:b):c=a:(bc). (4.71) a>b implies ac > be. 
(4.4) [a, b]:b=a:b. (4.8) [a,b] >ab> [a, b](a, 
(4.5) a:(a, 6) =a:b. (4.81) ab:a>b. 
(4.51) c:[a, b] >(c:a, c2b). (4.9) a=bc implies b> <a. 
(4.6) If a:b=a, then a>bx (4.10) (a, b) =i implies ab= [a, b] 
implies a> x. and (a, bc) =(a, c). 
(4.11) (a, b):¢> (atc, b:c). 
(4.12) In any chain of powers a, a?, a*,--- either all elements are distinct or 
all are equal from a certain point on. 
* This axiom is equivalent to the ascending chain condition, as may be seen on taking a=b=4, 


We state it in this manner to emphasize the analogy with R 8 which is not equivalent to the descend- 
ing chain condition. 
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5. We shall now exhibit a remarkable reciprocity between the operations 
of residuation and multiplication. 


THEOREM 5.1. If a residuation x:y exists in © satisfying conditions R 1- 
R 6, and if either of the conditions R 7 or R 8 below holds, then a multiplication 
x-y exists in S satisfying M 1-M 6. 

R 7. Sis completely closed with respect to cross-cut, and if c is the cross-cut 
of a set %, then the cross-cut of the set of all a:x, whereae S, x e X, equals a:c. 


R 8. For any two elements a, b of S the descending chain condition holds in 
the set Y) of all elements y such that y:a>b. 


R 8 is satisfied in many important instances where R 7 does not hold and 
where the descending chain condition does not hold; for example, in polyno- 
mial ideal theory and the classical ideal theory of algebraic rings. 

The proof is as follows. Define the “product” a-b of any two elements a 
and bof S: 


DEFINITION 5.1. (i) a-b:a3); (ii) if y:a>b, then yoa-b. 


Postulate M 1 is satisfied. For the set 9) of all y such that y:a >) is non- 
empty, since it includes b by (4.1). If R 7 holds, Y has a cross-cut p=a-b 
satisfying Definition 5.1, (ii), and the cross-cut [9):a] equals p:a. Definition 
5.1, (i) is therefore satisfied with p=a-b by the definition of cross-cut. 

If R 8 holds, then 9) again has a cross-cut p representable as the cross-cut 
of a finite number of y, p= [y1, - - - , yx]. Thus Definition 5.1, (ii) is satisfied, 
and Definition 5.1, (i) is satisfied by R 5. 

Postulate M 2 is satisfied. For by R 3, a=b implies a>) implies 
a-c:b>a-c:a. Hence by Definition 5.1, (i), a-c:b >c so that by Definition 5.1, 
(ii), a-c > b-c. Similarly implies b-c>a-c, so that M 2 follows. 

Postulate M 3 is satisfied. For b-a exists, and by Definition 5.1, if y:b ><, 
then y > b-a. Nowby R 4, Definition 5.1, (i) and R 2, (a-b:b):a=(a-b:a):b =i. 
Hence by R 2, a-b:b>a. Hence a-b35-a. Similarly, b-a>a-b, a-b=b-a. 
Condition R 4 is thus seen to insure that multiplication is commutative. 

Postulate M 4 is satisfied. For by Definition 5.1, (i), {a-(c-b)}:a>c-b. 
Hence { {a-(c-b)}:a}:c¢>¢-b:c by R 3. But c-b:c>b by Definition 5.1, (i). 
Therefore {{a-(c-b)}:a}:c>b or by R 4, {{a-(c-b)}:c}:a>b. Hence 
{a(cb):c} > ab and a(cb) > c(ab) by Definition 5.1, (ii). Interchanging a and c, 
c(ab) > a(cb). Hence a(cb) =c(ab), or by M 3 and M 2, (ab)c=a(bc). 

Postulate M 5 is satisfied. For by R 2, a:a 3%. Hence a> ai by Definition 
5.1, (ii). Now ia:i>a by Definition 5.1, (i). But by (4.10) and M 3, ia:i=ia 
= ai. Hence ai >a, a=ai. 

Postulate M 6 is satisfied. For since (6, c) 3b, a(b, c) > ab by (4.71). Simi- 
larly a(b, c) > ac. Hence a(b, c) > (ab, ac). Next (ab, ac):a>ab:a>b by R 3 
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and (4.81). Similarly (ab, ac):a>c. Hence (ab, ac):a>(b, c). Therefore by 
Definition 5.1, (ii), (ab, ac) > a(b, c) giving M 6. This completes the proof. 


DeFinITIOn 5.2. (i) a> (a0 (ii) if aa xb, thenaobrx. 


The following theorem further illustrates the reciprocity between multi- 
plication and residuation: 


THEOREM 5.2. If ao b is defined as above, where the multiplication xy is de- 
fined by Definition 5.1, thenaob=a:b. 


For since @:b3a:b, we have a>(a:b)b by Definition 5.1, (ii). There- 
fore by Definition 5.2, (ii), a0 b3a:b. Now a> (a0 b)b by Definition 5.2, (i). 
Therefore by R 3, a:b > {(a 0 6)b:b}. But by M 3 and Definition 5.1, (ii), 
(aob)b:b>a0b. Hence a:b 3a0b,a:b=aob. 

Hereafter when we speak of a “residuated lattice,” we shall mean a lattice 
in which both a residuation and its associated multiplication are defined 
satisfying M 1—M 6, R 1—-R 6 and the conditions of Definitions 5.1 and 5.2. 

6. We may prove by simple examples the following theorem: 

THEOREM 6.1. The Dedekind modular condition and the existence of a resid- 
ual or a multiplication are completely independent properties of a lattice. 

It is important to observe that a given lattice may usually be residuated 
in several different ways. To give a simple example, consider the lattice of 
four elements i>a>b>z. The tables for x:y and x-y are as follows: 


* * * 


* * 1 
A brief analysis discloses that the combinations denoted by stars may be 
determined in six ways so as to satisfy R i-R 8, M 1-M 8: 
V 
bia b b 


2:b 


a-a 
a-b 
b-b 


# 
4 1 
q a a 
b b 
|| a a a 3 b z 
2 b a b a a 
b b b 
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Cases II and VI are illustrated in the lattice of the ring of integers modulo 
8. Here i is the set of residue classes {1, 3, 5,7}, a is {2,6}, bis {4}, and z 
is {8}. Case II ensues on taking for x-y multiplication modulo 8, and case VI 
on taking for x-y the L.C.M. operation. 

The only other lattice of order four is i, a, b, z with (a, 6) =i, [a, b] =z. 
This lattice may be residuated in only one way, an illustration of a general 
theorem on the residuation of Boolean algebras which we prove later. 


III. CONDITIONS FOR RESIDUATION 


7. In this division of the paper we shall give various sufficient conditions 
and necessary conditions for the existence of a residuation in a given lattice. 


THEOREM 7.1. A necessary condition that a lattice S can be residuated is 
that any co-prime set of elements of S, a1, a2, - - - , dy generates a Boolean algebra 
B of order 2°. 

This condition is not sufficient for a residuation to exist. It is satisfied, for 
example, in Dedekind’s free modular lattice on three elements of order 
twenty-eight (Dedekind [1], Birkhoff [1], Ore [1]) which we shall prove later 
cannot be residuated. 

Let a, @2, - - - , a, be a co-prime set so that 


(7.1) (du, = 


The set will remain co-prime if we adjoin i to it. We shall suppose that 
this has been done, and for definiteness choose our notation so that a,;=i. 
Form from the set of a’s the “ray” II of 2* formally distinct cross-cuts: 


We call the a, the constituents of u. The ray II is obviously closed under cross- 
cut. We shall show that II is the Boolean algebra required. 
Lemma 7.1. If x is any element of S, then 
(x, [au, av]) = [(x, au), 


This result is trivial if «=v. But if wv, (au, dv) Hence ((x, au), (x, 
=i. Therefore by (4.10) and M 6, 


[(x, au), (x, ay) | (x, a,)(x, ay) (x?, XAy, AyX, 


= (x?, x(du, dv), Gud») = (x, dud») = (x, ay]) 


by M 3 and M 6. 
The following two corollaries of this l)mma may be proved by induction: 


Lemma 7.2. If u=[du,,-- Guz], then (x, u) =[(x, (x, 
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Lema 7.3. If u=[du,,° @uz] and v= [ay,, , doy], then 


(u, v) = [(au, (au, a»), (dur, avy) |. 
Lemma 7.4. If x is any element of S and if (x, b) =(x, c) =i, then 
(x, [d, c}) = [(x, b), (x, c)]. 


It suffices to show that (x, [b, c]) =i. But (x, [b, c]), > (x bc) =(x, bx, bc) 
(by (4.10)) =(x, c)) =(x, b) 

We return to the proof of our theorem. The ray II is a lattice. For by 
Lemma 7.3 and (7.1) it is closed under union. The lattice is of order 2". It 
suffices to show that if w=v, the constituents of u and 2 are identical. But if 
u=V, >v. Hence by Lemma 7.2, 


ay, = (du, v) [(au, d»,), (au, 


Since (au, @)) =a, or i, a, must be a constituent of v. Thus every constituent 
of u is a constituent of v. Similarly every constituent of v is a constituent of u, 
so that « and v are not formally distinct. 

The lattice is distributive. For by Lemma 7.3, if w= [aw,, -- + , Guy], then 


(w, [u, [ - (aw, [u, ] 
[-- [(aw, 2), (aw, - ] 
= [[---, (aw, ],[---, (av, 
= [(w, x), (w, »)], 
by Lemma 7.2. 
The lattice is complemented. For we assign to the element u the complement 


where is the selection complementary to from 
1,2,---,r. Then [u, «’]=[a1, a, - - - , a,], the null element of the lattice %, 
and (u, u’) =i by Lemma 7.3. Hence % is a complemented distributive lattice 
and thus a Boolean algebra. 


THEOREM 7.2. If a1, --- , a, is a co-prime set of divisor-free elements of a 
residuated lattice S, then the Boolean algebra 8 which they generate is dense 
over 


For if u lies in 8 and x>u, then x= [(x, au,), - , (x, @uz)] by Lemma 
7.2. Since (x, @.) =i or a,, the result follows. 

This theorem is quite useful in examining finite lattices to see whether or 
not they can be residuated. We have also found the following exclusion prin- 
ciple useful in this connection. The proof (which we omit) follows from 
Lemma 7.4. 
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THEOREM 7.3. EXCLUSION PRINCIPLE. Let a, b, c, and d be any four ele- 
ments of a residuated lattice S with an ascending chain condition such that 
c>a, (b,c) =i, d>a,d>b. Then if m= |b, c| we must have [a, b] =m and 
a>m,b>m. Furthermore a and b are the only elements covered by d and covering 
m in the lattice. 


In schematic form (Klein [1], Birkhoff [2]) the lattice must have the 
following structure, where the dotted lines indicate that the configuration of 
the remaining lattice parts is irrelevant. 


As a simple application, if the reader will diagram the lattice of order 
nine on three elements b, c, and f where c>f (Dedekind [1]) and take 
a= |c, (f, b)], d=(f, 6), he will see that this lattice cannot be residuated. 


THEOREM 7.31. The only complemented lattices which can be residuated are 
Boolean algebras. 


Since by hypothesis the lattice is complemented, it is sufficient to show 
that it is distributive. We need the following lemma: 


Lemna 7.5. If (b, c) =i and a> [b, c], then (a:b, a:c) =i. 
For we have 
(a:b, = (a:b, atc):(b, c) = [(a:b, atc):b, (a:b, azc):c] 
> [(a:c):b, (a:b):c] = a:cb = a:[c, b] = i. 
A complement a’ of a is defined by the following conditions: 


DEFINITION 7.1. (a, a’) =i, [a, a’]=2, where z is the null element of S. 


Let a, b, c be any three elements of S and assume that 
(i) a> [b,c]. 
Let u=[(a, 5), (a, c)] and v=([b, c], a’). It suffices to show that (i) im- 
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plies w=a. We have trivially «>a and v> a’. Hence (u, v) =i by Definition 
7.1 so that uv=[u, v]. Hence b:uv=b:[u, v] >(b:u, b:v) by (4.51). Now 
b:u>b:a by R 3 and b:v= [b: [b, c], b:a’]=b:a’. Hence b:uv > (b:a, b:a’). 
But by Definition 7.1, (a, a’)=i and b> [a, a’]. Hence by Lemma 7.5, 
(b:a, b:a’) =i so that b> uv. Similarly c> uv so that [b, c] > uz, or by (i), 
a>uv, a:0> 4. But a:v= [a: [b, c], a:a’]=a:a’ =a by (i) and Definition 7.1. 
Hence a> so that a=u. 

Coroiiary. The only projective geometries (Birkhoff [3]) which can be 
residuated are Boolean algebras. 


In case the ascending chain condition holds in S, one can give a much 
shorter proof by showing that each element may be represented as a cross-cut 
of a finite number of divisor-free elements and appealing to Theorem 7.1. 


THEOREM 7.4. The only multiplication which can be defined over a Boolean 
algebra is the cross-cut operation. 


In view of our reciprocity theorems it suffices to show that only one 
residual is definable. One of us has shown elsewhere (Dilworth [1]) that 
avb’ is a residuation in a Boolean algebra. Suppose that a:b were another. 
Then 


(a:b):(avb’) = (a:b):b’ = a:bb’ = 3; 
(av b’):(a:b) > {a:(a:b)} v {b’:(a:b)} = i. 
Hence a:b=avb’. 
An interesting consequence of Theorem 7.4 is the following corollary: 
Coro.iary. In the ring of integers modulo a square-free integer, the opera- 
tions of multiplication and L.C.M. are identical. 


8. We consider in this section some sufficient conditions for residuation. 
We have the following theorem: 

THEOREM 8.1. Every lattice in which only one divisor-free element exists can 
residuated in at least one way. 


Let d be the single divisor-free element. We define the residual a:b by the 
conditions: 
(i) (ii) a:b=iifarb; (iii) a:b=d if add, 


Then postulates R 1 and R 2 are obviously satisfied. 
R 3 is satisfied. For assume a > b. Then a:c always divides b:c except pos- 

sibly when b:c=i. But then so a3¢, a:c=i. Similarly c:b 

R 4 is satisfied. For R 4 obviously holds if a, 6, or c equals 7. If a> b, az, 
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then so (a:c):b=(a:b):c=i. If a:b >c but bi, adc, 
then a:b=a:c=d, whence (a:b):c=d:c=i=d:b=(a:c):b. If add, ade, 
a:b dc, a:c>b, then or 

R 5 is satisfied. For if c=i, R 5 is trivial. If a>c, b>c, then [a, b] >c and 
R 5 obviously holds. If a >c, c¥i, then [a, b] pc and [a, b]:c=d=[azc, b:c]. 
Hence R 5 holds in general. 

In exactly the same way we show that R 6 is satisfied. 

F. Klein has shown (Klein [1]) that the modular or distributive proper- 
ties of a lattice built up of sublattices connected by nodes (“Schnurstellen”) 
depend upon the modular or distributive properties of the sublattices. We 
prove a similar result for residuation. 


THEOREM 8.2. A lattice built up out of a set of residuated lattices connected 
into a chain by nodes can be residuated. 


It will suffice to prove the theorem for the case of two lattices connected 
by a node. 

Let S be composed of two lattices S; and G2 connected by a node, so 
that x, e S, and x2 e S. imply x; > x2. Let i be the unit element of S;. We shall 
consider the nodal element as belonging to ©,, and let x1y denote the residua- 
tion in S,, x o y, the residuation in S. when the nodal element is replaced by 7. 

We now define a residual in S by the conditions: 


a:b=a:bif a,beG, a:b=aob if a, be 
a:b=i if ae Gy, be So, a:b=aif ae So, be 


Then postulates R 1, R 2, and R 3 are obviously satisfied. 

Postulate R4 is satisfied. For clearly a:c>a. Hence if a>), then 
(a:b):c=(a:c):b by R 3. Also if a « G;, then (a:b):¢=(a:c):b. Suppose that 
a e So. Then if b e Se, c e Se, we have (a:b):c=(a:c):b. Similarly if b e G,, 
ce then (a:b):c=(a:c):b. Finally if b e c e Se, then (a:b):c=aoc 
=(a:c):b. 

Postulate R 5 is satisfied. For R 5 is trivial if a, b, or c=i. If a3, R 5 fol- 
lows from R 3. If a, b e S, or a, b e Se, R 5 holds since it holds in S, and. Ge. 

In a similar manner one can show that R 6 is satisfied, and the proof is 
complete. 

By the direct product (Birkhoff [4]) S of the lattices G,, - - - , S, we mean 
the set of vectors a= {a;, - -- , an}, (a; e S,), where the operations are defined 
by 


(a, b) { (a1, (an, bn) } ? 


and if and only if (j=1,---,m). 
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If the ©; are residuated lattices, then S can be residuated, since we may 
define a:b to be {ay:hi, - , @nzbn}. 

We shall call two sublattices S,, S: of S co-prime if a; e Si, a2 e Se. implies 
that (a:, a2) =i. The sublattices Si, - -- , S, will be called a co-prime set if 
they are co-prime in pairs. 

We note that if S is the direct product of the sublattices G,,---, GS, 
with unit elements, then © contains sublattices S/,---, S,’ simply iso- 
morphic to G,, - - - , S, and such that G/, -- - , S,’ is a co-prime set. Birk- 
hoff (Birkhoff [4]) has defined sublattices Gy, - - - , S, to be “strongly” co- 
prime if each SG; is co-prime to the lattice generated by the remaining lattices. 
Clearly strong co-primeness implies co-primeness in the ordinary sense. More- 
ever if S is residuated, Lemma 7.4 shows that co-primeness implies strong 
co-primeness, so that for residuated lattices the notions are identical. We now 
prove a converse result. 


THEOREM 8.3. Let Si, So, - - - , Sn be a set of co-prime sublattices of a resid- 
uated lattice S such that each element of S can be expressed as a cross-cut of 
elements of Gi, --- , Sn. Then © is the direct product of S1,--- , Sn, and each 
S; can be residuated. 


Let a=[a1, a2, ---, da], (a; © Si), b=[br, be, dnl, (6: © Then 
[a,b] =[[a1, - - - , [an, Furthermore 
(a, b) [(a1, bi), (Gn, b,) |. 
For by Lemma 7.2, 


(a, b) = (a, [b:,--- , bn}) = [(a, bs), (a, dn)] 
= [---, (a, bx), ] = by), Gan, 
since (a;, b,) =i if 7k. 
Lemna 8.1. Jf bi, be, - - - , b, are a co-prime set, then 


This result follows by repeated applications of Lemma 7.4, (4.3), and 
(4.10). 

We have now a:b=a: [hi, - -- , bn] =(- - - ((a:01) 22) - - - )2b, by Lemma 
8.1. But 

a:b; = dn | 2b; = [a1:bi, an2b;| 

Hence a:b= - , 
If a=b, then (a;, - - - , @n]) =(ai, - - , or (ai, 
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Similarly };>a;. Hence S is simply isomorphic with the direct product of 
the S;. We note that if x= [x, - - - , x,], (x S,), then 


x = (x, a;) = Xn}, aj) = (x, Si. 


Since a;:b;>.a;, we see that S; is closed under residuation, which completes 


the proof. 
We conclude with a theorem of a more special character. 


THEOREM 8.4. The free modular lattice of order twenty-eight on three ele- 
ments cannot be residuated. 


We shall use Dedekind’s original notation for the elements of this lat- 
tice in the proof of the theorem (Dedekind [1]). Assume that a residuation 
x:y exists. Then ’’’’ is the unit element. Hence ao:d’ =6o:d’ =¢o:d' =h 
Now ao=[a’, a’’’]. Hence >a’. But a’’’>d’. Therefore 
Q9:0’ Dao:a’’’ or h2a’. Similarly, hac’. Hence §>(a’, b’, c’) or 
h=d’’”’ giving a contradiction. 

It may be observed that the “exclusion principle” of Theorem 7.3 cannot 
be applied to prove this theorem. 


IV. NOETHER LATTICES* 


9. Consider any residuated lattice S. An element c of © is irreducible if 
in every decomposition c= [g, f] into a cross-cut of two elements of G, either 
g=c or f=c. An element is a prime if p> ab implies p> a or p34, and pri- 
mary if p> ab, implies p > b* for some integer s. The irreducible elements 
are thus determined by an intrinsic lattice property, while the primes and 
primary elements depend upon the particular multiplication introduced into 
the lattice. 

We propose here the name “Noether lattice” for any lattice S satisfying 
the following three conditions: 


N 1. The lattice S may be residuated. 
N 2. The ascending chain condition holds in S. 
N 3. Every irreducible element of S is primary. 


By N 1 we mean that © is closed under operations x:y, xy having the 
properties R 1-R 6, M 1—-M 6 and connected by the relationships expressed 


* Our definition differs from that in Ward and Dilworth [1]. We have found that some of the 
results stated in §4 of this paper are in error. In postulate D 1, the exponent r must be replaced by 1. 
The condition ab= [a, 5] on the idempotent elements of a finite modular lattice is consequently neces- 
sary for the truth of D 1 but not sufficient. The postulate M 7 is not a sufficient condition for a 
Noether lattice as stated in the theorem preceding M 7. 
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in Definitions 4.1, 5.1. By N 2 we mean (Ore [1]) that every chain of lattice 
elements a; <d2<a3;< --- <i terminates. 

We choose the name in honor of Emmy Noether because the decomposi- 
tion theorems first proved by her for the ideals of a commutative ring with 
chain condition all hold. It is to be observed that we do not assume a modular 
condition. 

The proof that the usual decomposition theorems hold may be made by a 
mere transcription of the proofs given in van der Waerden [1] into lattice 
language. With each primary q is associated a prime p with the properties 
p>q and p26 implies g>6". A cross-cut of primaries is said to be “simple” 
if no primary in it divides the cross-cut of any of the remaining primaries. 
Every element not equal to i of a Noether lattice may be represented as a simple 
cross-cut of a finite number of primaries each of which is associated with a differ- 
ent prime. The primes themselves and the total number of primaries are uniquely 
determined by the element. We obtain from each such representation a repre- 
sentation as the cross-cut of “isolated components” by grouping together the 
cross-cuts of primaries whose associated primes divide one another. The iso- 
lated components of an element and the corresponding representation as their 
cross-cut are unique. 

As was pointed out by Krull (Krull [1]), the decompositions into rela- 
tively prime (“teilerfremd”) elements depend merely upon N 1 and N 2. 
From our standpoint, they are simple consequences of Theorem 7.1 and the 
chain condition. 

We may specialize our lattice still more by the following assumption: 


N 4. Every prime of S is divisor-free. 


Then, since we have trivially from N 1 that every divisor-free element is a 
prime, we easily see that all primaries associated with a given prime form a 
lattice which we may say “belongs” to this prime. 

The lattices belonging to distinct primes have no elements save 7 in com- 
mon. Hence the decomposition theorems in this case are merely an instance 
of Birkhoff’s decomposition of a lattice into direct products relative to cross- 
cut (Birkhoff [4]). 

10. We shall now give some general properties of any Noether lattice. 


THEOREM 10.1. Jf a and b are any two elements of a Noether lattice, there 
exists an exponent s such that the following condition holds: 


D 1. abo [a, 


Let ab=[g:, - - - , gx] be a decomposition of ab into a cross-cut of pri- 
maries. Then for each g;, g;> ab; hence either g;> a or g; >a, g;>0*;. With 
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a proper choice of notation, we may assume that g;> 4a, (i=1, - - - ,1), gi > b*, 
(i=1+1,---, k). Hence if s is the largest of the s;, [g:,---, g:] ><, 

The following three theorems are immediate corollaries: 

THEOREM 10.2. If b is an idempotent element in a Noether lattice, then 
[a, b]=ab for any other element a of the lattice, and b{a, c]=[ba, bc] for any 
elements a and c. 

THEOREM 10.3. In a Noether lattice, every idempotent element is neutral.* 


THEOREM 10.4. In a Noether laitice, the idempotent elements form a dis- 
tributive lattice. The product of any two idempotent elements is their cross-cut. 


It is easy to show that this last mentioned property of idempotent ele- 
ments holds in any lattice in which multiplication is distributive with respect 
to cross-cut; for if a, b are idempotent, 


ab > [a, b](a, b) = [a(a, b(a, 
= [(a*, ab), (ba, b*)] = [(a, ab), (6, ab)] = [a, 5]. 


The following lattice of order six illustrates how the definition of a 
Noether lattice depends upon the type of multiplication introduced. The ele- 
ments are i, j, a, b, k, and z with the coverings i>j, 7 >a, 7 >b; a>k, b>k; 
k>z. The lattice is distributive and hence a Noether lattice if multiplication 
is identified with cross-cut (see $11). Define an operation xy by ix=xi=x; 
sx=xz=2; j?=j, a=a, k?=2; ja=aj=a; jb=bj=b); 
ab=ba=ak=ka=bk=kb=z. It may be shown that xy is a multiplication 
satisfying M 1—-M 8. But D 1 does not hold; for ab=z and [a, b] =k, while a 
and 6 are idempotent. Hence N 3 is false by Theorem 10.1. 

11. We shall next give some sufficient conditions that a lattice be a 
Noether lattice. 


THEOREM 11.1. Let S be a residuated lattice with ascending chain condition. 
Then sufficient conditions that S be a Noether lattice are as follows: 

D 1. ab> [a, d*]. 

D 2. S is modular. 

It suffices to show that N 3 holds. Let m be irreducible, m> ab, m>a. 
Then if d=(a, m), d>m>db. Now by D 1, db> [d, b*| for some s. Hence 
d>m> {d, b*]. Therefore by D 2, m=[(m, d), (m, b*)]. Since m is irreducible 
and (m, d) =(m, a)#m, (m, b*)=m. Hence m > b* and m is primary. 


* Following Ore [1], we call an elemeni x of a lattice “neutral” if [n, (6, c)]=([n, 6], [n, c]) 
for every pair of elements ), c of the lattice. 
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CoroLiary. Every distributive lattice in which the ascending chain condi- 
tion holds is a Noether lattice for a suitably defined multiplication. 


We take for the multiplication the cross-cut operation. Then M 1-M 6 
and M 8 all hold; so S may be residuated. Since © is distributive, it is 
modular. Thus N 1, N 2, and D 2 hold. But D 1 is trivially true. The result 
now follows from the previous theorem. 

We shall next give some conditions enabling us to view the ideal theory of 
commutative rings from a lattice-theoretic standpoint. It is first necessary 
to introduce a new concept. Let S be a residuated lattice. 


DEFINITION 11.1. Am element q of S is principal if g>b implies that there 
exists an element c such that gc=b. 


Neither ¢ nor b need be principal. 

Suppose that a is principal, a>. The set 3 of elements z such that az=) 
is closed with respect to union. If either postulate M 7 or M 8 holds, the union 
b/a of 3 has the properties stated in the following definition: 


DEFINITION 11.2. a-(b/a) =); if ax=b then b/a>x. 


We call b/a the quotient of b by a. It is easily shown (Ward [1]) that if a 
is principal and a> b, then the quotient b/a equals the residual b:a of a with re- 
spect to b. 

As a simple consequence, we have the following lemma: 


Lemma 11.1. If ais principal and if a> b, then b=(b:a)a. 


We may observe that M 8 always holds if the ascending chain condition 
holds. Hence Lemma 11.1 is true for all principal elements of a residuated 
lattice with ascending chain condition. We shall now prove the following 
fundamental theorem: 


THEOREM 11.2. Let S be a lattice in which the following conditions hold: 


N 1. The lattice S may be residuated. 

N 2. The ascending chain condition holds in ©. 

D 2. S is modular. 

D 3. Every element of S is the union of a finite number of principal ele- 
ments. 

D 4. The principal elements of S are closed under multiplication. 


Then © is a Noether lattice. 


The instance of ideal theory is obtained by identifying the principal ele- 
ments of the lattice with the principal ideals or the corresponding ring ele- 
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ments. D 3 is then the basis theorem, and D 4 the closure property of ring 
multiplication. 

It suffices to show that every irreducible element is primary, or inversely 
that every non-primary element is reducible. Let m be non-primary. Then 
there exist elements a and b of the lattice such that 


(11.1) m>ab, mpa, mdb’ any r. 


We shall show that m is reducible. By D 3, b=(hi, be, - - - , bx) where the b; 
are principal. Then m>ab;. For at least one b;, m6, for any r. For other- 
wise, for each b; there exists an exponent 7; such that m>5,"'. Then if 
r>ntrt+ --- +r:—l1, we have m> 0b’ contrary to hypothesis. Therefore, we 
may assume that b in (11.1) is principal. 

By N 2, the chain m:b, m:b?,---, m:b*,--- terminates so that 
m:b*=m:b*+! for some fixed k. Consider the cross-cut c= [(m, a), (m, b*) ]. 
We have trivially c > m. Now (m, b*) >c > m. Hence by D 2 (Ore [1]), 


(11.2) c = ([c, m], [c, 


Now m > [c, m]. We shall show next that m > [c, b*]. By D 4, b* is principal, 
and 6* > [c, b*]. Hence by Lemma 11.1, [c, b*]={ [c, b*]:b*}b*=(c:b*)b*. 
Also since (m, a) >, b(m, a) > bc. But b(m, a) = (bm, ba) ¢ m by (11.1). Hence 
m>be>b[c, by (11.2). That is, m>b{(c:b*)b*} or m:b*+1>c:b*. But 
m:b*+! =m:b*. Hence m:b* >c:b* or m> (c:b*)b*, m> [c, b*]. It follows there- 
fore that m>c. Hence m=c or m=[(m, a), (m, b*)]. But mda, m > b*. Hence 
(m, a)#m, (m, b*)#m, and m is reducible. This completes the proof. 

12. To show the significance of the hypotheses of Theorems 11.1 and 11.2, 
we shall exhibit various lattices in which not all the hypotheses are satisfied. 

We first consider the following lattice 8,; and we define a multiplication 
xy over %, by the following table: 


wi j a m 2 
i @ m & 
8s 
6s 8s 8 8 
mesos 8 
sis 8s 8s 8 8 8 


The reader may verify that M 1-M 8 are satisfied. Thus 9, is a residuated 
lattice in which the ascending chain condition holds. 8, is obviously non- 
modular. Now it is easily verified that D 1 holds in the lattice: xy > [x, y?], 
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for every x, y of the lattice. Nevertheless, not every irreducible element is pri- 
mary. For consider the irreducible m. We have m > ab and m > 6. But since a 
is idempotent, m >a’ for any r. 


Next, consider the lattice B>. 

We assign the residuation x: to 82 described in Theorem 8.1. The asso- 
ciated multiplication given by Definition 5.1 is then as follows: xy=y, if 
x=i; xy=x if y=i; xy=~x otherwise. 


This lattice is non-modular, as it contains the non-modular sublattice 
j, a, d, e, z. The irreducible elements in it are j, a, b, d, e, and these are all 
primary since x > y? for any yi and any x. Furthermore, the elements /, c, 
d, e, and z are principal and a=(d, c), b=(c, e), 7=(a, 6). Finally the principal 
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elements are closed with respect to multiplication. Thus in this lattice, all 
hypotheses of Theorem 11.2 hold save modularity; and yet the lattice is a 
Noether lattice. 

Our last example is one in which all the hypotheses of Theorem 11.2 hold 
save modularity and the lattice is not a Noether lattice. We define a multipli- 
cation over %; by the following table: 


2 2 2" 2/28 


Then it may be verified that the multiplication satisfies M 1-M 8, and 
that the elements i, a, b, c, m, z are principal and closed under multiplication. 


j 


Since d=(b, m), 7=(a, d), every element is the union of a finite number of 
principal elements. The lattice is evidently non-modular. It is not a Noether 
lattice. For consider the irreducible element m. Then m > ab, m >a, and m>b* 
for any s, since b is idempotent. 


@ ¢ 6 
a @¢¢ ™ 
cmms 
d qd b m 
m| mms m 
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V. CONDITIONS FOR DISTRIBUTIVITY 


13. We shall conclude by answering some of the questions raised in Ward 
[4] as to the import of certain auxiliary conditions in a residuated lattice. 
We consider a residuated lattice in which one or more of the following con- 
ditions hold: 


R9. (a:b, b:a) =i. R10. a:[b,c]=(a:b, a:c). R11. (b, c):a=(b:a,c:a). 
THEOREM 13.1. R 9, R 10, R11 are equivalent and imply distributivity. 
R 9 implies R 11. For 
(b:a, c:a): {(b, c):a} > ((b:a): { (6, c):a}, (cza): 
= ((b: {(b, c):a}):a, (c: c):a}):2). 
But (b: {(b, c):a}):a>b:c since 
{ (b: { (6, c):a}):a} 2(b:c) = ({b:(b:0) c):a}):a 
> ((b, c): c):a}):a>D = i. 
Similarly (c: { (b, c):a}):c>¢:b. Hence (b:a, c:a):{(b, c):a} > (bic, c:b) 37 


by R 9. Thus (0:4, c:a) > (b, c):a. But (6, c):a > (b:a, c:a) trivially. 
R 11 implies R 10. For by R 11, 


(a:b, atc): {a: [b, c]} = {a: (a:c): {a: [b, c]}) 
= ((a: {a: [b, c]}):, (a: {a: [b, c]):0) 
>([b, c]:b, [b, 
= (c:b, = (c:(0, c), b:(b, c)) = (c, b): (6,0) = 


by R 11. Hence (a:b, a:c) >a: [b, c]. But a: [b, c] > (a:b, a:c) trivially. 

R 10 implies R 9. For (a:b, b:a) =([a, b]:b, [a, b]:a) =[a, 6]: [a, b] 
by condition R 10. 

R 10 implies distributivity. For let a > [b, c]. Then 


a:[(a, b), (a, c)] = (a:(a, b), a:(a, c)) = (a:b, atc) = a: [b,c] = i. 
Hence a>[(a, 6), (a, c)] and [(a, 5), (a, c)]>@ trivially. Therefore 
a= [(a, b), (a, 


THEOREM 13.2. If every element of a residuated lattice is principal, then the 
lattice is distributive. 


Let (b, c) >a. We have a>([a, 5], [a, c]). Hence 


a:(b, c)>([a, 5], [a, c]):(6, = [([a, 5], [a, 6], c]):¢] 
> [a, [a, c]zc] = [a:b, = a:(b, c). 
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Thus a:(b, c) =([a, 5], [a, c}):(0, c). But c) >a >([a, [a, c]). Hence 
a = (a:(b, c))(b, c) = {([a, [a, c}):(b, c)} (6, c) = ([a, d], [a, c}) 
by Lemma 13.1. 


THEOREM 13.3. A sufficient condition that a residuated lattice with ascend- 
ing chain condition be a Noether lattice is that every element in it be principal. 


For by Theorem 13.2, the lattice is distributive and hence modular; so all 
the hypotheses of Theorem 11.2 are satisfied. 
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KAKEYA’S PROBLEM ON THE ZEROS OF THE 
DERIVATIVE OF A POLYNOMIAL* 


BY 
MORRIS MARDENt 


1. Introduction. If all zeros of a polynomial f(z) of degree m lie in or on a 
circle K of radius R, then, according to the well known theorem of Gauss and 
Lucas,f all »—1 zeros of its derivative f’(z) also lie in or on K. If only two 
zeros of f(z) lie in or on K, then, according to a theorem stated by Alexander 
and proved by Kakeya and Szegé,§ at least one zero of f’(z) lies in or on the 
concentric circle of radius R csc (2/n). If all but one of the zeros of f(z) lie in or 
on K, then, according to a theorem due to Biernacki,|] at most one zero of 
f’(z) lies outside of the concentric circle of radius R(1+1/)"?. In general, 
according to a theorem stated by Kakeya,§ if p zeros of a polynomial f(z) of 
degree n, (2S pn), lie in or on a circle of radius R, then at least p—1 zeros 
of its derivative lie in or on a concentric circle of radius Rp(n, p). 

The existence of a function p(n, p) was proved by Kakeya§ in the general 
case. The actual computation of p(”, p) seems, however, to have been made 
so far only in the three cases mentioned above; namely, 


p(n,m)=1, p(m,2)Scsca/n, p(n,n—1) S (14+ 1/n)'”. 


Although in the present note the minimum value of p(m, p) in the general case 
will not be determined, two inequalities for p(”, p) will be established. First, 
for all nm and p, (2S pn), 


(1) p(n, p) csc 2m—p+1) 


and, secondly, for at least » an even integer,J 


* Presented to the Society, September 1, 1936; received by the editors December 24, 1937 and, 
in revised form, May 19, 1938. 

¢ The results of this paper were obtained under a grant for summer research from the Wisconsin 
Alumni Research Foundation. 

t See references in M. Marden, American Mathematical Monthly, vol. 42 (1935), pp. 278-279. 

§ J. W. Alexander, Annals of Mathematics, (2), vol. 17 (1915), p. 18; S. Kakeya, Téhoku 
Mathematical Journal, vol. 11 (1917), pp. 5-16, especially p. 9; G. Szegé, Mathematische Zeitschrift, 
vol. 13 (1932), pp. 28-55. 

|| M. Biernacki, Bulletin de l’Académie Polonaise, 1927, pp. 660-675; See also J. L. Walsh, 
these Transactions, vol. 24 (1922), p. 37. 

4 It is to be noted that for p=n, csc x/[2(n—p+1)]=1=(2—p/n)"?; and, for p<n, 
esc 
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(2) p(n, p) = (2 — p/n)'?. 


The second inequality may be proved simply by exhibiting a polynomial 
of degree m which has p=2m zeros in or on the unit circle and of which the 
derivative has at least p—1 zeros in or on the circle | z| =(2—p/n)"*. Such a 
polynomial is 


for, it has zeros of multiplicity p/2 on the unit circle at the points 


n 1/2 n—p 1/2 
2n— p 2n— p 


and its derivative has zeros of multiplicity (p—2)/2 at these points and a 
double zero at the point z= (2 — p/n)". 

The proof of the first inequality, however, will require the establishment 
of an identity (apparently new) relating any zeros of a polynomial 


f(z) = (2 — — ae) - (2 — 


with any (n—p+1) zeros of its derivative which are distinct from the p given 
zeros of f(z). The identity is a generalization of the well known formula 
1 
= 0 
B — 

relating the n zeros of f(z) with any one zero 8 of f’(z) which is not a zero of f(z). 

The identity in question is derived in §2 and applied to the proof of in- 
equality (1) in §3. In $4, the relation of this inequality to one given by Fekete 
is discussed. Finally, in §5, the inequality is used to obtain a sufficient con- 
dition for a polynomial to be at most p-valent in a given circle or other convex 
region. 

2. An identity. The identity mentioned above is described in the following 
theorem: 


THEOREM 1. If the n+1 complex numbers 
@1, @2,°** , Op; Br, Bo, , Ba, 2S 


are distinct and if all of the a; are zeros of a polynomial f(z) of degree n and all 
of the 8, are zeros of its derivative f’(z), then 


3 
(3) (Bi — a},)(B2 — (Bg — 
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where ji, run independently from 1 to p, where 
Pp 
+ +ig = Il + + Smig)!s 
m=1 
and where bm;=1 or 0 according as 7 =m or j7#m. 
To prove Theorem 1, we shall let 
P(z) = (2 — ai)(z — a) -- - — ap). 
Then there exist g constants do, ai, - - - , @g-1, not all zero, such that 
= (ao + + + 
These constants satisfy the system of g homogeneous linear equations 


= 6) +a B;P(B;) 6B; P(B;)| = 9, 


2 
of which system the determinant 


dB; Bi (B1) Bx (B1) 


d d = 
[B2P(B2)] - - - [82 P(62)] 


(4.1) Bo, Bg) = 


q—1 


d d 
dB, [8,P(B.) | dB, [Ba P(6,) 


must therefore vanish. 
Defining Be, - -- , as the Vandermondian determinant 


1 


2 q—1 
1 
(4.2) Bg) = Be Be 


-1 


1 B, Be 


we may write 


and hence 


| $37 
i 
d 
d 
j=l kej+1 
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dB - - AB ke - - [P(B:)P(B2) - - - P(8,)V]. 


The right-hand side of this equation may be evaluated by Leibniz’ rule for 
differentiating a —— as follows. First, 


P V C in 
(8:)V] = x ky, (81) 


where Cx, and If, now, we assume that for some 
fixed value of m, (1<m<q), 


8B, *™ [P(B:)P(B2) - - P(Bn)V] 


ii=0 jo=0 im=0 


then 


Okitket+ 


0 km+1 


km+1 P(Bm+1) V 


im=0 \ im OB 


2") 
im=0 0B 
km+1 OimtiV 


im m+1 
km+1 { m+1 in(g,) 
We may conclude by mathematical induction, therefore, that 
A 


by 


jo=0 jqg=0 t=1 B; 


(5.1) 


It is furthermore clear that A((;, 82, - - - , 8) is a polynomial of degree 
n —1 in each §;. Since A vanishes when any two 6; are equated, A must have V 
as a factor. Hence the quotient 
Bo, 
V (Bi, Be, By) 
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is a polynomial of degree 

in each 8;, and, as is evident from formulas (4.1) and (4.2), it is symmetric 
in the B;. 

Since P(z) is a polynomial of degree p and has no multiple zeros, it is true, 
according to Lagrange’s interpolation formula that 

Bo, Be) > P(a;,, Bo, Bs, Bq) 
P(B:) P’(aj,)(B1 — 


If, now, it be assumed that, for m any fixed positive integer less than q, 


B2,--- , Bg) 
P(B:)P(B2) - - - P(Bm) 
then again by Lagrange’s formula 


Be, Ba) 
P(B:)P(B2) - P(Bm+1) 


It follows then by mathematical induction that 


(6, Bo, Bq) 
P(6:)P 


Let us next compute the value of ®(a;,, aj, --- , aj.) for a given set A 
of the Qj;. 

First, let us consider the case that no two a;,; of set A are equal. Then 
from formula (4.2) it follows that 


and, since the a;, are zeros of P(z), it follows from (4.1) or (5.1) that 
A(a;,; jg) P'(a;,) P’ P'(a 5.) V (aj, #0 
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and hence that 
P(a;,, y jg) P'(a;,) P’ (a P'(ajq). 
Secondly, let us consider the case that in the set A, a;,=a;,= ---: =aQj,, 


(u<q), but a;,, @;,,,,° °°, are distinct. From formulas (4.1) and (4.2) 
it then follows that the derivatives 


(6.1) | 


ah 
(6.2) | 


vanish whenever two or more k; are equal and, therefore, whenever 
+k =u — 1)/2 


unless (h:, ke, - - - , ky) is the set Ki: (0,1, - - - , 4—1) ora set obtainable by 
merely permuting the numbers of the set K;. These yu! sets will be referred to 
hereafter as the sets K. 

In the neighborhood of the point A, 


o* 


A 


where £;=8;—a;,, 


= = 0, 


and both sums are taken over all sets K. Furthermore, since changing from 
one set K to another set K merely multiples both derivatives (6.1) and (6.2) 
by one or both by minus one, we may write 


Bo, Ba) 
a get 


aB2 


apy 


If therefore for a given path of approach of the point Be, --- , 8.) to A 
lim then 


[May 

0B, A | 
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or 
1, (+ 


P(a;,, Ci’ ** 9 jg) 


ga 


V 


Finally, according to formula (5.1), 
a “ 1 1 

on giz Oia 

| 
a 


Since the a;, are zeros of P(g), 


Ou 
OB? ABs" Ja 
By use of our above remarks on the vanishing of the derivative (6.1), this 
expression reduces further to 
[ a 2 get 


OB. OB? a] C2,1C3,2 Cu,u—1P’ (a ;,)P’ 


32 
and, consequently, 


P(a;,, ** Qjq) (a;,)P’ P' (aq). 


Thirdly, let us consider the case that all of the a;; in the set A are dis- 
tinct except for uw of the a;, which are equal to one another, these yu of the a;, 
not being necessarily the first u of the a;,. Then, due to the symmetry of the 
function ©((;, Be, --- , 8.) in the B;, we see that the result obtained in the 
second case holds here also; namely, 
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Lastly, let us consider the most general case. Because of the symmetry of 
(61, Be, - - - , By) in the B;, we may, without loss of generality, assume that 


1<jiSjeS --- Sj,<p. Let us suppose concerning the set A that 
= °° * = = Ag, 
where 0=0)<0,< --- <o,=g and all the A; are distinct. Let u;=0;—o;-1. 


Then, exactly as in the second case, one concludes that 


@ a? 
JA 


that 
a a2 
I Bom —1+2 9824-143 |, 
= (un!) 
m=1 


re 


and therefore that 


P(a;,, ig) II (um!) P’ (ax j,) P’ (a P'(ajq)- 
m=1 

The substitution into equation (5.2) of the above value of ®(a;,, a2, - ,Qjq) 
and the use of the relation un =>. /_,5mj;, complete the proof of Theorem 1. 

In the foregoing proof of Theorem 1, the numbers au, a2, - , 
Bi, B2,- ~~, Bg were assumed to be all distinct. Since the left-hand side of 
equation (3) is a function which is continuous in all the a; and 6, except for 
the values a;=8;, an identity similar to (3) 
may be derived as a limiting case of (3), in the event that not all of the a; 
are distinct and that not all of the 8; are distinct, provided that no a; is a By. 

Suppose, for example, that 


| 

i 

| 
| 

8 
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ts p» 
but that a:, @p, Bi, Be, - - , Bg are distinct. Then equation (3) 
may be written as 
(7) > > Ein =0 
jo=t ig=t (81 ;,) (Be Qj») (Bq 


where £;,;,...;, is a constant which will now be determined. If a, occurs ex- 
actly \ times in the denominator of a given term of equation (7), for example, 
in the product 


(8) (81 — az)(B2 — ar) (Bx — a), 


that term may be considered as the limit of the sum of all terms of equation 
(3) in the denominators of which occur the products 


(Bi — a;,)(B2 — aj.) (Bx — ay) 


where the a;,; are selected in all possible ways from the set 


Suppose ke @2’s, - - - , and x; a,’s, where x;20, all j, and 
(9) Kit kot: =X 
are selected. There are in (3) 


terms which contain the chosen a; and, according to Theorem 1, each of 
these terms will have as a factor of the numerator coefficient D the product 


Ky!ko! 
Hence, the factor A! occurs in the numerator of the limit of the sum of such 
terms. The set of nonnegative integers (k:, k2, - - - , k,) may, in addition, be se- 


lected subject to the condition (9) in C:4,-1,, ways. Hence, the factor corre- 
sponding to (8) in the numerator of the given term of (7) will be 


= Ut + 1)\(¢+ 2)--- @+A—1). 


On the other hand, suppose that 6:=$2.= - - - =8, but that Bu, Buss, - - -,Be 
are distinct. Then, since the number of terms of (3) in which (i, Be, - - - , 8, are 
associated with 6; a1’s, 52 - - - , 5p where 6: +62+ --- +6,=u, is 

u! 


i 
4 
| 
Ki ky! 
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that number of terms coalesce to form the single corresponding term of the 
limit of (3). 
Thus the following corollary is evident: 


COROLLARY. Among the r+s distinct numbers 
, As, B,, Bo, - ++, Bs 


let each A; be a zero, of multiplicity at least p;, of a polynomial f(z) of degree n, 
and each B, a zero, of multiplicity at least q., of the derivative of f(z) where 


and 
Then the A; and B,, satisfy the relation 


8 r 


where the sum is formed for all vjx, (j=1, 2,---, 8; R=1, 2,---, 7”), 
such that 1, and jr and where 
3. Proof of inequality (2). Theorem 1 and its corollary will now be applied 
to the establishing of the following theorem: 


THEOREM 2. If a polynomial f(z) of degree n, (n=2), has p, (p=2), zeros 


in or on a circle K of radius R, then its derivative f'(z) has at least p—1 zeros in 
or on the concentric circle K' of radius 


2(n — p + 1) 


For the proof of Theorem 2, it may be assumed without loss of generality 
that K is the unit circle |z| =1. 

Let ai, a2, be the p given zeros of f(z), and let Bi, Be, --- , 
be all x —1 zeros of f’(z), the subscripts on the 8; being chosen so that 


=| 62) =| 


If |8,| <1,(j=¢+1,¢+2, ---,n—1); 
that is to say, at least (n—g) =(p—1) of the 8; will lie in the unit circle and 
therefore in the circle K’. 

If |8,| >1, then likewise |8;| >1, (j=1, 2, - - - ,q—1). As |ax| <1 for all 
k, no B;, (j=1, 2, - - - , g), will be an a,; hence either Theorem 1 or its corol- 


j 
i 
| 


| 
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lary may be used. Let ¢; be the angle subtended by the circle K in the point 
B;, and let a/ denote the a, corresponding to a given 8; such that 


B; — aj 
0 < arg ———- $ 6, $ < 


& 


for allj7=1,2,---,qandall k=1,2,---, p. It follows that 


Il (8; — a; ) 
j=1 


0 arg — = (q — 


II «,) 


j=1 


where 6, (0<6<q), denotes the number of factors common to the two prod- 
ucts 


II @; - a;), I] (6; — 


If, therefore, ¢,<7/g, each term in the sum obtained on multiplying the left- 
hand side of (3) by 


Il (8; — aj) 


j=1 


could be represented by a vector drawn from the origin to a point lying in the 
angular opening 


OS argz<7; 


hence the left-hand side of (3) would not vanish. As this result would contra- 
dict Theorem 1, it follows that ¢,=7/q; that is to say, the p—1 zeros of f’(z) 
Bo, Bost, * * * » Bai lie in or on a circle K’ concentric with K and of radius 

= cc — = coc - 
2q 2(n — p + 1) 
The above method of proof may also be used, with little change, in the 

case that K is a convex region not necessarily a circle. The corresponding 
result may be stated as follows: 


THEOREM 2’. If a polynomial f(z) of degree n, (n=2), has p, (p=2), zeros 
in a convex region K, its derivative has at least p—1 zeros in the star-shaped 
region K’ consisting of all points of the plane from which K subtends an angle of 
not less than 1/(n—p+1) radians. 


Theorem 2 or Theorem 2’ does not furnish, however, the least number 


H 
q q 
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p(n, p) as defined in §1. This is clear from the fact that, in general, the 
quantity 6 used in the proof takes on values in addition to 0 and that, there- 
fore ¢, must be actually greater than 7/q in order for the left-hand side of (3) 
to vanish. 

The same is clear from the facts that, although for p=n 


us 
cs¢ = 
2(n — p + 1) 


nevertheless for p=2 and n=3 


1 = p(n, n), 


Ss 


2(n — p + 1) 


and for* p=n—1 and n=2 


> csc r/n = p(n, 2), 


2(n — p + 1) 


4. Relation to a theorem of Fekete. The inequality 


= 21/2 > (1 + 1/n)"? = p(n, n — 1). 


p(n, 2) S csc x/n 


was proved by Szegé as a consequence of the following theorem of Grace and 
Heawood:f Jf a and b are two distinct zeros of a polynomial f(z) of degree n, 
at least one zero of the derivative of f(z) lies in or on the circle 


a+b a—b 


|- 
2 2 


(10) 


cot 


Szegé showed that if the a and 6 are allowed to vary independently in and 
on the unit circle, the envelope of circle (10) is the circle |z| =csc /n. 

A similar relation will now be proved to hold between Theorem 2 and the 
following theorem: 


THEOREM 3. If a and b are respectively k-fold and I-fold zeros of a poly- 
nomial f(z) of degree n, then at least one zero (different from a and b) of the deriva- 
tive lies in or on the circle 

a+b | 
2 


(11) 


a-—b 


cot 
2 2n+1—k-l) 


* For p=n—1 and n25, csc r/[2(n—p+1)]=2"2>1+2/n, where 1+2/n is a limit obtainable 
from a theorem due to Walsh. See J. L. Walsh, these Transactions, vol. 24 (1922), p. 37, and also 
Biernacki, Bulletin de l’Académie Polonaise, 1927, p. 121. 

t J. H. Grace, Proceedings of the Cambridge Philosophical Society, vol. 11 (1901), pp. 352-357; 
P. J. Heawood, Quarterly Journal of Mathematics, vol. 38 (1907), pp. 84-107. 
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This theorem, a generalization of one due to Fekete,* is an immediate re- 
sult of the lemma:} 

If P(z) is a polynomial of degree v=1, if (2) is a function real, continuous, 
nonnegative, and not identically vanishing on the interval (—1, 1) of the real axis, 
and if 


1 
$(z)P(z)dz = 0, 
-1 
then P(z) vanishes in at least one point in which the segment (—1, 1) subtends 
an angle of not less than w/v. 


In the proof of Theorem 3, it may, without loss of generality, be assumed 
that a= —1 and b=1. If and P(z) =f'(z)/o(z), the 
latter being a polynomial of degree y=n+1—k-—1, the requirements of the 
lemma just quoted will be satisfied and Theorem 3 will follow at once. 

It will now be shown that the envelope of the circles (11) when a and b vary 
independently in or on the unit circle is the circle of Theorem 2 with p=k-+l. 
It obviously suffices to find the envelope of the circles (11) when a and b vary 
on the unit circle. Every point of circle (11) may then have its coordinates 
written in the form 


a+b a—b 
z= +0( ) cot 
2 2 


with | 6| <1, and |a| =|]. An angle y may be found so that either a =be‘¥ or 
b=ae'¥ where In either case 


| z| cos — + sin — cot 
2 2n+1—k-l) 


sin} —+ 
2 24n+1—k-l) 
< cs 


sin 
2n+1-—k-D) 


5. p-valent polynomials. An immediate corollary of Theorem 2 is the 
theorem:{ 


* M. Fekete, Acta Litterarum ac Scientiarum, Szeged, vol. 1 (1923), pp. 98-100. 

t M. Fekete, Mathematische Zeitschrift, vol. 22 (1925), p. 2, and Jahresbericht der deutschen 
Mathematiker-Vereinigung, vol. 34 (1926), p. 211. See also M. Marden, Bulletin of the American 
Mathematical Society, vol. 38 (1932), p. 440; vol. 39 (1933), pp. 750-754. 

t Alexander and Kakeya gave this theorem in the special case p=1. See the above references. 
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If the derivative of a polynomial f(z) of degree n=2 has exactly p—1 zeros 
(2<p<n) in the unit circle, then f(z) has at most p zeros in or on the circle 

2(n — p) 


For, if f(z) had p+1 zeros in this circle, f’(z) would have at least p zeros 
in or on the circle 


|z| = sin 


csc 

2(n — p) 2(n — p) 
in contradiction to the hypothesis. 

This corollary is essentially identical with the following theorem about 
p-valent polynomials: 

THEOREM 4. If the derivative of a polynomial P(z) of degree n, (n=2), has 
exactly p—1 zeros (2 <p<n) in or on the unit circle, then P(z) is at most p-valent 
in or on the circle 


|z| = sin 


2(n — p) 


By a function’s being p-valent in a given region R it is meant that the func- 
tion takes on at least one value p times in R and no value more than / times 
in R. It suffices then merely to set f(z) =P(z)—~y, where y is an arbitrary 
constant, in order to deduce Theorem 4 from the above corollary. 

Finally, the same method of reasoning when used together with Theorem 
2’ leads to the following more general conclusion giving a sufficient condition 
for a polynomial to be at most f-valent in a convex region K, not necessarily 
a circle. 


|z| = sin 


THEOREM 4’. Let K be a convex region and S the star-shaped region com- 
prised of all points from which K subtends an angle of at least r/(n—p) radians 
(2<p<n). Then, if the derivative of any polynomial P(z) of the nth degree has 
exactly p—1 zeros in S, the polynomial P(z) is at most p-valent in K. 
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ABSTRACT SYMMETRIC BOUNDARY CONDITIONS* 


BY 
J. W. CALKIN 


The topic discussed here belongs to the theory of linear transformations 
in Hilbert space and presupposes on the part of the reader a fairly thorough 
knowledge of certain portions of that subject. The following material is at 
most only slightly more than the minimum prerequisite: M. H. Stone, Linear 
Transformations in Hilbert Space and their Applications to Analysis, Ameri- 
can Mathematical Society Colloquium Publications, vol. 15, New York, 1932, 
chaps. 1-5, and chap. 9, §§1, 2, or the various writings of J. von Neumann 
dealing with the same or related aspects of the theory; J. von Neumann, 
Uber adjungierte Operatoren, Annals of Mathematics, (2), vol. 33 (1932), pp. 
294-310; F. J. Murray, Linear transformations between Hilbert spaces and the 
application of this theory to linear partial differential equations, these Transac- 
tions, vol. 37 (1935), pp. 301-338, §§1—-5 only. 

I wish here to acknowledge my indebtedness to M. H. Stone who not only 
suggested the thesis indicated above, but has also made an extremely valu- 
able contribution to the present work. Thanks are due also to J. von Neu- 
mann, with whom the author has had several fruitful conversations concern- 
ing the theory here developed. More precise acknowledgments are made in 
the course of the paper. 


INTRODUCTION 


1. The nature and applications of the subject. The basic concept of the 
present paper is embodied in a definition (Definition 1.1) which leads to a 
formula associated with a certain type of transformation T in Hilbert space, 
analogous to the so-called “fundamental formula” associated with a differ- 
ential operator coincident with its formal adjoint. We are thus able to in- 
troduce an abstract definition of linear boundary conditions associated with 
the equation 7f—)f=g, and to study the properties of such boundary condi- 
tions. 

* Presented (in part) to the Society, February 26, 1938; received by the editors July 21, 1938. 

Several of the theorems of Chapters III and IV are abstract formulations of results which ap- 
peared in the writer’s doctoral thesis, A pplications of the Theory of Hilbert Space to Partial Differential 
Equations, Harvard, 1937 (see abstracts 43-3-114, 43-3-209, Bulletin of the American Mathematical 
Society. 

+ We use the term “fundamental formula” in the sense of Hadamard, Lectures on Cauchy’s Prob- 


lem in Linear Partial Differential Equations, New Haven, 1923, pp. 58-69; for an ordinary differential 
operator, the fundamental formula is the familiar Lagrange identity. 
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In this formulation, the boundary condition is regarded as defining a sub- 
set of the domain of T and thus a contraction of the transformation T (that 
is, a transformation S such that S ¢ 7). The main problem which we consider 
is the determination of those boundary conditions which define self-adjoint 
and maximal symmetric contractions of T. 

The entities introduced in the fundamental definition are realizable in 
terms of a wide variety of differential operators, both ordinary and partial. 
In terms of such realizations, the abstract boundary conditions which we con- 
sider include the familiar self-adjoint boundary conditions of the classical 
theory of differential equations. Applied to a differential operator our results 
serve to characterize a wide class of differential systems for which a unique 
spectral form exists. 

Apart from the introduction, the paper is divided into four chapters. In 
Chapter I the fundamental definitions are introduced and a few simple but 
basic theorems established. Here also examples from the field of differential 
operators are given. The chapter concludes with a precise statement of the 
important problems to be considered. In Chapter II, manifolds possessing a 
kind of symmetry, including as special cases manifolds which appear as the 
graphs of symmetric transformations, are studied in detail. In Chapter III, 
the situation postulated in Definition 1.1 which gives rise to the “funda- 
mental formula” for an operator T is thoroughly analyzed. In Chapter IV, 
the results of Chapters II and III are applied to the solution of the problems 
stated at the end of Chapter I. 

A fifth chapter dealing with the applications of the theory to certain types 
of differential operators was originally planned but is not included; applica- 
tions will be considered in subsequent papers. 

For the convenience of the reader, a detailed table of contents appears 
at the end of the introduction. 

2. Notation, terminology, and conventions. Except for minor modifica- 
tion and additions, we use the notation and terminology of M. H. Stone.* 

We take occasion here to point out the following notations which we em- 
ploy systematically and which are not entirely standardized: © for a unitary 
space with dimension number zero and especially for the subspace with di- 
mension number zero of any space under consideration; D(7) and (7) for 
the domain and range, respectively, of a transformation 7; T% for the set in 
the range of T into which T takes the set Jt in its domain. We reserve the 
letter EZ for the designation of projections, and denote a projection with range 


* Linear Transformations in Hilbert Space and Their Applications to Analysis. All citations of 
Stone in the sequel refer to this book. 
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N by Ey. We find it convenient also to adopt the topological notation N for 
the closure of the set M. Since we use this notation only where % is a linear 
manifold, % is precisely the closed linear manifold determined by %. 

We employ extensively the concept of the graph of a transformation. The 
graph of a transformation T with domain in a Hilbert space $; and range 
in a Hilbert space $2 is the manifold of vectors {f, Tf} in the space $:® $2; 
in particular, S: and $2 may be identical.f We also admit the possibility that 
either ; or H2 is a unitary space. Except where otherwise indicated, we de- 
note the graph of a transformation T by the symbol 8(7). We recall that 
%(T) is a closed linear manifold if and only if T is a closed linear transforma- 
tion; and that, if 7* exists, (6:1®62) (7) is the linear manifold of vectors 
{T*f ’ 

At various points we must discuss questions involving a space which may 
be either a Hilbert space or a unitary space—that is, a separable complex 
Euclidean space—, and we use the terminology ordinarily associated with the 
theory of transformations in Hilbert space to cover both cases. This neces- 
sitates our taking the definitions of various types of transformations in 
Hilbert space as definitions of transformations in unitary space also. In many 
cases the distinctions which these definitions set up for transformations in 
Hilbert space are vacuous for transformations in a space with finite dimension 
number. For example, in a unitary space, every linear transformation is 
bounded, every linear symmetric transformation is self-adjoint, every maxi- 
mal] isometric transformation is unitary. These facts, however, are all well 
known and in many cases self-evident. We do not, therefore, make explicit 
comment at every point in the sequel where specialization to the case of 
unitary space makes modification of the exposition possible. 

Although we have occasion to discuss mathematical relations involving 
several inner products, not all formed in the same space, we use the same 
notation, namely (, ), for all inner products under consideration and state in 
which space each is formed only when the context fails to make it clear. 

In discussing the orthogonal sum, - - - of a finite col- 
lection of spaces, we find it convenient to use the notation ; to mean, as 
well as the space §, itself, that manifold of vectors in 6 whose compo- 
nents in §;, (jk), are all zero. More generally, if 9 denotes a manifold 
in Dr, (m<n), we shall on occasion use the symbol also 
to mean that manifold in § whose projection on 5;,09:,®8 --+ OHz,, is M 


+ The notion of the graph for the case $= Hz is due to J. von Neumann, Annals of Mathematics, 
(2), vol. 33 (1932), pp. 294-310; especially p. 299. The more general definition was introduced by 
F. J. Murray, these Transactions, vol. 37 (1935), pp. 301-338; especially pp. 302-303. All future 
citations of Murray refer to this paper. 
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and whose projection on §;, ke, 


[May 


, km), is zero. However, when there 


is danger of ambiguity, we use a different convention. Thus, if the space 
under consideration is §@ and M is a manifold in §, we shall use the nota- 
tion M+ to denote the manifold of vectors {f, 0} in S@H such that f is 
in M. 


wd 
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CHAPTER I. FUNDAMENTAL CONCEPTS 


1. Reduction operators. The basic notion of this paper, indicated roughly 
in the introduction, we now state precisely. 


DEFINITION 1.1. Let H be a ciosed linear transformation in a Hilbert space 
, and let H* exist. A transformation A with domain in the graph of H* and 
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with range in a unitary or Hilbert space M is said to be a reduction operator for 
H* if the following conditions are satisfied: 

(1) A is closed, linear, and has domain dense in 8(H*); 

(2) there exists a unitary transformation W in It such that 


(© OM) S BA) 


is the set of all vectors {H*f, —f, WA{f, H*f}}. 
The space IN is called the range-space of A.t 


It may be observed that Definition 1.1 can be modified as follows: The 
condition that A be closed linear can be omitted from (1) and the condition 
(2) can be stated in a form which does not require $(A) to be a closed linear 
manifold. It can then be proved that A is necessarily closed and linear. 

From Definition 1.1, we have at once the formula 


(1.1) (f, H*g) — (H*f, g) + (A{f, H*f}, WAfg, H*g}) =0, 


for all f and g in S(H*) such that A {f, H*f} and A{g, H*g} are defined. In 
order to simplify the notation, we shall hereafter often write Af for A {f, H*f}. 
Thus the abstract “Lagrange identity” (1.1) may be written 


(1.2) (f, H*g) — (H*f, g) = — (Af, WAg). 


THEOREM 1.1. The transformation H is symmetric. The domain of A con- 
tains the graph of H, and A\f, H*f| =0 if and only if f is in the domain of H. 
Thus D(A) =B(A) if and only if H is self-adjoint. 


Since H* exists and H is linear, H has domain dense in §.{ Moreover, 
since H is closed, H* has domain dense in §, and H** exists and is identically 
H.S§ 

If A{f, H*f} =0, then {H*f, —f, 0} is in (G6 ®SOM)SB(A), by Defini- 
tion 1.1, (2). Thus (g, H*f) —(H*g, f) =0 for all {g, H*g} in D(A). Since 
D(A) is dense in S(H*), it follows from the identity H=H** that f is in 
D(H) and that H*f=AHf. On the other hand, if f is in D(H) it follows, again 
from the identity H=H**, that {Hf, —f, 0} is in (S@HOM)SB(A). 
Therefore {f, Hf} isin D(A) and A{f, Hf} =0. Thus D(A) 2%(A) and 
AS(H) =. Moreover, since 8(H*) 2>D(A), we have $(H*) 28(H). Hence 
H* > H, and, since D(H) determines §, H is symmetric. 

Finally, since D(A) is dense in 8(H*) and H is closed, the equations 


¢ Compare our previous definition, Proceedings of the National Academy of Sciences, vol. 24 
(1938), pp. 38-42, Definition 1. That the requirement W?+J=0 is unnecessary was pointed out to 
us by J. von Neumann (cf. Theorem 1.2 below). 

t Stone, Theorem 2.6. 

§ Von Neumann, loc. cit., Theorem 2. 
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D(A) =B(A) and B(H*) =B(A) are clearly coextensive. Hence the identities 
A=0 and A*=H are also. 


THEOREM 1.2. The range of A is dense in I, and W satisfies the identity 
W?+J=0. 

Since A is linear, §(A) is a linear manifold and is therefore dense in M 
if and only if MOR(A) =O. To establish the latter identity we have only to 
observe that if k belongs to MOR(A), then 


(f, 0) — (H*f, 0) + (Af, k) = 0 


for all {f, H*f} in D(A), whence it follows that k=WA {0, 0} =0. 
To prove the second assertion of the theorem we set g=/ in the identity 
(1.2) to obtain 


(f, H*f) — (H*f, f) = — (Af, WAP). 
Taking the complex conjugate of both members of this equation, we have 
(H*f, f) — (f, H*f) = — (WAf, Af). 
Thus, for # in R(A), we obtain by addition of the two preceding equations 
the relation (Wh, h)+(h, Wh) =0. Moreover, since W is unitary, (h, Wh) 
=(W~th, h) and thus (Wh, h) =0 for all in M(A). Hence, since 
W and W- are bounded and #(A) = M, we have (Wh+W-'h, h) =0 for all h 
in M. But W+W-" is self-adjoint; therefore the result just obtained implies 


that its bound is zero. Consequently W+W-!=Of or W?+J]=0, as we 
wished to prove. 


THEOREM 1.3. Let A be a reduction operator for H*, and let T be an arbitrary 
bounded self-adjoint transformation in §. Let C be the transformation which has 
as its domain the set of elements \f, (H*+T)f} of 8(H*+T) such that { f, H*f} 
is in D(A), and which takes {f, (H*+T)f} into A{f, H*f}. Then C is a re- 
duction operator for H* +T. 

To prove that C is a reduction operator for H*+T, we seek all elements 
{g*, g, h} of S©HOM such that 

(f, — ((H* + T)f, 2) + (4f, 4) = 0 
for all {f, H*f} in D(A). Since D(A) 2B(H) and AB(H) =O, the identity 
(H+T)*=H*+T, which holds by virtue of the fact that T is bounded, im- 
plies that g is in D(H*) = D(H*+T) and that g* = (H*+T)g. Hence, since T 
is self-adjoint, {g*, g, h} satisfies the above equation for all {f, H*f} in D(A) 
if and only if 


t Stone, Theorem 2.22. 
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(f, H*g) — (H*f, g) + (Af, h) = 0 


for all such {f, H*f}. But the latter condition is satisfied if and only if 
h=WaAg. Thus, in view of the remark following Definition 1.1 we conclude 
that C is a reduction operator for H*+T. 

To reveal more clearly the significance of Definition 1.1, we give now some 
concrete examples of reduction operators. 


EXAMPLE 1. © is the space &(a, b) where a<x<b is a finite interval] of 
the real axis. H* is the transformation which takes f into if’ and has for its . 
domain D* the set of all elements f of 2.(a, 6) which are absolutely continuous 
on a<x<band such that f?| f’|*dx < «©. The operator H is the contraction of 
H* whose domain © is the set of all elements in D* which vanish at a and b. 
The space Nt is a two-dimensional unitary space, and A is the transformation 
which takes {f, H*f} into the point of Nt with coordinates (f(b), f(a)); W is 
the transformation which takes the point (c, d) in M into (tc, —id). Here the 
formula (1.1) is the formula of Lagrange, 


EXAMPLE 2. © is the same as in Example 1; the domain D* of H* is the 
set of all elements f of 2,(a, 6) such that f and f’ are absolutely continuous on 
a<«x<b and f'|f’’|*dx is finite; H*f/=f"’. The domain D of H consists of 
those and only those elements g of D* such that g(a) =g(b) =g’(a) =g’(b) =0; 
Hg =g'’. The space IM is a four-dimensional unitary space; 


A{f, H*f} = {f(), f@, f'(@, — f'()}. 


The transformation W takes (h, k, 1, m) into (m, 1, —k, —h) and the formula 
(1.1) is 


b b 


EXAMPLE 3. © is the space 2,(Z) where E is the set inthe (x, y)-plane 
bounded by the lines x =a, x=), y=c, y=d, a<b, c<d. The domain D* of H* 
is the set of all elements f(x, y) of &(Z£) which are absolutely continuous on 
a<x<b for almost all y on c<y<d and for which /z| f,|°dE is finite; H*f =if.. 
The domain D of H is the set of all elements g of D* such that lim...g(x, y) 
=lim,..g(x, y) =0 for almost all y on c<y<d; Hg=ig,. The space M is the 
space d) BLo(c, d); 


Af = {f(b, 9), f(a, ky) } = — if hy), — 
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D(A) =B(A) and B(H*) =B(A) are clearly coextensive. Hence the identities 
A=0 and H*=H are also. 


THEOREM 1.2. The range of A is dense in MN, and W satisfies the identity 
W?+/=0. 
Since A is linear, (A) is a linear manifold and is therefore dense in M 


if and only if MOR(A) =O. To establish the latter identity we have only to 
observe that if k belongs to MOMR(A), then 


(f, 0) — (H*f, 0) + (Af, k) = 0 


for all {f, H*f} in D(A), whence it follows that k= WA {0, 0} =0. 
To prove the second assertion of the theorem we set g=/ in the identity 
(1.2) to obtain 


(f, H*f) — (H*f, f) = — (Af, WAY). 
Taking the complex conjugate of both members of this equation, we have 
(H*f, f) — (f, H*f) = — (WAf, Af). 
Thus, for # in R(A), we obtain by addition of the two preceding equations 
the relation (Wh, h)+(hk, Wh)=0. Moreover, since W is unitary, (h, Wh) 
_ =(W-"h, h) and thus (Wh, h)+(W-"h, h) =0 for all h in R(A). Hence, since 
W and W-' are bounded and (A) =M, we have (Wh+W-—h, h) =0 for all h 
in M. But W+W-" is self-adjoint; therefore the result just obtained implies 


that its bound is zero. Consequently W+W-!=Of or W?+J=0, as we 
wished to prove. 


THEOREM 1.3. Let A be a reduction operator for H*, and let T be an arbitrary 
bounded self-adjoint transformation in . Let C be the transformation which has 
as its domain the set of elements \f, (H*+T)f} of 8(H*+T) such that | f, H*f} 
is in D(A), and which takes {f, (H*+T)f} into A{f, H*f}. Then C is a re- 
duction operator for H* +T. 

To prove that C is a reduction operator for H*+T, we seek all elements 
g, h} of S®HOM such that 

(f, — (H* + T)f, 3) + (Af, 4) = 0 
for all {f, H*f} in D(A). Since D(A) 2B(H) and AB(H) =, the identity 
(H+T)*=H*+T, which holds by virtue of the fact that T is bounded, im- 
plies that g is in D(H*) = D(H*+T) and that g* = (H*+T)g. Hence, since T 
is self-adjoint, {g*, g, 4} satisfies the above equation for all {f, H*/} in D(A) 
if and only if 


t Stone, Theorem 2.22. 
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(f, H*g) — (H*f, g) + (Af, 4) = 0 


for all such {f, H*f}. But the latter condition is satisfied if and only if 
h=WAsg. Thus, in view of the remark following Definition 1.1 we conclude 
that C is a reduction operator for H*+T. 

To reveal more clearly the significance of Definition 1.1, we give now some 
concrete examples of reduction operators. 


EXAMPLE 1. § is the space %(a, b) where a<x<b is a finite interval of 
the real axis. H* is the transformation which takes f into if’ and has for its . 
domain D* the set of all elements f of &.(a, 0) which are absolutely continuous 
on a<x<band such that | f’|°dx < The operator H is the contraction of 
H* whose domain © is the set of all elements in D* which vanish at a and b. 
The space It is a two-dimensional unitary space, and A is the transformation 
which takes {f, H*f} into the point of M with coordinates (f(b), f(a)); W is 
the transformation which takes the point (c, d) in M into (ic, —id). Here the 
formula (1.1) is the formula of Lagrange, 


b 

EXAMPLE 2. © is the same as in Example 1; the domain D* of H* is the 
set of all elements f of &.(a, b) such that f and f’ are absolutely continuous on 
a<a<b and f'|f’’|*dx is finite; H*f=f’’. The domain D of H consists of 
those and only those elements g of D* such that g(a) = g(b) =g’(a) =g’(b) =0; 
Hg=g'’. The space 9M is a four-dimensional unitary space; 


A{f, H*f} = {f(), f@, — f'()}. 


The transformation W takes (h, k, 1, m) into (m, 1, —k, —h) and the formula 
(1.1) is 


EXAMPLE 3. is the space %(Z) where E is the set in-the (x, y)-plane 
bounded by the lines x =a, x=), y=c, y=d, a<b, c<d. The domain D* of H* 
is the set of all elements f(x, y) of &.(Z) which are absolutely continuous on 
a<x<b for almost all y on c<y<d and for which f,| °dE is finite; H*f =if.. 
The domain D of H is the set of all elements g of D* such that lim...g(x, y) 
=lim,..g(x, y) =0 for almost all y on c<y<d; Hg=ig,. The space M is the 
space d) BLx(c, d); 


Af = {f(b, »), f(a, Ry) } = — if h(y), — 
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Here the formula (1.1) is 
d d 
ff f [ 10, Day + He, Day = 0, 
E E c c 


and is valid for all f and g in D*. 


EXAMPLE 4. § is the space &(£) where E is the interior of the unit circle 
in the (x, y)-plane. The domain D* of H* is the set of all elements f of &(£) 
with the following properties: 

(a) f, f. are absolutely continuous in + on the closed intervals a<x<b, 
y=k interior to E for almost all values of kon —1<y<1;/f, f, are absolutely 
continuous in y on the closed intervals c<y<d, x=h, interior to E for almost 
all values of hon —1<x<1; 

(b) The integrals 


exist on every closed set S interior to E; 
(c) —V*f=—f.2—fy is an element of %(£). 
H* is the transformation with domain D* which takes f into —V°f. The 
domain D of H is the subset of elements g of D* such that g=g,=g,=0 almost 
everywhere on the boundary C of E. The space M is %(C)@®X&(C). The 
domain of A is the set of all elements {f, H*f} of 8(H*) for which f(s) and 
Of/dn = —f.y'(s)+f,x'(s), where s denotes arc length on C, are elements of 
£2(C); 
Af = {f(s), — af/an}. 


W is the transformation which takes {h(s), k(s)} into {k(s), —A(s)}. The 
formula (1.1) is here the familiar identity of Green, 


~ f + f evefdE — f fag/an-ds + f df/an-gds = 0. 
E E Cc Cc 


Here the domain of A is not identically 8(H*) as it is in each of the first three 
examples. 

In later papers we shall deal in some detail with applications of the theory 
developed in the present memoir. Consequently we omit here proofs that 
the examples just given are valid illustrations of the situation described in 
Definition 1.1. 

By means of Theorem 1.3, further examples are readily constructed from 
the ones just given. In particular; in Theorem 1.3 if H* is a differential opera- 
tor and 7 an integral operator, the sum H*-+T is an integro-differential oper- 
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ator of a type previously studied from various points of view by many writers. 

Before proceeding, we point out that it is possible to define a reduction 
operator A on the graph of the adjoint of an arbitrary symmetric transforma- 
tion H. A proof of this fact is given later (Theorem 2.9). 

2. Linear boundary conditions. We introduce now a general definition of 
linear boundary conditions which describes, in particular, all the linear self- 
adjoint boundary conditions ordinarily considered in connection with the dif- 
ferential operators of Examples 1-4. 


DEFINITION 1.2. Let A be a reduction operator for H* with range-space M. 
Let Nt be a linear manifold in M, and let D(N) be the set of elements f in the 
domain of H* such that Af is defined and belongs to N. Then H(N) denotes the 
contraction of H* with domain D(N) and Af ¢ N is called the boundary condition 
defining H(N). If the equation Af =h does not have a solution f for a dense set 
of elements hin N, the boundary condition is said to be degenerate; otherwise it is 
said to be nondegenerate. 


THEOREM 1.4. The transformation H(N) of Definition 1.2 is a linear ex- 
tension of H and H* > H*(N) 2H(MOWN), where W has the same meaning as 
in Definition 1.1. If T is an arbitrary linear extension of H such that 
G(T) ¢ D(A), then N=AB(T) is a linear manifold in M and T=H(MN). 


Since 9 is a linear manifold and A a linear transformation, the condition 
Af « N clearly describes a linear manifold of elements f of D(H*). Thus, since 
H* is linear, H(M) is also. Furthermore, since 9% is linear, it contains the ele- 
ment 0 of Mt. Therefore, by Theorem 1.1, H(%)2H, and this implies 
H* > H*(N). The relation H*(N) > H(MOGWMN) is an immediate consequence 
of Definition 1.2 and the identity (1.2). 

If S(T) €D(A), it follows at once, from the fact that B(7) is a linear 
manifold and A a linear transformation, that 2} = A(T) is a linear manifold. 
The relation T=H(M) is a consequence of Definition 1.2 and the hypothesis 
B(T) € D(A). 

3. The fundamental problem. We are primarily concerned here with those 
transformations H(t) which are symmetric. In order to isolate the boundary 
conditions Af e Jt which define such extensions of H, we introduce the follow- 
ing definition: 

DEFINITION 1.3. Jf M is a unitary or Hilbert space and W is a unitary 
transformation in IN such that W*+I=O, a linear manifold N in M is said 
to be W-symmetric if WNEMON. 


THEOREM 1.5. If MN is a linear W-symmetric manifold, the transformation 
H(M) of Definition 1.2 is a linear symmetric extension of H. If S is a linear 
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symmetric extension of H such that ®(S)¢D(A), then AB(S) is a linear W- 
symmetric manifold in M. 


Theorem 1.5 follows from Theorem 1.4 and the identity (1.2). 

We can now state with some precision the twofold problem whose solution 
is our primary object. 

PROBLEM. (1) To determine conditions on N necessary and sufficient for 
H(M) to be maximal symmetric and conditions on Nt necessary and sufficient 
for H(M) to be self-adjoint; (2) if D(A) #B(H*), to determine conditions on N 
necessary and sufficient for H(M) to be maximal symmetric and conditions nec- 
essary and sufficient for H(®) to be self-adjoint. 


We leave to the reader the interpretation in terms of Examples 1-4, and 
in terms of others which he may construct, of the concepts introduced in this 
section and the one preceding.f 


CHAPTER II. W-SYMMETRIC MANIFOLDS 


1. Isometric transformations. The present chapter is devoted almost en- 
tirely to an analysis of the concept of W-symmetry introduced in Definition 
1.3. This analysis is based on a simple correspondence between W-symmetric 
manifolds and isometric transformations which is immediately suggested by 
a well known correspondence between symmetric and isometric transforma- 
tions,f and which has previously been described by O. Teichmiiller.§ Before 
proceeding to the discussion of this correspondence, we state in a form 
adapted to our special purposes certain facts concerning isometric trans- 
formations. 


DEFINITION 2.1. Let V be a closed isometric transformation from a space D, 
to a space 2 where each of the spaces D;, D2 is either a unitary space or a Hilbert 
space. Let m and n be, respectively, the dimension numbers of the manifolds 
HiSD(V) and H2oOR(V). Then the number pair (m, n) is called the (G1, H2)- 
deficiency index of V. If V is a non-closed isometric transformation from , to 


{ In this connection, the following material will be found suggestive: chap. 10, §§2, 3 of the 
book of Stone, especially Theorems 10.7, 10.16, and 10.18; the paper of I. Halperin, Closures and 
adjoints of linear differential operators, Annals of Mathematics, (2), vol. 38 (1937), pp. 880-919; 
especially pp. 883-891; the writer’s abstract 43-3-114, Bulletin of the American Mathematical So- 
ciety. 

t J. von Neumann, Mathematische Annalen, vol. 102 (1929), pp. 49-131, especially pp. 80-91; 
or Stone, chap. 9. 

§ Operatoren im Wachschen Raum, Journal fiir die reine und angewandte Mathematik (Crelle), 
vol. 174 (1935), pp. 73-124; especially pp. 99-107. Some of the theorems of the present chapter are 
only slight variations of results stated by Teichmiiller. However, since his analysis does not lend itself 
readily to our purposes and would, in any ~ase, have to be considerably supplemented at several 
points, it appeared to us desirable to carry through a complete independent treatment. 
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Ge, the (G1, B2)-deficiency index of V is also said to be the (G1, S2)-deficiency 
index of V. If V has either domain identically , or range identically 2, V is 
said to be a maximal isometric transformation from $, to D2; if both conditions 
are satisfied, V is said to be a unitary transformation from , to De. 


THEOREM 2.1. Let §; and 2 be separable complex euclidean spaces with 
dimension numbers j and k, respectively. A necessary and sufficient condition 
that a closed isometric transformation from $, to S2 be unitary (maximal iso- 
metric) is that its (G1, H2)-deficiency index be (0, 0) (either (p, 0) or (0, p)). 

If either j or k is zero, the class of all isometric transformations from , to D2 
contains only the linear transformation whose domain is D. If both j and k are 
different from zero, the class of all maximal isometric transformations from ©, 
to S2 has the cardinal number of the continuum. 

Let j and k be different from zero. If 7=k<®o, every maximal isometric 
transformation from ©, to S2 is unitary. If 7#k, the (D1, He)-deficiency index of 
every maximal isometric transformation from ©, to 2 is (j—k, 0) or (0, k—-7) 
according as j is greater or less than k. If j is greater (less) than k, and M is an 
arbitrary closed linear manifold in $1 (G2) such that HiOM (GS2OM) has the 
dimension number k (j), then every closed isometric transformation with domain 
HiOM and range H2 (domain H, and range H.OM) is contained in the class of 
all maximal isometric transformations from , to D2. The class of all such trans- 
formations has the cardinal number of the continuum. 

If j7=k=§> and p is an arbitrary cardinal number on the range OS p<No, 
the set of all isometric transformations from {, to G2 with the (G1, S2)-deficiency 
index (0, p) ((p, 0)) has the cardinal number of the continuum. If M is an arbi- 
trary closed linear manifold in $; (G2) whose orthogonal complement has the 
dimension number No, then every closed isometric transformation with domain 
HiOM and range SH. (domain H, and range H2OM) belongs to the class of all 
maximal isometric transformations from , to S2. The class of all such transfor- 
mations has the cardinal number of the continuum. 


The assertions of the preceding theorem which are not obvious are either 
direct consequences of theorems of Stone (op. cit., chap. 2, §5) or are easily 
proved by methods similar to those used there. We therefore omit proof. 

2. W-symmetric manifolds and isometric transformations. We state first 
the following definition: 


DEFINITION 2.2. A W-symmetric manifold N in a space M is said to be 
maximal W-symmetric if it has no proper W-symmetric extension. It is said to 
be hypermaximal W-symmetric if WN=MON. 


We come now to the fundamental theorem on W-symmetric manifolds, 
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THEOREM 2.2. Let W be a unitary transformation in a unitary or Hilbert 
space MN, and let W satisfy the identity W*?+I=O. Let M* and M- be, respec- 
tively, the characteristic manifolds of W for the characteristic values +i and —i. 
Let Uw be the class of all isometric transformations from IN*+ to M-, and let S w 
be the class of all linear W-symmetric manifolds N in IN. Then there is a one-to- 
one correspondence between the classes Uw and § w such that, if V and XN corre- 
spond, N is the range of I—V. If V and XN correspond, so also do V and %; 
M is a closed linear manifold if and only if V is a closed transformation. The 
correspondence between Uw and § w is an isomorphism with respect to the rela- 
tion ¢.If Nis a closed linear manifold in § w and V its correspondent in Uw, 
then 
(2.1) MON = WR+ (M* SD(V)) + MO R(V)), 
the three component manifolds in the right-hand member being mutually orthog- 
onal. A manifold N inS w is maximal (hypermaximal) W-symmetric if and only 
if the correspondent V in Uw is a maximal isometric (unitary) transformation 
from M* to M-. 


We observe first that = This follows from the unitary char- 
acter of W and the easily established fact that the spectrum of W consists 
only of the two points +7 and —i. 

Consider now an arbitrary manifold % of the class § w. Let f be an arbi- 
trary element of R. Then f has a unique resolution f=f++/-, where f+ is in 
M+, f- in M-. Furthermore, 

+f, if) = - i, =0. 

Thus |f-| =|f+|, and we can set f- = —Vf+, where V is an operator with 
domain the set of elements of )t*+ which are projections of elements of Jt and 
is uniquely defined at every point of its domain. Since 9% is a linear manifold 
and the projections with ranges 2+ and Mz- are linear transformations, V is 
a linear transformation. Since, as we have already seen, V preserves norm, 
V is isometric. It is obvious that V belongs to the class Uw and that 9 is the 
range of J—V. On the other hand, if V is an arbitrary element of the class Uw, 
we have, for all f and g in the domain of V, 

(f — Vf, W(g — Vg)) = — tg + = — af, + VS, Veg) = 0. 
Thus the range of J—V belongs to§ w. Since it is evident that two isometric 
transformations V and V, with domains in + and ranges in M- cannot 
satisfy the relation R(J-—V)=R(J—V3;) unless V=V,, the first assertion of 
the theorem is established. 


+ We use the ordinary plus sign here and throughout this paper to indicate the Jinear sum of 
manifolds. 
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We now turn to the second. If V is an arbitrary member of the class Uw 
and {f,} an arbitrary convergent sequence in the domain of V, the sequence 
{fn—Vf.} also converges, evidently to an element f—Vf of N. Furthermore, 
if {f,} is an arbitrary convergent sequence in N and f,=f+—V/ft, the se- 
quences {f+} and {Vf+} must converge separately since they belong to 
orthogonal linear manifolds. But then the first converges to an element f+ 
in the domain of V’, the second to Vf+. Hence if N and V are in correspond- 
ence, so also are N and V. Since the correspondence is one-to-one, it follows 
that M is closed if and only if V is closed. 

Purely on the basis of the definition of the correspondence between § w 
and Uy it is readily verified that 3ti ¢ N%. implies Vi¢ V2 while V; ¢ V2 im- 
plies 9t: € Ne, where, in either case, Nt; and Ye. correspond to V; and Vs, re- 
spectively. Since the correspondence is one-to-one, Vi=V2 if and only if 
N= Ne. Hence Ni ¢ Re implies V; ¢ V2, and conversely. Furthermore, since a 
maximal isometric transformation from 2+ to Mt- has no proper maximal 
isometric extension from J+ to Pt-, the equivalence, when MN and V corre- 
spond, of the statements “Jt is maximal W-symmetric” and “V is a maximal 
isometric transformation from M+ to M-” follows at once. 

To establish the relation 


MOR = WN+ SDV)) + M SRny)), 


where 9 is a closed linear manifold in § w, V the corresponding member of 
Uw, we first observe that it is equivalent to the equation 


MS [M+ SD(V)) + SR(V))] =N+ 


But, since M-=M OS M*, we have 
MS [(M*+ SD(V)) + (M- R(V))] = DV) + RV). 


Hence we need only show that 
N+ UM = ADV) + 


As every element of 3t can be written in the form ft— V+ and every element 
of WM in the form g++Vgt, where f+ and g+ belong to D(V), we have im- 
mediately N+WNRED(V)+R(V). On the other hand, if f+ is an arbitrary 
element of D(V), (f*—Vf+)/2 is in N while ({++Vf+)/2 is in WN, whence 
we conclude that 


ft = (ft — Vft)/2 + (ft + Vf*)/2 


belongs to N+WM. Similarly, if Vg+ is an arbitrary element of R(V), 
—(g+—Vgt)/2 and (g++Vgt)/2 belong to the respective manifolds N and 
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WM. Hence Vgt is in N+WN. Thus N+ WNR=D(V)+R(V) as we wished 
to show. 

That 2 is hypermaximal W-symmetric if and only if the corresponding 
member of Uy is a unitary transformation from 2* to M- is an immediate 
consequence of the result established in the preceding paragraph. The proof 
of the theorem is therefore complete. 

Throughout the remainder of this chapter, W, M, M+, M-, Uw, S w have 
the same meanings as in Theorem 2.2. We shall hereafter write 2 = N(V) and 
V =V(%) to indicate that MN and V are corresponding members of § w and 
Uw, respectively. 

THEOREM 2.3. Let Mit, Ms, - - - , Mt be mutually orthogonal linear mani- 
folds in IN*. Let Vi, Vo,---, Vn be transformations of the class Uw with do- 
mains respectively Mi*, Ms, --- , Mit, and ranges mutually orthogonal. Then 
the manifolds N(V1), R(V2), are mutually orthogonal. If V is the lin- 
ear transformation with domain Mi + Ms + --- whichis equal on to V 
(k=1,2,---,m), V belongs to Uw and N(V) is N(Vi) +R(V2)+ --- +R(V,). 
Conversely, if a, Ne, - + - , Nn are mutually orthogonal linear manifolds in § w, 
the domains, and the ranges, of V(%:), V(Ne),---, VN») are mutually or- 
thogonal. If N= Nit --- +MNn, R belongs to Sw and V(N) has domain the 
linear manifold determined by the domains of V(N1), V(MN2), - - , V( Nn) and 
is equal to V(%,) on the domain of the latter (k=1,2,---,m). 


The truth of Theorem 2.3 follows from the definition of the correspond- 
ence of Theorem 2.2; we omit the details of proof. 


DEFINITION 2.3. The (M+, M-)-deficiency index of an isometric transforma- 
tion V from IN* to M- is also called the W-deficiency index of V. If Nis a linear 
W-symmetric manifold and V(X) has the W-deficiency index (m, n), (m, n) is 
also said to be the W-deficiency index of N. 


THEOREM 2.4. A necessary and sufficient condition that a closed linear mant- 
fold N of the class S w be maximal W-symmetric is that its W-deficiency index 
be either (m, 0) or (0, n). A necessary and sufficient condition that N be hyper- 
maximal W-symmetric is that its W-deficiency index be (0, 0). 


The preceding theorem is merely a restatement, in terms of the terminol- 
ogy introduced in Definition 2.3 of the last two assertions of Theorem 2.2. 


THEOREM 2.5. Let 7 be the dimension number of N+, k the dimension num- 
ber of M-. Then, if either 7 or k is zero, w contains only the manifold D in M. 
If neither j nor k is zero, the class of all maximal W-symmetric manifolds in § w 
has the cardinal number of the continuum. 
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If 7=k<WNo, every maximal W-symmetric manifold in the class § w is hyper- 
maximal; that is, has the W-deficiency index (0, 0). If 7>k (k>j) holds, every 
maximal W-symmetric manifold in Sw has the W-deficiency index (j—k, 0) 
((0, k—j)). If 7=k=No and p is a cardinal number on the range 0S p<No, 
the class of all maximal W-symmetric manifolds with the W-deficiency index 
(p, 0) ((0, p)) has the cardinal number of the continuum. 

If 7=k=No, or if 7>k (k>j) holds, and M, is an arbitrary closed linear 
manifold in (M-) such that M+ OM, (M-SM) has the dimension number 
k(j), the class of all isometric transformations of M*OM:, into M- (M+ into 
M-SM1) is in one-to-one correspondence according to Theorem 2.2 with a sub- 
class of the class of all maximal W-symmetric manifolds in § w. Each member 
of the subclass of S w so defined has the W-deficiency index (p, 0) ((0, p)), where p 
is the dimension number of Ms. 


Theorem 2.5 is for the most part a straightforward interpretation in 
terms of the class § w of the analysis of the maximal transformations in the 
class Uw which is provided by Theorem 3.1. We leave the details of verifica- 
tion to the reader. 

While it is evidently possible to elaborate extensively the preceding analy- 
sis and, in particular, to consider the problem of determining all of the maxi- 
mal W-symmetric extensions of a given W-symmetric manifold, we refrain 
from such elaboration as being both unnecessary for the applications which 
we intend to make and also clearly suggested in outline by the analysis which 
we have already developed and by works of similar nature to which we re- 
ferred at the beginning of this chapter. 

3. Illustrations and applications. We pass instead to the consideration of 
two special types of transformation W which are of considerable importance 
and interest. 


THEOREM 2.6. Let M=HOH where H is a unitary or Hilbert space, and 
let W be the transformation which takes every vector {f:, fo} of S into i{fi, —fe}. 
Then W is a unitary transformation in It and W?+I=O. The characteristic 
manifolds I+ and M- of W for the characteristic values +i and —i are H+OD 
and D+, respectively. The class Uw is in one-to-one correspondence with the 
class of all isometric transformations X in $; V in Uw corresponds to X if and 
only if D(V) =D(X)+D and V{f, 0} ={0, Xf} for all f in the domain of X. 
V is a maximal isometric (unitary) transformation from IN*+ to M- if and only 
if X is maximal isometric (unitary) in S. If V and X correspond, N(V) is the 
graph of —X. 


The statements regarding W are evident. The remaining assertions of the 
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theorem are all proved by simple recourse to the definitions of the various 
terms and symbols involved. 


THEOREM 2.7. Let M=HOH where H is a unitary or Hilbert space. Let W 
be the transformation with domain M which takes {f, g} into {g, —f}. Then W 
is unitary and W*+I=O. The manifolds N* and M- in M are, respectively, 
the set of vectors of the form \h,ih} and the set of vectors of the form {h, —ih}. 
There is a one-to-one correspondence between the class Uw and the class X of all 
isometric transformations X in $; V and X correspond provided {h, ih} is in 
the domain of V when and only when h is in the domain of X and V {h, ih} 
= {Xh, —ixh}. 

The class Sw contains a subclass of manifolds each of which is the graph ®(H) 
of a symmetric transformation H in §; if H is an arbitrary linear symmetric 
transformation in $, B(H) belongs toS w. If ®(H)=N(V) and V corresponds to 
the member of X of X according to the laws stated above, H=i(I+X)(I—X)"}. 
H is maximal symmetric (self-adjoint) if and only if 8(H) is maximal (hyper- 
maximal) W-symmetric. 


Again the statements concerning W are evident from inspection. In verifi- 
cation of the correspondence between Uw and X, we observe first that every 
isometric transformation X inX clearly generates a member V of the class Uw 
according to the following rules: 

(1) D(V) contains {h, ih} if and only if the domain of X contains h; 

(2) V{h, ih} ={Xh, —ixh}. 

On the other hand, if V belongs to Uw, the equality 2||?=2|k|? which 
is valid whenever {k, —ik} =V {h, ik} and the linear character of V imply 
that V generates a member X of X such that (1) and (2) are satisfied. 

If H is a linear symmetric transformation in §, then W%(Z) is the set 
of vectors {Hf, —f} in S@§; hence the symmetry of H implies that 8(H) 
is inS w. If B(H)=N(V) and V corresponds to X in X, the domain of H is 
the range of J—X and H(J—X)=i(1+X). The fact that J—X has range 
dense in § is readily shown to imply that it has no zeros and we thus have 
H=i([+X)(I—X)-. The statements “H is maximal symmetric” and 
“$(H) is maximal W-symmetric” are obviously equivalent by definition 
as also are the statements “H is self-adjoint” and “S(H) is hypermaximal 
W-symmetric.” 

Further application of the theory of W-symmetric manifolds which we 
have developed, and of the more detailed theory which we have suggested 
to the study of the graphs of symmetric transformations would clearly yield 
new proofs of many of the known facts in the familiar theory of the connec- 
tion between isometric and symmetric transformations. We prefer, however, 
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to postpone consideration of this theory to a later point where we are led to 
it again from a different direction. Here we shall prove only a variation of one 
known theorem which is intimately connected with the previously stated 
fact that a reduction operator A can be defined on the graph of the adjoint 
of any symmetric transformation. 


THEOREM 2.8. Let H be a closed linear symmetric transformation in Hil- 
bert space S, and let D+ and D- be the characteristic manifolds of H* for the 
characteristic values +i and —1, respectively. Then 8(H*)OB(H) is the set of 
elements of 8(H*) which can be written in the form \f++f-, ift—if-}, where 
ft is in Dt, f- in D-.F 

Let W, St+, and M¢- have meanings the same as in Theorem 2.7, and let V 
be the isometric transformation from M+ to Mt- corresponding to B(H) in 
accordance with that theorem. Since H is closed and linear, (7) is a closed 
linear manifold, and V is closed also. Moreover, according to equation (2.1), 
(S®H)@B(HA) is the manifold 


WS(H) (M* SOD(V)) (M- R(V)). 
But, by definition, 
(9 BCA) = WB(H"*). 
Thus we have 
WS(H) (M* SD(V)) M- SR(V)) = WB(A*), 


and, since the three components on the left are mutually orthogonal, this is 
equivalent to the equation 


WS(H*) S WS(A) = SD(V)) 6 M- SR(V)). 
But W is unitary, equal to zJ on M*, and to —7J on Pt-, so that the latter 
equation is equivalent to 
B(H*) S B(A) = (M* SD(V)) 6 (M- S R(V)). 
Hence to complete the proof it is necessary only to show that (M+OD(V)) 
consists of all vectors {f+, if+} such that f+ is in D+ and (M-OD(V)) of all 
vectors {f-, if-} such that f- is in D-. 
Consider first an arbitrary element f+ of D+. Then H*f+=if+, and 
(g, ft) + (Hg, if*) = ig, ift) — i(Hg, ft) = 0 

for all gin D(H); and { f+, if+} is perpendicular to 6(H). But B(H) —V) 
and ®(V) is in M-=(GGH) Therefore, since (f+, + (éf+, —ih) =0 for 
¢ Compare Stone, Theorem 9.4, and Teichmiiller, loc. cit., pp. 104-105. 
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all h in S, {f+, if+} is in M+SD(V). On the other hand, if {f+, ift} is in 
M+SD(V), it is perpendicular to B(H) and we have 

(g, ift) — (Hg, ft) = — i(g, ft) + (Hg, if*) = 0 
for all g in D(H), whence it follows that if+ = H*f+. 

A similar argument establishes the analogous relation between M¢-OR(V) 
and D~, and completes the proof of the theorem. 

THEOREM 2.9. Let A be the projection in 8(H*) with range %,(H*) 
=%(H*)OB(H). Then A is a reduction operator for H*, with range-space 
B:(H*). The transformation W associated with A by Definition 1.1 is equal 
on its domain to the operator in $®H which takes {f, g} into —\g, —f}, where f 
and g are bothin 


It is necessary for the proof of the theorem only to determine 


Letting W; have the same meaning as W in Theorem 2.7, we have OH 
= BW, 8(A). Hence 


H) B(*)) S BA) = ((B(A*) W,B(A)) @ Bi(A*)) © BA), 


and, since W,8(H)+D is obviously orthogonal to B(A) in (6®@H) @Bi(H*), 
we have now to determine 


(B(H*) B1(H*)) S 


But, considered as a transformation from 8(H*) to $,(H*), A has an adjoint 
from %,(H*) to 8(H*), which is clearly equal on its domain to the identity. 
Therefore, in accordance with Theorem 2.8, 


consists of those and only those elements of (6 @S) @ B:(A*) which are of the 
form 

Since, when we again take account of Theorem 2.8, these elements are re- 
vealed as precisely those elements of (6 ®H) @ B:(H*) which are of the form 
|H*g, —g, WAg}, where W has the character stated in the theorem, the 
proof is complete. 

Theorem 2.6 gives complete information about the structure of the mani- 
folds R of the class § w for the special operator W there considered. Theorem 
2.7, however, provides this information only in the special case that M is the 
graph of a symmetric transformation. It is desirable, therefore, that we dis- 
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cuss more fully the general case arising under Theorem 2.7. An analysis ade- 
quate for our purposes is provided by the theorem which we prove next. 
Following von Neumann, we shall call a transformation H in a space 
Hermitian if the equation (f, Hg) —(Hf, g) =0 is satisfied for all f and g in 
the domain of H.f Thus a Hermitian transformation is symmetric if its do- 
main determines $. We emphasize that § may have a finite dimension num- 
ber and also that we do not admit, as von Neumann does in the work just 
referred to, many-valued operators H. 


THEOREM 2.10. Let I and W have the same meanings as in Theorem 2.7, 
and let XR be an arbitrary closed linear manifold in the class § w. Let X be the 
member of the class X corresponding to V(N) in accordance with Theorem 2.7. 
Then X is a closed transformation. Let D(X) be the characteristic manifold of X 
for the characteristic value 1, and let Do(X) =D(X)ODi(X). Let Xo be the con- 
traction of X with domain Do(X), and let Go be the closed linear manifold de- 
termined by the linear sum of the domain and range of Xo. Then Qo is in 
HOD1(X), (I —Xo)— exists, and the transformation 


H = i(I + Xo)(I — Xo)" 


is a closed linear Hermitian transformation in o. If {f, g} is an arbitrary ele- 
ment of N, f is in the domain of H and g=Hf+h, where h belongs to D,(X). The 
resolution of {f, g} so provided is unique. N is maximal (hypermaximal) W- 
symmetric if and only if S.>=HOD:(X) and H is maximal symmetric (self- 
adjoint) in 

That X is closed follows at once from the fact that 2 is closed, when we 
take account of the relation between X and V() described in Theorem 2.7. 

By definition, S.=D(X0o) @R(Xo). Since, also by definition, D(Xo) 
it follows that CHOD,(X). But X,¢X and X is 
isometric. Therefore, as X is defined throughout D,(X) and leaves it invari- 
ant, we must have R(X») Consequently € SOD (X). 

Since (I—X,)f=0 implies (J—X)f=0 which implies in turn that f be- 
longs to D(X), it follows that (J — Xo) exists. That the transformation 1 
of the theorem is a closed linear Hermitian transformation in the space Do 
is readily verified on the basis of its definition in terms of Xo. 

If {f, g} is an arbitrary element of 2, then, according to Theorem 2.7, 
f=k—Xk,g=i(k+Xk), where is an element of D(X). Let k =k: +h, where 
ky belongs to Do(X), ke to D(X). Then f=ki—Xhki, g=i(kit+Xok1) +2ike. 
Thus g=Hf+h, where h=2ik:. That this resolution of {f, g} is unique is an 


+ Functional Operators (mimeographed notes of lectures given at The Institute for Advanced 
Study, 1933-1935), p. 2-46. 
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immediate consequence of the uniqueness of the resolutions k=k,+hz for k, 
and 


{f,g} = {k— Xk, i(k + Xk); 


for {f, g}. 
Now let us suppose that §t is maximal W-symmetric. Then, by Theorem 


2.7, either the domain or the range of X is identically 5. Consequently, either 
the domain or the range of X> is identically So and S:=H@D,(X). Further- 
more, the range of J—X, is dense in Hp. For let the equation (f, g—Xog) =0 
be satisfied for all g in the domain of X) and some element f of So. Then 
(f, g) -—(f, Xog) =0. Hence, if Xo has domain So, we have f=X¢*f. But it is 
readily shown that X¢* is equal to Xz! on R(Xo) and equal to 0 on SOR(Xo). 
Thus f is in R(X») and f= Xe"f. Since the inverse of J — Xo exists, it follows 
that f=0. Similarly, if Xo has range So, we have f=(X;")*f and a parallel 
argument leads again to the conclusion f=0. Thus H =i(J+Xo)(J—X»o)" is 
symmetric in po and, since either the domain or the range of X» is identically 
Ho, H is maximal as well. Furthermore, when %t is hypermaximal W-sym- 
metric, Xo has domain and range identically $» so that in this case H is self- 
adjoint. 

Next let us suppose that S = §o@D(X) and that H is maximal symmetric 
in Ho. Then N= B(H) where is the manifold in M=6@H whose ele- 
ments are of the form {0, h}, 4 in D,(X). Thus MON = WB(A*) and 
in view of Theorem 2.8 this equation reveals immediately that 2 is maximal 
W-symmetric. Furthermore, if H=H*, then 8(H*) =%(H), and 9% is clearly 
hypermaximal W-symmetric. 

We bring this section to a close with a simple theorem which is revealed 
later as of fundamental importance. 


THEOREM 2.11. Let A be a reduction operator with domain in the graph of 
the adjoint H* of a symmetric transformation H in a Hilbert space S. Let M be 
the range-space of A, and let W be the unitary transformation associated with A 
by Definition 1.1. Let I+ and M- be the characteristic manifolds of W for the 
characteristic values +i and —i, respectively. Let U be the transformation in 
HOHOM which takes {f,, fo, h} into { fo, —fi, Wh}. Then U is a unitary trans- 
formation in ODOM and U?+I=O. The graph B(A) of A, consisting of all 
vectors of the form \f, H*f, Af} in S8@HOM is a hypermaximal U-symmetric 
manifold. The characteristic manifolds of U for the characteristic values +i and 
—t are, respectively, the manifold 2+ consisting of all elements of the form 
\f, if, hy}, where f is in , hy in M+, and the manifold & of all elements of 
the form \f, —if, h_}, where f is in S and h_in M-. 
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Since it is an immediate consequence of Definition 1.1 that 
US(A) = BA), 


it is necessary only to establish that U has the properties stated in the theo- 
rem. That U?+J=0O is readily verified: 


fr, fa, h} = Ul fe, — fi, Wh} = fi, — fo, 


and W*h= —h. From inspection it is evident that %+ and & are at least sub- 
sets of the indicated characteristic manifolds of U; that they must be iden- 
tically those manifolds is an immediate consequence of the easily proved 
equality 


4. Real W-symmetric manifolds. Just as it is desirable to consider the 
special properties of symmetric transformations which are real with respect 
to a conjugation, so here it is desirable to consider “real” W-symmetric mani- 
folds. 

We recall that a conjugation J in a Hilbert space or unitary space M is 
a one-to-one transformation of I? into itself such that 


and that a transformation T in M is said to be real with respect to J if it 
permutes with J. 


DEFINITION 2.4. A linear manifold N in a unitary or Hilbert space M is 
said to be real with respect to a conjugation if it contains Jf whenever it contains f. 


THEOREM 2.12. If a linear manifold N in M is real with respect to a con- 
jugation J, then the closed linear manifold which N determines is real with re- 
spect to J. 

For a linear manifold N to be real with respect to J it is necessary and suffi- 
cient that (1) JN=N; if N ts also closed, either of the following conditions is nec- 
essary and sufficient: (2) MON is real with respect to J, (3) (MON) =I(MON). 


Since a conjugation J is evidently continuous, it follows at once that the 
closed linear manifold % determined by a linear manifold § is real with re- 
spect to J, if Nt itself is. 

If Nis real with respect to J, then JN is a subset of N; if it is a proper sub- 
set, then J? is also a proper subset of Jt. The latter is clearly impossible, 
however, since J?=/. Thus the condition J9 = is necessary for the reality 
of N with respect to J; that it is sufficient is obvious. For 2 closed, the neces- 


T Stone, pp. 357-365. 
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sity and sufficiency of the condition (3) now follow from the fact that 
(Jf, Jg) =(f, g) for all fin N and gin MSN, and the fact that J takes N into 
itself and (1). Since (2) is, by (1), equivalent to (3), the proof is complete. 


Lemma 2.1. A unitary transformation W, W?+I=O, permutes with a con- 
jugation J if and only if M-=IM* and M+ =IMNe-. 

The proof is immediate. 

THEOREM 2.13. Let N be a closed W-symmetric manifold in I, and let 


V=V(M). Then for N to be real with respect to a conjugation J which permutes 
with W, it is necessary and sufficient that the identity V=JV—J hold. 


We observe first that JN is W-symmetric, since the relations 
WNEM ON, JUNEM SIN, WINEM SIN 


are equivalent. Also, if N=R(7—V), then JN=R(T—JV-J), and JV-J is 
isometric with domain in 9+ and range in I- by Lemma 2.1. Hence, by 
Theorem 2.2, R=JMN if and only if V=JV~-‘J, and the proof is complete. 

THEOREM 2.14. Let M=HOH, let W be as in Theorem 2.7, and let Jy be a 
conjugation in . Then the transformation J in M defined by the equation 
Jf, g} ={Jof, Jog} is a conjugation which permutes with W. A closed linear 
W-symmetric manifold N in M is real with respect to J if and only if the mani- 
fold D(X) and the transformation H associated with N by Theorem 2.10 are 
real with res pect to Jy. 


The first assertion is a direct consequence of Lemma 2.1. 

If H is real with respect to Jo, then 8(H) is real with respect to J, by 
definition. Furthermore, the manifold D+9,(X) in M=H@& is clearly real 
with respect to J if D(X) is real with respect to Jo. Thus, since 


MN = BCA) + (O + D,(X)), 


N is real with respect to J when H and D,(X) are real with respect to Jo. 
On the other hand, suppose 9% is real with respect to J. Then 


JB(H) + (O + JoDi(X)) = BCA) + (© + Di(X)). 


But J8(H) =B(JoHJ>) and J:D,(X) is orthogonal to the range of JoHJo. 
Furthermore J,»HJ» is readily shown to be a Hermitian transformation. But 
according to Theorem 2.10, H and D,(X) orthogonal to the range of H are 
uniquely determined by Mt; so we have 


= H, JoD1(X) = D(X). 


Consequently H and D,(X) are real with respect to Jo. 
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CHAPTER III. REDUCTION OPERATORS 


1. An alternative definition. In this chapter we examine in detail the situ- 
ation described in Definition 1.1, with particular attention to the structure of 
transformations A satisfying the conditions of that definition. 

Before proceeding, we introduce the following notations whose meanings 
remain fixed throughout the chapter: 


DEFINITION 3.1. H is a closed symmetric transformation in Hilbert space , 
with domain D; D* is the domain of H*; B and B* are the graphs of H and H*, 
respectively; D+ and D- are the characteristic manifolds of H* for the charac- 
teristic values +i and —1, respectively; B+ (B-) is the subset of B* defined as 
follows: {f, H*f} in B* is in B+ (B-) if and only if f is in D* (D-). 

We recall from Theorem 2.8 that B*OB=Bt+B-. 


THEOREM 3.1. Jf A is a reduction operator for H*, the contraction A, of A 
with domain [(@++%-)-D(A)] is a closed linear transformation with domain 
dense in $++B- and range dense in M, the range-space of A. The transforma- 
tions and exist and 


(3.1) =Q4r'W, 


where Q is the transformation in 8+ which takes \f, g} into {g, —f},fand g 
being elements of ©. 

Conversely, if A, is any closed linear transformation with domain dense in 
B++B- and range in a unitary or Hilbert space M, and if Az" exists and satis- 
fies (3.1) for some unitary transformation W in MM, then the closed linear trans- 
formation A with domain D(A1)+% which is equal to O on B and to A; on 
D(A1), is a reduction operator for H*. 


We note first that D(A;) is dense in $++%-, since B is a closed linear 
manifold in D(A) and D(A) is dense in B*. Thus the existence of A* is as- 
sured. Furthermore, the existence of Ay! is assured by Theorem 1.1, and the 
relation A*2QA;'W follows at once from Definition 1.1. 

Hence we have only to show that QA;'W 2 A#; to do this we take direct 
recourse to the definition of the adjoint. Accordingly, we consider an arbi- 
trary vector {f, H*f, h} in (@++8-)®M such that the equation 


(g, f) + (H*g, H*f) — (Ag, H*g, h) = 0 


is satisfied for all {g, H*g} in D(A). Since {f, H*f} is by hypothesis in 
$*S%, the equation is satisfied for all {g, H*g} in D(A:) if and only if it is 
satisfied for all {g, H*g} in D(A). Thus, by Definition 1.1, we must have 
{f, ={A*k, —k}, —h=WA,{k, H*k}. Consequently, since W=—W-, 


+ 
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{k, H*k} = — = Az'Wh. 


But {f, H*f} =A*h and {f, H*f} =Q{k, H*k}. Therefore, whenever fh is in 
the domain of A*, Wh is in the domain of Aj! and A*h=QA'Wh. Thus 
A*COAHW. 

If, on the other hand, A; is given with the properties specified in the theo- 
rem, it is readily shown that its linear extension A defined by the relations 
A=A, on D(A;), A=0 on &, satisfies the conditions of Definition 1.1 and 
so is a reduction operator for H*. 

Throughout the remainder of this paper, the subscript 1 attached to the 
symbol for a reduction operator indicates the contraction defined in Theorem 
3.1. With this convention, we may take as the definition of a reduction opera- 
tor the identity (3.1). The latter has the advantage of greater transparency; 
in particular, it reveals at once the following important information: 


THEOREM 3.2. The range of a reduction operator A for H* is the entire 
range-space IN of A if and only if Mis a unitary space or A is bounded. 


If M is unitary, A is necessarily bounded, so we may suppress considera- 
tion of the dimension number of M. 

Obviously A is bounded if and only if A; is and thus if and only if A* is. 
But A*¥* being closed is bounded if and only if its domain is $M, and, by the 
identity (3.1), its domain is § if and only if the domain of Aj" (that is, the 


range of A) is M. 

On the basis of Theorem 3.2, it would be possible to proceed at once to 
the solution of the problem proposed at the end of Chapter I for the case that 
A is bounded. For unbounded reduction operators, however, more elaborate 
analysis is necessary. 

2. Characterization of all reduction operators. We give now a character- 
ization of all reduction operators which, except for minor points of detail, is 
due to M. H. Stone. 


THEOREM 3.3. If A is a reduction operator for H*, with range-space M, 
and X is an arbitrary isometric transformation with domain IN and range N, 
then C=XA is a reduction operator for H*, with range-space N. The unitary 
transformation in N associated with C by Definition 1.1 is U=XWX™-. The 
characteristic manifolds of U for the characteristic values +i and —i are XM* 
and XMN-, respectively, where M+ and Mt are the characteristic manifolds of W 
for the characteristic values +i and —i, respectively. 


We set =X Ai, obtaining =CFX, =C7"X. Thus from 
the identity (3.1) we have C*#X =QC7XW, or C*=QC7'XWX-, which by 
Theorem 3.1 implies that C=XA is a reduction operator for H*. 
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To prove the final assertions of the theorem, we make use of the identities 
UX=XW, X*U=WX-. If Wh=ah, we have, by the first identity, 
UXh=Xah=aXh. On the other hand, if Uh=ah, we have, by the second 
identity, aX¥“h=X—ah=W XA. Setting a equal first to 7 and then to —i, 
we obtain at once the desired result. 

DEFINITION 3.2. Jf A and C are reduction operators for H*, with range-s paces 
M and N, respectively, C is said to be equivalent to A, C~A, if there exists an 
isometric transformation X with domain IN and range N such that C=XA. 


THEOREM 3.4. Let A, C, and D be reduction operators for H*. Then C~A 
implies A~C, and D~C, C~A imply D~A. 
The proof is immediate. 


DEFINITION 3.3. The class of all reduction operators for H* which are equiva- 
lent to a single reduction operator A 1s called the equivalence class of A, or merely 
an equivalence class. 


We can now characterize all reduction operators for H* by characterizing 
a representative member of each equivalence class. Our method is to show that 
(C#C,)2 = (A**A,)"? whenever A and C are equivalent and that B:=(Ai*A;)!” 
defines, in accordance with the second paragraph of Theorem 3.1, a reduction 
operator B for H*, which is equivalent to A. Thus B, or B,, completely de- 


termines the equivalence class of A. Our characterization of B, is based on 
the following theorem: 


THEOREM 3.5. Let 2 be a Hilbert or unitary space. Let T be a nonnegative 
definite self-adjoint transformation in 2 such that T— exists and satisfies the 
identity T=QT-!R, where Q and R are unitary transformations in & such that 
Then R=Q-, and the resolution of the identity in asso- 
ciated with T has the following properties: 

(1) E(A) =O for \<0; 

(2) E(A) =Q(—E(1/A—0))Q+ for 0<A<& ; 

(3) the range N of E(1—0) is a Q-symmetric manifold; 

(4) the range of I—E(1) is ON; 

(5) the range $ of E(1) —E(1—0) is of the form BP=Ni+ Ne, where Ni and 
MN are closed linear manifolds belonging to the characteristic manifolds of Q for 
the characteristic values i and —i, respectively. 

Let N be an arbitrary closed Q-symmetric manifold in &, and let Ey(d) be a 
resolution of the identity in N such that Ey(A) =O, A\S0; Ey(1—-0)=7. Then 
the conditions 
(6) E(\) = Ey(\)En, for »< 1; 

(7) E(1) = Ey, 
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where L=LOON; 
(8) E(\) = QU — for @, 


define a resolution of the identity E(X) in 2 whose associated self-adjoint transfor- 
mation T is nonnegative definite and has an inverse such that T=QT“Q-. 


Since is self-adjoint, we have also the identity 
(OT“R)*=R"“"T“Q— being easily established. Hence 7?=Q7-°Q-', or 
T?=(QT“0>)?. As OT“'0—! and T are both nonnegative definite, we con- 
clude that they are equal and thus that R=Q- on D(7). Since the latter 
manifold is dense in 2%, and R and Q- are both bounded, we have R=Q-". 

Now let E(A) be the resolution of the identity associated with 7. Then the 
fact that T is nonnegative definite and has an inverse has as a consequence 
(1) of the theorem. To prove (2) we first recall that the unitary equivalence 
of two self-adjoint transformations is a necessary and sufficient condition for 
the unitary equivalence of the corresponding resolutions of the identity for 
each value of the real parameter \ which appears in the definition of both. 
Since the resolution of the identity F(A) for 7-' is obtained from that for T 
according to the equations 


_ FA) =0,7 ASO, 
F(\) = 1 — E(1/s — 0), 0<rA< w, 


the unitary equivalence of T and 7-! under the unitary transformation Q 
yields the relation (2). From (2) we obtain at once E(1—0) =Q(J—£(1))Q7 
which implies (4); and, since the range of J—E(1) is orthogonal to the range 
of E(1—0), (3) now follows. In order to establish (5) we have only to ob- 
serve that E(1)—E£(1—0) has range LO(MN+QMN) and then apply Theorem 
2.2. 

To prove the second part of the theorem we note first that the self-ad- 
joint transformation T associated with the resolution of the identity defined 
by the relations (6), (7), and (8) has an inverse whose resolution of the 
identity F(A) is obtained from E(A) in the manner indicated above. Thus we 
have E(A) =QF(A)Q- which, according to a theorem already indicated, im- 
plies 


THEOREM 3.6. Each equivalence class -A of reduction operators for H* 
contains one and only one operator B with range-space ®++B- such that B, 
is a nonnegative definite self-adjoint transformation in 6++B-. If B is such a 
reduction operator, B,=QB;'Q-. If A is an arbitrary reduction operator in the 
equivalence class of B, then A*A =B? and A*¥A,=B?. 


Stone, Theorem 7.1. 
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Let the class <4 be given, and let C belong to 4. Then the transformation 
iC, is a nonnegative definite self-adjoint transformation and has a unique 
nonnegative definite square root B,, BY =C*C,, such that B:=XC,, where X 
is an isometric transformation with domain the closure of the range of C; and 
range the closure of the range of C*.f Thus X is an isometric transformation 
with domain the range-space I? of C and range 8++%~-. By Theorem 3.3, 
B=XC belongs toc/4. Since B,x=QB71XWX~—, where W is the unitary opera- 
tor in IM associated with C, we have by Theorem 3.5, B;=QB;'0-. Now let 
A be any other member of the class -4. Then A:=YC,; and A*=C#Y—, 
where Y is isometric. Thus A*A,=B;?, from which the equation A*A =B? 
follows at once, since Aj*=A™*. In particular, if A; is self-adjoint in 8++9%-, 
we have A? = B?. Consequently, if A: is also nonnegative definite, we must 
have A,=B,. Thus B is unique, and the proof is complete. 


DEFINITION 3.4. If A is a reduction operator for H*, Ea(d) denotes the 
resolution of the identity in 8++B- associated with (Ai*A;)*”. 


Theorems 3.3, 3.5, and 3.6 evidently provide a constructive characteriza- 
tion of all reduction operators for H*. This characterization, since it allows 
us to study an arbitrary reduction operator A in terms of the self-adjoint 
transformation B,=(A;*A;)'? whose properties are described in Theorem 3.5, 
leads to comparatively simple proofs of many theorems which are otherwise 


established only with considerable difficulty. In particular, it reveals the ef- 
fect of the deficiency index of H on the reduction operators for H*. 


THEOREM 3.7. Let A be a reduction operator for H*, and let MN and W have 
the same meanings as in Definition 1.1, M+ and M- the same meanings as in 
Theorem 2.2. Let m and n be the dimension numbers of IN* and M-, respectively. 
Then (n, m) is the deficiency index of H. 

A necessary and sufficient condition that there be unbounded reduction opera- 
tors for H* is that H have the deficiency index (No, So). 


Evidently 8- and $+ are the characteristic manifolds of Q— for the char- 
acteristic values 7 and —2, respectively. But then, by Theorems 3.6 and 3.3, 
we have 8-=XIM+ and St=XM-, where X is an isometric transformation 
with domain 9% and range $++%-. Thus B- has the dimension number m, 
$+ the dimension number n. Since 8- and B+ clearly have the same dimen- 
sion numbers as D~ and Dt, respectively, the deficiency index of H is (n, m). 

To prove the second assertion of the theorem, we observe first that a re- 
duction operator A is unbounded if and only if Bi: =(As*A;)"” is unbounded. 
Now let % be the range of E4(1—0). Then, by Theorem 3.5, the range of 


Murray, Theorem 1.24. 
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I—E,(1)isQNand Nis Q-symmetric. Furthermore, on 
B, =I. Thus B, induces a bounded transformation in (6++%-)SOQMN, and so 
is unbounded if and only if it induces an unbounded transformation in QM. 
Since it is evident that B, can be constructed with this property if and only 
if 2% has the dimension number No, and since, by Theorem 2.2, NR can be 
chosen with that dimension number if and only if both of the characteristic 
manifolds of Q are Hilbert spaces, the proof is complete. 

3. The graph of a reduction operator. For further study of reduction op- 
erators, we now call into play Theorem 2.11. We preserve the meanings of 
all the symbols introduced in that theorem. 


THEOREM 3.8. The space 8®+D in HOBHOM is U-symmetric and 
B+OCB(A), the equality holding if and only if H=H*. Let Z be the iso- 
metric transformation with domain %+ and range &- associated with ®+D by 
Theorem 2.2, and let Y be the unitary transformation of 2+ into & associated 
with B(A) in accordance with Theorems 2.11 and 2.2. Then ZY, the equality 
holding if and only if H=H*. The manifolds 2+ and %- admit the decompo- 
sitions 
(1) eB om, 

(2) - L=RZ)OSOB- OM, 


where the three component manifolds in each case are mutually orthogonal, and 
B-OM- = V(Bt SM*). 

That the relation 8+ €¢ (A) holds is obvious, since B is the manifold 
of zeros of A. Hence, by Theorem 2.2, Z¢ Y, and 8+0=D(A) if and only if 
Z=Y. But if 8+0=D(A), then A =O, and conversely. Since A =O if and 
only if H =H, the first two assertions of the theorem are established. 

As we observed in Theorem 2.11, the manifold %+ consists of all vectors 
in S@HOM of the form ff, if, h,}, where 4, is in M+, and & of all vectors 
of the form {f, —if, h_}, where h_ is in M-. Since, if 


X = (H — + 


we have D(X) =HOD* and K(X) =HSD-, it is readily shown, by reason of 
the relation between X and Z made evident by Theorem 2.7, that 8+ @M* 
=+6D(Z) and that B-@M-=L-OR(Z). From these equations the asser- 
tions of the theorem concerning the decomposition of 2+ and 2- follow. 

Finally, the equation 8- @ M- = Y (Bt BM*) is a consequence of the uni- 
tary character of Y and the facts already established. 


THEOREM 3.9. Let 8+(A), 3-(A), B,(A), and B_(A) be the subsets of 
B(A,) defined as follows: \f, H*f, Af} in B(A:) is in Bt(A) if f is in Dt, and 
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in B-(A) if f isin D-; {f, H*f, Af} is in B,(A) if Af is in M+, and in B_(A) 
if Af is in M-. Then 

(1) Bt(A) = 

(2) B-(A) = (7 — YM,” 

(3) = - 

(4) B_(A) = — Y)B*; 

and 

(5) B(A1) Bt(A) = 

(6) $(A1) B-(A) = B_(A). 

Thus 

(7) B(A) = B+ Bt(A) + By(A) = B+ BA) + B_(A). 


From Theorem 3.8 it is evident that every element of %(A;) can be 
written in the form (J—Y) {f*, ift+, h,} where f+ is in D+ and h, is in Mt, 
or equivalently in the form (I—Y-) {f-, —if-, h_} where f- is in D-, h- 
in M-. However, since Y~! takes B-+M>- into B++Me, it is clear that 
the projection of (I—Y-"){f-, —if-, h_} on S@S is in B+; that is, that 
(I--Y-) {f-, —if-, h_} is in 8+(A)) if and only if f-=0. Thus (1) is valid. 
Equations (2), (3), and (4) can be verified by entirely similar arguments. 
Equation (5) then follows from equations (1) and (3) and equation (2) of 
Theorem 3.8, while (6) follows from (2) and (4) and equation (1) of Theorem 
3.8. The relations (7) are consequences of (5) and (6) and the fact that 
B(A1) = B(A)O(B+D). 

It is worth while to point out here a second characterization of reduction 
operators which is suggested by Theorems 2.11, 3.8, and 3.9. The facts can 
be stated as follows: Let be a Hilbert space, H a closed linear symmetric 
transformation in §. Let Q be the transformation in 6 @ which takes {f, g} 
into {g, —f}, and let Z be the isometric transformation corresponding to the 
Q-symmetric manifold 8 =%(H) in accordance with Theorem 2.2. Let I* 
and Yt- be complex euclidean spaces with the same dimension numbers as 
$- and B+, respectively. Let Y be an arbitrary isometric transformation with 
domain D(Z)+%8++M+ and range R(Z)+B-+M>- such that Y2Z, such 
that Eg-Yh*+=0 for h+ in M+ implies h+=0, and such that 


Eg-Y {f*, ift} = 0 


for {ft, if+} in B+ implies f+=0. Then R(J—Y) is the graph of a reduction 
operator A for H*. We leave the proof of these assertions to the reader. 
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THEOREM 3.10. Let =Bt- D(A), SBC=B--D(A), Mie =M+-R(A), 
Mir=M--R(A). Then Bit, Bir, Mit, and Mi are linear manifolds every- 
where dense in Bt, B-, M*, and Mt-, respectively. Each of the equations 
Sit SH=B™, Mit Mi = Me, ts valid if and only if A is bounded. 
If V is the isometric transformation with domain It and range B++B- such 
that then BC =VMi, Bt =VMe. 

The manifolds B+, Bi, Mat, and Mi are characterized by the equations 
(1) Bit = = Eggg 

(2) Sr (A) = Es@s 

(3) Mit = EyB,(A) = E_Y'B-, 

(4) Mi = E_B(A) = Eg VB*, 

where each of the projections Esq and Ey, has domain $OHOM, and Y has 
the meaning assigned to it in Theorem 3.8. 

Again we denote by 9% the range of E,4(1—0), and by § the range of 
E,4(1)—E,(1-0). Then and $ both reduce and in §, 
B,=T, while in N, B; induces a bounded self-adjoint transformation. Further- 
more, by Theorem 3.5, 2 = Bi++ Br, where Sj and Br are closed linear mani- 
folds in $+ and B-, respectively; in addition, applying the same theorem and 
Theorem 2.2, we have $= (S++¥%-)O(N+OMN) and N+ON=D(X)+ R(X), 
where X is an isometric transformation and D(X) = B+ R(X) 
RT—-X)=N. 

Now let 9, be the range of the transformation B, induced in ® by By. 
Then, since By is self-adjoint and has an inverse, 9; is a linear manifold 
dense in and = D(B,:) =B+N+ON,. Hence 

D(A)-Bt = - Bt = Bt + (M+ - Br, 

D(A)-B- = D(A1:) B = ST + M+ B. 
Consequently, B+ (i) is dense in B+ (B-) if and only if (N+ON1)- Bt 
((M+ONs) -B-) is dense in D(X) (R(X)). 

To prove that the latter condition is satisfied, we denote by X;, the iso- 


metric transformation from 8+ to B~ such that N,=R(J—X;,). Then evi- 
dently ON, =R(7+X;). Thus, since N > R(J —X,), we have 


(MN + Bt = D(X), (MN + = R(X), 


and 
Sit = SF + D(X), Sr = Sr+ R(X). 


But, since the closure of 2; is N, it follows from Theorem 2.2 that X,:= X, 
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and therefore that the closures of the domain and range of X; are, respec- 
tively, the domain and range of X. Furthermore, t= if and only if B, 
has a bounded inverse; that is, if and only if A is bounded. Thus X,=X if 
and only if A is bounded. Therefore $j* and Sf are linear manifolds every- 
where dense in $+ and %-, respectively, and %*, =%- if and only 
if A is bounded. 

We now observe that ®(B:)=VR(Ai) and, since (M+Q%%)- Bt 
= (Ni +ON)- Bt and (N+EN)-B- = (Ni +EN)-B-, that 


D(Bi)-Bt = R(B,)-B-, D(B1)-B- = R(B,)-B-. 


Consequently, taking account of the relations B-=VM+, S+=VM-, we 
have BO=VMAt. Thus, since V is isometric, it follows that 
Mit and Mr are dense in M+ and respectively, and that 
Ms =M- if and only if A is bounded. Thus the facts stated in the first 
paragraph are all established. 

The equations with which the theorem concludes are consequences of 
Theorems 2.11, 3.8, and 3.9, as the reader can readily verify. 


THEOREM 3.11. Let A be a reduction operator for H*, and let Y have the 
same meaning as in Theorem 3.8. Let F be the transformation with domain I+ 
which is equal on its domain to Em Y , and let G be the transformation with domain 


$+ which is equal on its domain to Es@gV¥. Then F and G are bounded linear 
transformations with ranges in It- and B-, respectively. The adjoints F* and 
G*, with the respective domains It- and B-, are equal on their domains to 
EmY— and Es@oY-, respectively. If A is bounded, F,G, F*, and G* each have 
as bounds constants less than 1; if A is unbounded, F, G, F*, and G* each have 
the bound 1, but none of these transformations attains its bound. Finally, 


(1) RTI — F) = = E_B-(A), 
(2) RT — F*) = A,Bit = E_Bt(A), 
(3) RT —G) = AML = 
(4) RT — G*) = = Eg—gB,(A). 


That F and G are bounded linear with bounds less than or equal to unity 
is an immediate consequence of their definitions in terms of the isometric 
transformation Y. That their ranges are in Jt- and B-, respectively, follows 
from the equation 8-+ M- = Y(S++ M+) of Theorem 3.8. Since the adjoint 
from &+ to 2- of Y is Y-! and since Es@gY—"'M- is orthogonal to M+, while 
Em Y-'®- is orthogonal to $+, we have at once that F* and G* are equal on 
their domains to Em and respectively. 
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Now consider all elements of 8(A)=R(J—Y) which are of the form 
{0, 0, kt} —Y {0, 0, k+}, where k* is in M+. By Theorem 3.8, every such 
element canbe written in the form { —f-, if-, h+—h-}, where {f-, —if-} is 
in B-, k~ in M-. Conversely, every element of B-(A) can be written in the 
form {0, 0, k+}—Y{0, 0, k+}, where h+ is in M+. Furthermore, we have 
h+—h-=—A|f-, —if-}, h- =Fh*. Let us suppose, then, that the bound of F 
is 1. Then we can choose a sequence {h,+} in M+ so that | +] =1, | z-|—1, 
where h-=Fh,+. But, if {fr, —ifcr, hr} this implies that 
lim,..| —if}|=0. Consequently, since ht—hr=A{fr, and 
lim, ...| hit it follows that A is unbounded. 

Now let us suppose that A is unbounded. Then, by Theorem 3.9, 8 is a 
linear manifold dense in 8-, 8+ %-. Therefore the bounded linear trans- 
formation with domain 2+ which is equal on its domain to Es@sY hasan un- 
bounded inverse, since otherwise its range, which according to Theorem 3.9 is 
Bi, would be closed. Consequently, we can choose a sequence | {f, —if}} 
in such that 

lim | {fr,—ife}|=0, | =1. 


Let EytA fz, =h,t. Then 


| atl? =| ifr} |? +| Fat |?. 


Thus lim,...| F4;+| =1, and F has the bound 1. 

The analogous facts concerning G are readily established by entirely simi- 
lar arguments making use of the transformation A; and the fact that A; 
and A are bounded or unbounded together; we omit the details. 

Since F* and G* evidently have the same bounds as F and G, respectively, 
it follows that F* and G* have the bound 1 if and only if A is unbounded. 

INow suppose that | =| =|h+| for some in M+. Then, 
since Y is unitary, Esq gVh* =0, which clearly implies h+ =0. Hence F never 
attains the bound 1. Similar arguments serve to establish that F*, G, and G* 
never attain the bound 1. 

The formulas with which the theorem concludes are readily verified and 
we omit detailed proofs. 

4. Two types of reduction operator. We have previously had occasion to 
distinguish between bounded and unbounded reduction operators. For rea- 
sons which will be made clear later, it is necessary for us now to distinguish 
two distinct types of unbounded reduction operator. Furthermore, although 
it is not necessary, it is clarifying also to distinguish two corresponding types 
of bounded reduction operator. Hence we introduce the following definition: 


‘ 
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DEFINITION 3.5. A reduction operator A for H* is said to be of type I if 
at least one of the manifolds i+, Bi of Theorem 3.9 contains no closed linear 
manifold with the dimension number So. Otherwise A is said to be of type II. 


THEOREM 3.12. A bounded reduction operator A is of type 1 if and only if 
one of the manifolds 6+, B- is a unitary space. 


Theorem 3.12 is an immediate consequence of the fact that when A is 
bounded we have, according to Theorem 3.10, Bit = B+, BF =B-. 

In our investigation of the significance of Definition 3.5 for unbounded 
reduction operators, the following lemma plays an essential role. 


Lemma 3.1. Let $; and 2 be Hilbert spaces, and let T be a closed linear 
transformation with domain dense in $, and range in D2. Then a necessary and 
sufficient condition that T be totally continuous is that each closed linear manifold 
in its range have a finite dimension number. 


We first take account of the fact that the transformation T is totally con- 
tinuous if and only if 7* is,f the existence of 7* being assured by the hy- 
pothesis that D;r) is dense in §. But 7* = V(T7*)"”, where V is isometric; thus 
T is totally continuous if and only if the nonnegative definite self-adjoint 
transformation (77*)'/ in G2 is totally continuous; furthermore, (77*)"/ 
has the same range as 7.{ Consequently, it is sufficient to prove the lemma for 
the case that $:=§.= and T is a nonnegative definite self-adjoint trans- 
formation in §; we now restrict our attention to this case. 

But even further simplification is possible. For if 2t denotes the manifold 
of zeros of T, HON reduces 7; and, in HON, T induces a nonnegative defi- 
nite self-adjoint transformation 7; whose inverse exists; moreover, 7; which 
has the same range as 7, and is totally continuous if and only if T is. Con- 
sequently, since the trivial case that 650M is a unitary space is readily 
disposed of, it is permissible to assume that the nonnegative definite trans- 
formation T in § has an inverse. 

We now prove the necessity of the condition for the specialization of the 
lemma which we have shown to be equivalent to the general statement. Let 
us suppose that T is totally continuous and that M is a closed linear manifold 
in the range of T. Let 3t be the closed linear manifold determined by the set 
into which 7—! takes IM, and observe that since T is closed and totally con- 
tinuous, it is bounded and defined throughout . Hence the transforma- 
tion 7) with domain %-D(T), which is equal on its domain to 7, is a bounded 
linear transformation with domain % and range I. Furthermore T>" exists 


t Banach, Théorie des Opérations Linéaires, Warsaw, 1932, p. 100, Theorem 5. 
Murray, Theorem 1.24. 
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and is closed. Hence, since its domain is the entire space IN, Ts! is bounded.f 
Consequently, if U is a bounded set in M, Ts"U is a bounded set in N. But, 
since 7 is totally continuous, this implies that Ul is a compact set in I. There- 
fore every bounded set in Yt is compact, from which it follows that Mt has a 
finite dimension number. 

‘Now let us suppose that no closed linear manifold in (7) has the dimen- 
sion number No. Let E(A) be the resolution of the identity associated with 7, 
and let {X,} be a monotone decreasing sequence of positive real numbers 
convergent to zero and having no member belonging to the point spectrum 
of 7. Let E(A,:) E(An) n=2, 3, 4,---. Then 
the range M, of E(A,) reduces 7, and T induces in M, a transformation T,, 
with bounded inverse. Moreover, 77" is closed and therefore is defined 
throughout M,. Hence M,, belongs to the range of T and, in consequence, is 
a unitary space. It follows that the points of the spectrum of T on the 
interval \,-:; ASA, are finite in number and are all characteristic values 
(the characteristic values of T,,) and that each such characteristic value has 
finite multiplicity. Thus the characteristic values of T all have finite multi- 
plicity and can be arranged in a sequence which is bounded and has, as its 
only possible limit point, the origin, while the continuous spectrum of T is 
either empty or contains only the origin. (Here, since T—! exists, the latter 
alternative must hold and the origin must be, in fact, a limit point of the 
spectrum.) Since these spectral properties of 7, deduced from the hypothesis 
that its range contains no Hilbert spaces, are known to be sufficient for the 
total continuity of 7,f the lemma stands established. 


THEOREM 3.13. Let A be an unbounded reduction operator, and let 
B,=(A#A;)"". Let 8 be the manifold on which B,=I. Then for A to be of type I 
it is necessary and sufficient that both of the following conditions be satisfied: 


+ Murray, Theorem 1.25. 

t The theorem which we use here can be stated briefly as follows: If the characteristic values 
other than zero of a self-adjoint transformation T each have finite multiplicity and are either finite 
in number or form a bounded set with zero as its only limit point and if the continuous spectrum of T 
contains no point except possibly the origin, then T is totally continuous. We find no proof of this 
result in the literature, although the theorem has been stated and used by several writers. It may not 
be amiss, therefore, to point out here that the theorem follows almost immediately from a theorem of 
S. Banach (Théorie des Opérations Linéaires, Warsaw, 1932, p. 96, Theorem 2). The latter states that 
the class of all totally continuous transformations T in a Banach space is closed in the topology defined 
by setting | 7;— T:| equal to the bound of 7;—7>. Since the spectral properties of T described in the 
theorem in question permit us to conclude that T either has a range with a finite dimension number 
or is the limit in the sense of the above topology of a sequence of transformations each with that 
property, and since every linear transformation whose range has a finite dimension number is obvi- 
ously totally continuous, no further arguinent is required. Another proof of the theorem, which does 
not make use of Banach’s result, has been communicated to the author by B. Lengyel. 
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(1) B, induces a totally continuous transformation in the range of Ea(1—0); 
(2) at least one of the manifolds B+-$ and B--¥ is a unitary space. 


Since both of the manifolds 8+-$ and B--$ belong to D(B;) =D(Ai), 
the necessity of (2) is evident. To prove the necessity of (1), we start with 
the assumption that the transformation Bo, induced in the range ® of 
E,(1—0) by By, is not totally continuous. Then, by Lemma 3.1, there is, in 
the range of Bo, a closed linear manifold 9t; with the dimension number No. 
Thus &; is in the domain of Bs’. Therefore, by Theorems 3.5 and 3.6, ON: 
is in the domain of Bi, where Q=iJ on $+, QO= —iI on B-. Consequently, 
MN:+OMN, is in the domain of B,. But since 2, is Q-symmetric and closed, 
N= RT —X), ON: +X), where X is closed and isometric with domain 
in $+ and range in $-, by Theorem 2.2. Hence D(X) and R(X) both belong 
to the domain of B,, and both of these manifolds are Hilbert spaces because 
®, is a Hilbert space. Hence, if By is not totally continuous, A is of type IT, 
and therefore (1) is necessary as we wished to prove. 

We prove now the sufficiency of the two conditions. We assume first that 
$+-$ is a unitary space and denote by Np the range of the transformation Bo 
introduced above. Then, by applying Theorems 3.5 and 3.6, we can resolve 
the domain of A; according to the equation 


D(A1:) = = N+ ON + BF. 


Now let X be the isometric transformation associated with % by Theorem 
2.2, Xo the isometric transformation associated with Io. Then X,=X. Fur- 
thermore, (Xo) contains no Hilbert spaces if MN» contains no Hilbert spaces 
and thus, according to Lemma 3.1, if Bo is totally continuous. But 
D(A1)- Bt =(N+ON)-Bt+ P- Bt, and thus Bit =D(A1)-Bt=D(Xo)+ P- Bt. 
Consequently, if $- B+ is a unitary space and (1) is satisfied, 4+ contains no 
Hilbert spaces. On the other hand, if $-®- contains no closed linear manifold 
with the dimension number N> and (1) is satisfied, an entirely similar argu- 
ment leads to the conclusion that 87 contains no closed linear manifold with 
the dimension number No. Thus (1) and (2) are sufficient for A to be of type 
I and the proof is complete. 


THEOREM 3.14. Let Y have the same meaning as in Theorem 3.8, Itit and 
Mi the same meaning as in Theorem 3.10. Then for a reduction operator A to 
be of type I, any of the following conditions is necessary and sufficient: 

(1) At least one of the manifolds Mit, Mi contains no closed linear mani- 
fold with the dimension number No. 

(2) Either the transformation with domain IN*+ which is equal on its domain 
to Ew—-Y or the transformation with domain I- which is equal on its domain to 
Eg+Y~ is totally continuous. 
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(3) Either the transformation with domain 8+ which is equal on its domain 
to Em—Y or the transformation with domain 8- which is equal on its domain to 
Em+Y~— is totally continuous. 


By Theorem 3.10, the two transformations defined under (2) have ranges 
Si and Bj, respectively. Thus the necessity and sufficiency of (2) follow 
at once from Lemma 3.1. Furthermore, since the two transformations defined 
under (3) have ranges, respectively, Ii and M+, the same lemma serves to 
establish that the conditions (1) and (3) are coextensive. Thus we can com- 
plete the proof by showing that (1) is necessary and sufficient, and the latter 
follows at once when we recall from the proof of Theorem 3.11 that 
Mi =VBs and Mit =V BL, where V is isometric. 

For use later, we introduce now the following definition: 

DEFINITION 3.6. Let A be a reduction operator of type I, and let 
B,=(A*A;)"". Let B be the manifold on which B,=I, and let j and k be the 
dimension numbers of %-S*+ and Y-B-, respectively. Then, if j exceeds k, 
(j—k, 0) is called the characteristic index of A. Otherwise, (0, k—j) is called 
the characteristic index of A. 


THEOREM 3.15. Let A be a bounded reduction operator of type 1, and let m 
be the dimension number of It*, n the dimension number of It-. Then, if n ex- 


ceeds m, (n—m, 0) is the characteristic index of A; otherwise (0, m—n) is the 
characteristic index of A. 


Let V be the isometric transformation with domain in $+ and range in B- 
associated with the range N of E,(1—0) by Theorem 2.2. Then $+OD(V) 
=$-Bt, B-SRn(V) = B-B-, by Theorems 3.5 and 2.2, and D(V) and R(V) 
have the same dimension number. Furthermore, since A is bounded and of 
type I, at least one of the manifolds 6+, B~ is a unitary space. Consequently, 
since $+ and B~ have the same dimension numbers as J+ and Mz-, respec- 
tively, we have at once »—m=j—k, where k andj have the same meanings 
as in Definition 3.6, and the theorem follows. 

To conclude this section, we state without formal proof the following theo- 
rem: 


THEOREM 3.16. Let A and C be equivalent reduction operators for H*. Then 
A and C are either both bounded or both unbounded and either both of type I with 
the same characteristic index, or both of type Il. 


5. Self-adjoint extension by means of reduction operators. A fundamen- 
tal problem, with which the present work is connected, is the determination 
of all the self-adjoint extensions in a Hilbert space of a given symmetric trans- 
formation H in §. We define here a quite different type of self-adjoint exten- 
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sion which is obtained by extending the space and which is in a certain 
sense—not the usual one—an “extension” of H* or of a transformation whose 
closure is H*. Our construction, as well as the usual one mentioned first, is 
possible if and only if H has the deficiency index (n, m). 


THEOREM 3.17. Let H be a closed symmetric transformation in a Hilbert 
space $, and let H have the deficiency index (n, n), (n>0). Let 2 be a complex 
euclidean space with the dimension number n. Let ( be the class of all reduction 
operators A for H* which have the following properties: 

(1) the range-space of A is 2@%; 

(2) the unitary transformation W in 2@%, associated with A by Definition 
1.1, is that which takes {h, k} into {k, —h}. 

Let § be the class of all self-adjoint transformations S in §®& which have 
the following properties: 

(3) if {f, h} is im the domain of S and S{f, h} ={g, k}, then f is in the 
domain of H* and H*f=g; 

(4) the set of elements {f, H*f} of B*, such that {f,h} is in D(S) for some h, 
is dense in B*; 

(5) if {0, h} is in the domain of S, then h=0. 

Let X be the transformation which takes HBHOLOL into HBLOSH GL accord- 
ing to the equation 


Xf, 8, h, k} = hy g, 


Then there is a one-to-one correspondence between ? and§ such that, when A and 
S correspond, 8(S) =XB(A). 


Let A be an arbitrary member of (, and let N = XB(A). Then M® consists 
of all vectors {f, h, H*f, k} in S@L@HS such that {f, H*f} is in D(A) 
and {h, k}=A{f, H*f}. Furthermore, f, and thus {f, h}, determines & 
uniquely, since f determines {, k} in 2@ uniquely through the trans- 
formation A. Thus the transformation S whose domain is the set of all ele- 
ments {f, 4} @ such that fisin D*, {f, H*f} in D(A), {h,k} =A lf, H*f} 
for some & in 2, and which is defined by the equation {H*f,k} =S{f,h},isa 
one-valued transformation. Furthermore, by Definition 1.1, and condition (2) 
of the Theorem, S is self-adjoint, while by definition, S has the property (3). 
That S has the property (4) is a consequence of the fact that D(A) is dense in 
%*. That it has the property (5) follows from the fact that A is one-valued. 
Thus S belongs toS. 

Now let S be an arbitrary member of §. Then &(S) consists of a set of 
vectors of the form {f, h, H*f, k} in S@LG@HOL. Furthermore, according 
to (5), # and & are uniquely determined by f, and thus by {f, H*f}. Conse- 
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quently the transformation 4A whose domain is the set of all elements 
{f, H*f} of B* such that for some in, {f, H, H*f,k} is in B(S), and 
which is defined by the equation A {f, H*f} = {h, k}, is a single-valued trans- 
formation. Furthermore, since S is linear, 8(S) is linear; thus 8(A) = XB(S) 
is linear. Therefore A is linear. That A has domain dense in %* follows from 
(4); that it satisfies the other conditions of Definition 1.1 is an immediate 
consequence of the fact that S is self-adjoint. Since it is readily verified that A 
has the properties (1) and (2), A belongs to (. 

Finally, since the correspondence is described by the equation %(S) 
= ¥%(A), it is clear that it is one-to-one. 

We conclude with the observation, readily corroborated with the aid of 
Theorem 3.3, that if H has the deficiency index (n, ), (n#0), every equiva- 
lence class of reduction operators for H* has in common with the class (@ of 
Theorem 3.17 a subclass whose cardinal number is that of the continuum. 


CHAPTER IV. BOUNDARY CONDITIONS 


1. Introduction. We are now prepared to discuss in detail the fundamen- 
tal problem proposed in Chapter I, §3, and various questions which arise in 
connection with it. 

As in Chapter III, we consider a fixed but arbitrary symmetric transfor- 
mation H in and the adjoint H* of H. We consider also a fixed but arbi- 
trary reduction operator A for H* and its contraction A; with domain 
(B@++B-)-D(A). We preserve the meanings of all the symbols introduced 
in Definition 3.1 and adopt as standard the symbol 9 for the range-space 
of A, the symbol W for the unitary transformation in J associated with A 
by Definition 1.1, and the symbols I+ and M- for the characteristic mani- 
folds of W corresponding to the characteristic values +7 and —i, respectively. 
Finally, except where otherwise indicated, we continue to reserve the letter 0 
for the designation of the transformation of 8++%- into itself which is equal 
to iJ on Bt, to —7J on B-. 

2. Boundary conditions involving a bounded reduction operator. We first 
dispose of the case that Mis a unitary space and of the case that M is a Hil- 
ber space with A bounded. As we have already pointed out, sufficient infor- 
mation for the solution of our problem in this case is provided by Theorem 
3.2. 


THEOREM 4.1. Let I be a unitary space, or let It be a Hilbert space with A 
bounded. Then there is a one-to-one correspondence between the class of all closed 
linear symmetric extensions S of H and the class of all closed linear W-sym- 
metric manifolds N in M; S and N correspond if AB(S)=N, or, in other 
words, if S=H(M) in the sense of Definition 1.2. When S and N correspond, 
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AB(S*) =(MEWN), and thus S*=H(MOWMN). If (j, k) is the W-deficiency 
index of Nt, then (k, 7) is the deficiency index of H(N). Thus H(N) is maximal 
symmetric if and only if N is maximal W-symmetric and H(N) is self-adjoint 
if and only if Nis hypermaximal W-symmetric. 

Let m and n be the dimension numbers of I+ and M-, respectively. Then, if 
either m or n is zero, H is maximal symmetric and, if both m and n are zero, 
H is self-adjoint. If neither m nor n is zero, the class of all maximal symmetric 
extensions S of H has the cardinal number of the continuum. If m=n<WNo, 
every maximal symmetric extension S of H is self-adjoint. If m exceeds n (m does 
not exceed n), every maximal symmetric extension S of H has the deficiency index 
(0, m—n) ((n—m, 0)). If m=n=N, and p is an arbitrary cardinal number on 
the range OS p<No, the class of all maximal symmetric extensions of H with 
the deficiency index (p, 0) ((0, p)) has the cardinal number of the continuum. 


Excluding the trivial case H=H*, we consider first an arbitrary closed 
symmetric extension S of H. Then 


B(S) ¢B* = D(A), AB(S) = Ai(B(S) © B). 


By Theorem 1.3, the latter manifold is W-symmetric in It. That it is closed 
is a consequence of the fact that A; exists and is bounded while 8(S)O% 
is closed. On the other hand, if Jt is an arbitrary closed linear W-symmetric 
manifold in IM, Az? is, by a similar argument, a closed linear manifold in 
$*SO¥=H++B-. Thus A7’N+ is closed; since, by Theorem 1.5, it is the 
graph of a linear symmetric,extension S of H, S is closed. 

Consider now an arbitrary element f of the domain of S*. Then, since 
WAS(S)=W%, where S and % correspond, Af belongs to MOWN. On the 
other hand, since by Theorem 3.2 the range of A is It, we can determine a 
solution f in 8* of the equation Af=h, for every hin MOW MN, and the solu- 
tion f obviously belongs to the domain of S*. Thus AB(S*)=MOWMN, or 
S*=H(MOWN). 

Now let V be the isometric transformation with domain in St*+ and range 
in M- such that N=R(T—V). Let Mo=(MtOD(V))+(M-SR(V)). Let D 
be the transformation with domain $(S*) which takes f into Ey,,Af, where 
Eg,, has domain 9M. Let Wo be the contraction of W with domain Mo. We 
shall show that D is a reduction operator for S*. Invoking Theorem 3.1, we 
can prove this by showing that the contraction D,; of D with domain 
$(S*)OB(S) is such that D*=QD;"W,, and this identity is readily shown to 
be equivalent to Dr'=QDs*W». We shall prove the latter. 

We observe first that since D, is bounded and has domain $(S*)@%(S), 
D¥ exists and has domain Mo. Furthermore, since ASB(S*)=MOWMN and 
A&B(S)=MN, we see that 
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D(B(S*) BS)) = MS = Mo. 


And, as S=H(%), if f is in B(S*) and D{f, S*f} =0, then A {f, S*f} is in N 
and fis in D(S). Consequently, we conclude that D7", as well as D¥*, exists and 
has domain MN». Therefore, to establish the identity D7-'=QD**Wo, we need 
only show that for an arbitrary element of Mo. 

Let 4 be such an element, and let {f, S*f}=Dyh.. Then WA {f, S*f} 
=W h+Wk, where k is in N. Thus, for all {g, S*g} in @(S*)SGB(S), we ob- 
tain 


(g, S*f) — (S*g, f) + (Ag, Woh + Wk) = 0. 


But Ag=D.g+r, where r is in MN. Thus, because (r, Wok+Wk) =0, and 
(Ag, Wk) =0, we have 


(g, S*f) — (S*g, f) + (Dig, Woh) = 0 


for all {g, S*g} in 8(S*)@B(S). Consequently, since by Theorem 2.8 
{S*f, —f} is in B(S*)OB, Woh is in the domain of D* and Q{f, S*f} 
= —D*W>h. Therefore, since —Q, we have OD*W,h=D7"h. 

We have thus proved that D is a reduction operator for S*. Furthermore, 
the characteristic manifolds of W, for the characteristic values +7 and —i are 
evidently M+OD(V) and M-OR(V), respectively; and by definition, the di- 
mension numbers of these manifolds are j and k, respectively, where (j, &) 
is the W-deficiency index of V. Hence, by Theorem 3.7, (k,7) is the deficiency 
index of S=H(MN). From this it follows at once that H(9) is maximal sym- 
metric if and only if M is maximal W-symmetric, and that H(%) is self-ad- 
joint if and only if R is hypermaximal W-symmetric. 

The assertions of the second paragraph of the theorem follow at once from 
Theorem 3.7 and known results; we state them here because they also follow 
at once from the assertions of the first paragraph and Theorem 2.5. 

We shall find it convenient later to have the following simple facts stated 
precisely : 

THEOREM 4.2. There is a one-to-one correspondence between the class of all 
linear Q-symmetric manifolds N in B+ + B- and the class of all linear symmetric 
extensions S of H; S and N correspond if and only if B(S) =B+N and, when S 
and N correspond, 


B(S*) = B+ (Vt + om). 


S is closed if and only if N is a closed linear manifold and, when S is closed, 
the deficiency index of S is the Q-deficiency index of N. 


In so far as it applies to closed extensions S of H and closed manifolds 2, 
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Theorem 4.2 can be deduced immediately from Theorem 4.1 by setting A 
equal to the reduction operator described in Theorem 2.9, the concluding 
assertion concerning the deficiency index of S requiring the additional ob- 
servation that the Q-deficiency index of M is (, m), where (m, n) is its Q-!- 
deficiency index. That this result can be extended to the more general one 
stated in Theorem 4.2 is readily verified, and the details may be left to the 
reader. 

Theorems 2.7 and 4.2 contain in essence the basis of the theory of von 
Neumann in which symmetric extensions of a symmetric transformation H 
are determined by means of isometric extensions of its Cayley transform 
(H —iI)(H+iI)—; to perceive this one has only to note that every isometric 
transformation V from $+ to B- determines a unique isometric transfor- 
mation X from D+ to D-, and conversely, according to the equation 
V aft} = Xft, 

3. Unbounded reduction operators; preliminary questions. For the case 
that A is bounded, we have in the preceding section characterized by means 
of boundary conditions not only all maximal symmetric extensions of H, but 
all closed symmetric extensions of H and their adjoints. In dealing with the 
case that A is unbounded, however, it is not feasible to take in so much terri- 
tory. Instead, we restrict ourselves almost entirely to the twofold problem 
stated in Chapter I, §3. 

In view of the fact that an unbounded reduction operator is not defined 
throughout the graph of H%*, it is natural to inquire first whether or not H 
has any maximal symmetric extensions S such that 8(S) belongs to D(A), 
and whether or not it has any self-adjoint extensions S with that property. 
More generally we may ask if, given an arbitrary cardinal number p on the 
range 0<p<WNo, there exist symmetric extensions S of H with deficiency 
index (0, p) ((p, 0)) such that B(S) ¢ D(A). For the discussion of this ques- 
tion, the classification of reduction operators into types I and II described 
in §4 of Chapter III is fundamental. 

As we have already noted, a bounded reduction operator is of type II if 
and only if H has the deficiency index (No, No). Thus, invoking the second 
paragraph of Theorem 4.1, we can say that a bounded reduction operator A 
for H* has in its domain the graph of a maximal symmetric extension of H, 
with arbitrary preassigned deficiency index (0, p) ((p, 0)), if and only if A 
is of type II; and, taking account of Theorem 3.15, we may add that if A is 
of type I, every maximal symmetric S of H with 8(S) ¢ D(A), has for its 
deficiency index the characteristic index of A. We shall now show that these 
assertions are valid even when A is unbounded. 
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THEOREM 4.3. Let A be of type II, bounded or unbounded, and iet p be an 
arbitrary cardinal number on the range 0 < p<No. Then the class of all maximal 
symmetric extensions S of H with the deficiency index (0, p) ((p, 0)) such that 
B(S) belongs to D(A) has the cardinal number ¢ of the continuum and coincides 
with the class of all maximal symmetric extensions S of H with deficiency index 
(p, 0) ((0, p)) if and only if A is bounded. 


As we have just observed, if A is bounded, H has the deficiency index 
(So, So) and, as we know, D(A) = %(H*); thus every maximal symmetric 
extension S of H has its graph in D(A), and the subclass of extensions S with 
deficiency index (0, p) ((p, 0)) has the cardinal number of the continuum. 

Turning to the case that A is unbounded, we note first that the class of all 
symmetric extensions S of H, with deficiency index (0, p) ((p, 0)) has the 
cardinal number c. Hence the cardinal number of the subclass whose mem- 
bers S satisfy the condition 8(S) ¢D(A) cannot be greater than c, so that 
we need only show that it is at least as great. Moreover, to establish the 
latter it is sufficient to exhibit a symmetric extension T of H with deficiency 
index (No, No) such that 8(7*) ¢D(A); for the class of all symmetric ex- 
tensions S of 7, with deficiency index (0, p) ((p, 0)) has the cardinal number c, 
and, if S is such a transformation, 8(S) ¢ 8(7*) ¢ D(A). 

We now proceed to construct the transformation JT. Again we denote by 
MN the range of E,(1—0) and by §$ the manifold on which (A;*A;)" is equal 
to J. Then, if $-S* and $-B~ are both Hilbert spaces, the extension T whose 
graph is 8+ is symmetric and has the deficiency index (No, No) by Theo- 
rem 4.2, since 2 is Q-symmetric and has the Q-deficiency index (No, No); 
furthermore 8(7*) ¢ D(A). 

Now let us assume that at least one of the manifolds 2-S+ and $-B- is 
a unitary space. Then, according to Theorem 3.13, the transformation in- 
duced in % by (A;*A;)!” is not totally continuous and thus, by Lemma 3.1, 
has in its range a closed linear manifold %, with the dimension number No. 
Furthermore, 3t; is clearly Q-symmetric because 9 is, and Qt; is in D(A) 
by Theorems 3.5 and 3.6. Thus 9:+QM: is in D(A). But, applying Theorem 
2.2, we see that where and X isa 
closed isometric transformation with domain in $+ and range in $-. Thus 
D(X) ¢ D(A) and R(X) ¢ D(A). Moreover, since MN; is a Hilbert space, D(X) 
and #(X) must be Hilbert spaces. Now let T be the transformation in 
whose graph is 8+(NOM). Then by Theorem 4.2, since NON: is closed 
linear Q-symmetric, 7 is a closed linear symmetric extension of H. Further- 
more, 


B(T*) = B+ MSM) + D(X) + R(X) +F, 
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and therefore 7 has the deficiency index (No, No) while 8(7*) ¢ D(A), as we 
wished to show. 

To complete the proof of the theorem it is necessary only to show that 
when A is unbounded, there exist maximal symmetric extensions S of H, 
with deficiency index (0, p) ((p, 0)) such that 8(S) ¢ D(A). To construct such 
an extension S, we start with a symmetric extension S, of H with the desired 
deficiency index but such that 6(S,) ¢ D(A) and denote by X, the isometric 
transformation with domain in $+ and range in S- such that B(S,))O% 
=R(J—X,). Then either D(Xi1)=St or R(X:)=B-. Furthermore, since 
R(I—X1) D(A), {ft, in belongs to =B+-D(A) if and only 
if X,{ f+, if+} belongs to 8 =B--D(A). Thus we can determine an element 
{ft, if+} of D(X1) such that neither {f+t, if+} nor Xi{ft, if+} belongs to 
D(A). Therefore, since {ft, ift} belongs to D(A), (I+ {f*, ift} 
is not contained in D(A). Consequently, if X is the transformation with do- 
main D(X;) which is equal to — X; on the manifold determined by {ft, if+} 
and to X; on the manifold in D(X) perpendicular to {f+, if+}, then 
$+R(7—X) is the graph of a symmetric extension S of H with the same 
deficiency index as S, and 8(S) ¢ D(A). 

The proof of the theorem is thus complete. 

We turn now to unbounded operators of type I, beginning with a neces- 


sary lemma. 


Lemna 4.1. Let 2 be a Hilbert space and V a closed isometric transformation 
in 2, with deficiency index (j,k), j7#k. Then the range of I—V contains a Hil- 
bert space—that is, a closed linear manifold with the dimension number No. 


We denote by &, the manifold on which V =J. Then it is readily shown 
that R(T—V)ELSL,. Now let V; be the transformation with domain 
(R62%,)-D(V) which is equal on its domain to V. Then R(Vi) cLS.. Thus, 
since 2,¢D(V) and &,.cR(V), Vi is an isometric transformation in 26k, 
with the deficiency index (j, k). Moreover, since j#k, 2G is clearly a Hil- 
bert space. 

We now determine in 20%, a maximal symmetric extension V2 of V; 
such that ([—V:2)- exists; for this construction it is necessary only to 
choose a maximal isometric transformation V3; from (26%) @D(V;) to 
(RSL) SR(Vi) such that V;~J at any point of its domain and then to 
define V2=Vi on D(Vi), Vea=V3 on D(V3). Evidently the deficiency index 
of Vz in 2O%, is either (j—k, 0) or (0, k—7), according as j does or does not 
exceed k. 

Next we observe that J — V; has range dense in £6). For, if (f—Vef, g) =0 
for all f in D(V2) and some g in LO, we have (f, g)=(Vef, g) and this is 


4 
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readily shown to imply g=V2g, which in turn implies g=0. Consequently 
S:=(I+V2)(I—V2)-! is a maximal symmetric transformation in £62, and 


S22 5; = + 


Furthermore, applying Theorems 2.7 and 2.3, we have 8(S:) G%(S;) = B(S3), 
where S;=(J+V;)(I—V;)-! and V; has the same meaning as above. More- 
over, 8(S;3) is a unitary space, because its dimension number is the minimum 
of j and & and, since 7~, the minimum of the two is finite. 

Now let us suppose that D(S2) contains a Hilbert space &, and denote 
by S, the contraction of S., with domain %. Then S; is evidently closed and 
%(S,) is thus a closed linear manifold in 8(S:). Let T be the transformation 
with domain $(S,) and range in $(S;) which takes each element of its do- 
main into the projection of that element on 8(S3), let N be the manifold of 
zeros of 7, and let 3t:=B(S,)ON. Then the dimension number of 9, is 
clearly not greater than that of B(S;). Thus, since 8(S,) is a Hilbert space 
and Q(S;) a unitary space, 3 must be a Hilbert space. Moreover, 
MN = B(S,)-B(S,) and is evidently the graph of a closed linear transforma- 
tion S;, Ss© Si, Ss© Sy. But Ss, having domain the closed space % and being 
closed itself, is therefore bounded.{ Hence S; is bounded; therefore, since S; 
is also closed, D(S;5) is a closed linear manifold. Furthermore, D(S;) has the 
dimension number No, because S(S;) has that dimension number, and 


D(S5) ¢D(Si1) = RUT — Vi) = RUT — V). 


In consequence of the result just obtained, it is necessary for the comple- 
tion of the proof only to show that the domain of the maximal symmetric 
transformation S2 contains a Hilbert space %. To prove this we first recall 
that since S,; is maximal symmetric and not self-adjoint, there is a Hil- 
bert space 2; which reduces S; and in which S; induces an elementary sym- 
metric transformation.§ Therefore, by definition, in 23, S:=(J+X)(I—X)7-, 
where X is defined in 23, in terms of some complete orthonormal set {¢,}, 
n=1, 2, 3,---, by the equations X¢,=¢n41, n=1, 2, 3,---, or by the 
equations X$?,=¢,1, n=2, 3,---.|| From this fact it is evident that the 
orthonormal set { (.—@n-1)/2}, 3, - - - , determines a Hilbert space 
which belongs to #(J — X) and thus to D(S2). Consequently the lemma is true 


as stated. 


+ Stone, Theorems 9.1 and 9.2. 

t Murray, Theorem 1.25. 

§ Stone, Theorem 9.10. 

|| Stone, Theorem 9.9 and Definition 9.6. 
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THEOREM 4.4. Let A be a reduction operator of type 1. Then, if H is not 
maximal symmetric, the class of all maximal symmetric extensions S of H such 
that B(S) ¢ D(A) has the cardinal number ¢ of the continuum and coincides with 
the class of all maximal symmetric extensions S of H if and only if A is bounded. 
If S is a maximal symmetric extension of H such that 8(S)¢ D(A), then the 
deficiency index of S is the characteristic index of A. If A is unbounded, there 
exist maximal symmetric extensions S of H with this deficiency index such that 
B(S) ¢ D(A). 


If A is bounded, D(A) = S(H*), and every maximal symmetric extension 
S of H has its graph in D(A); furthermore, if H is not maximal, the cardinal 
number of the class of all such extensions S is the cardinal number c of the 
continuum, by Theorem 4.1. That every such extension has for its deficiency 
index the characteristic index of A follows from Theorems 3.15 and 4.1. 

Now let A be unbounded. Invoking an argument like that used in the 
proof of Theorem 4.3, we can prove that the class defined in the theorem has 
the cardinal number c by exhibiting a subclass with that cardinal number. 
Moreover, for this purpose it is clearly sufficient to construct a closed sym- 
metric extension S$; of H, which is not maximal and which satisfies the condi- 
tion B(S**) ¢ D(A). 

To construct S;, we start with the transformation S, whose graph is R+% 
where & is the range of E4(1—0). Then by Theorem 4.2, if $ is the manifold 
on which (A**A;)'? =J, Sz is a closed symmetric extension of H with the defi- 
ciency index (j, k), where j and & are the dimension numbers of $-%+ and 
Y-B-, respectively. Furthermore, since $j contains $-%+ and is dense in 
B+, contains an element { f+, if+}~0. Now let X2 be the 
isometric transformation with domain and range (B-OB-- $) 
such that N= R(J and let Xi be the contraction of whose domain 
is the set of elements of D(X2) orthogonal to { f+, if+}. Then by Theorem 4.2, 
$+R(J—X;) is the graph of a symmetric extension S, of S and 


B(S*) = X) + P+ Stt+ Br, 


where $+ is the linear manifold determined by {f+, if+}, Br the linear mani- 
fold determined by X2{ f+, if+}. Moreover, since { ft, if+} and (I—X) { f+, ift} 
belong to D(A), X2{ft, if+} does also. Thus B(S*) ¢ D(A). Therefore, since 
S; clearly has the deficiency index (j+1, k+1), the class of maximal sym- 
metric extensions S of H such that 8(S) ¢ D(A) has the cardinal number c. 

To prove that every such extension has the deficiency index stated in the 
theorem we note first that every maximal symmetric extension S, of the 
transformation S; just constructed, has for its deficiency index the character- 
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istic index of A (that is, either (j—, 0) or (0, k—7) according as j does or 
does not exceed k). Let S be such an extension, and let 6(S)\OS=R(I—X), 
where X is the closed isometric transformation with domain in $+ and range 
in S-, which exists in accordance with Theorems 4.2 and 2.2. Let T be an- 
other maximal symmetric extension of H such that “\(T) ¢D(A), and let 
B(T)OB=R(7—Y) where Y is closed isometric with domain in $+ and 
range in S~. Then, since both R(J—X) and R(J—Y) belong to D(A), 
R(X —Y) belongs to D(A). Moreover, 


RT — X) = R(T — X)X-') = RU — X-') 
and, similarly, 
RT VY) =RU Y-), 


so that R(X-'—Y-") belongs to D(A) also. Thus R(X—Y) is in Br and 
R(X-—Y-) is in Furthermore, 


R(X — VY) = — XY-') 


and 


R(X — = R(X! — Y"')X) = RU — 


Now let us suppose that the deficiency index of S is (0, p) and that of 
T is (q, 0). Then X Y~- is a maximal isometric transformation in 8- with defi- 


ciency index (0, p+qg) and Y-X is a maximal symmetric transformation 
in 8+ with the same deficiency index. Hence, since R(J-XY-)£ Br and 
R(T —Y-X) £ Bs, it follows, from Lemma 4.1 and the hypothesis that A 
is of type I, that p=qg=0. Moreover, by an entirely similar argument, the 
assumption that S has the deficiency index (p, 0) and T the deficiency index 
(0, g) leads to the same conclusion. 

Next let us assume that S has the deficiency index (p, 0), T the deficiency 
index (g, 0); then YX has the deficiency index (p, g). Let us assume p¥q. 
Then, by Lemma 4.1, since Bt > R(J — YX), Bs contains a Hilbert space 
Furthermore, since either or is finite, either 6+ OD(X) or B+ OD(V) 
is a unitary space. Therefore, by an argument like one used in the proof of 
Lemma 4.1, either D(X) - B+ or D(Y)- B+ is a Hilbert space B+. Moreover, 
since R(J—X), RU —YV), and Bs belong to D(A), either X or Y takes Bz 
into a Hilbert space in $,. But this is evidently a contradiction of the hypo- 
thesis that A is of type I, and we conclude in consequence that the assumption 
pq is untenable. 

Since the case that S and T have deficiency indices (0, p) and (0, g), re- 
spectively, can evidently be handled in a manner entirely similar to the 
above, we conclude that T has the same deficiency index as S. 
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To complete the proof, it is now only necessary to show that when A is 
unbounded there exists a maximal symmetric extension S of H, whose defi- 
ciency index is the characteristic index of A and whose graph is not in D(A). 
A method for the proof of this, however, has already been used in proving a 
similar assertion in Theorem 4.2; we leave the details here to the reader. 

We now prove a theorem which establishes the significance of the second 
part of our fundamental problem, stated in Chapter I, §3. 


THEOREM 4.5. Let A be unbounded, and let p be an arbitrary cardinal num- 
ber on the range OS p<No. Let S be an arbitrary maximal symmetric extension 
of H. Then 8(S)-D(A) is the graph of a symmetric extension S4 of H. The class 
of all maximal symmetric extensions S of H, with the deficiency index (0, p) 
((p, 0)), such that SaX#S, S,=S, has the cardinal number of the continuum. 


The first assertion of the theorem is obvious. To prove the second, we ob- 
serve first that, since the linear manifold Bit =D(A)-%t is dense in B+ and 
the linear manifold 87 =D(A)-B- is dense in B-, we can choose in Bj an 
orthonormal set {f, if+} complete in 8+ and in B7 an orthonormal set 
{f, —ifz } complete in 8-. Hence if V is the closed isometric transformation 
defined in terms of the two sets by the equation 


V ft, = Wh» iftie} = ifr}), 


$+R(I—V) is clearly the graph of a maximal symmetric extension S of H, 
with deficiency index (0, p) ((p, 0)), such that the transformation S, defined 
in the theorem has S for its closure. Moreover, the class of all transformations 
S which can be constructed in this way evidently has the cardinal number c. 
Finally, if S=S., the transformation T whose graph is 6+ KR (J+ V) obviously 
has the same deficiency index as S and satisfies the conditions 744 7, T74=T. 
Thus, again taking account of the fact that the class of all maximal symmetric 
extensions of H with deficiency index (0, p) ((p, 0)) has the cardinal number c, 
we conclude that the class defined in the theorem has the same cardinal num- 
ber. 

It is to be emphasized that when A is unbounded, the maximal symmetric 
extensions of H described in Theorems 4.3, 4.4, and 4.5, do not exhaust the 
class of all maximal symmetric extensions of H. We now indicate briefly the 
wide range of other possibilities. 

We begin by considering an arbitrary maximal symmetric extension S; 
of H such that 8(S:) ¢ D(A). For simplicity, let us assume that the deficiency 
index of S, is (0, p). Then B(S:)O8=R(J—X), where X is isometric with 
domain $+ and range in B~. Now let T be any self-adjoint transformation 
in St, and let V=(T—i7)(T+7/)—. Then V is unitary in 8+, and Y=XV 
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is isometric with domain $+ and range in 8~. Thus, by Theorems 2.2 and 4.2, 
$+R7—V)=S$+R( —Y-") is the graph of a maximal symmetric extension 
S of H. Furthermore, for every in R(Y)=R(X), we have 


h — Yh = (h — + — 


Consequently since #(J — X-") is in D(A) by hypothesis, h— Y—"'h is in D(A) 
if and only if (X-"h—V-!X-"h) is in D(A) and thus in $j*=D(A)- Br. But 
= Bt and R(T —V-") =D(T). Therefore B(S) ¢ D(A) if and only if 
D(T) © Bst and B(S)-D(A) is dense in B(S) if and only if T is the closure 
of a transformation 7; with domain in B+. 

Evidently, when A is unbounded 7 can be chosen in a wide variety of 
ways so that neither of these conditions is satisfied; in particular, we can 
proceed as follows. According to Theorem 3.10, Gj is the range of a 
closed transformation M with domain Jt-, such that M-' exists. Hence 
is a self-adjoint transformation with domain Fur- 
thermore, if A is unbounded, 8j*#%* and T> is unbounded. Consequently 
there exists a unitary transformation U in $+ such that D(UT,)U-) -D(T») 
=. Let T=UT,U—.f Then, if S is the maximal symmetric extension of H 
determined by 7 and the extension S, of H in the manner described immedi- 
ately above, we clearly have 8(S)-D(A) =%. Thus, since an entirely similar 


procedure is possible if the transformation S, has the deficiency index (p, 0), 
we can state the following theorem: 


THEOREM 4.6. If A is an unbounded reduction operator, there exist maximal 
symmetric extensions S of H such that 8(S) and D(A) intersect only on the 
graph of H. 

Further light on the pathological aspects of the theory of unbounded re- 
duction operators is provided by the following theorem which was communi- 
cated to the author by J. von Neumann: If H has the deficiency index 
(No, No), there exist unbounded reduction operators A and C for H* such 
that D(A) -D(C) =. In fact, it can be shown that the operator A can be an 
arbitrary unbounded reduction operator for H* and C determined so that 
D(A)-D(C)=B. Thus Theorem 4.6 can be obtained as a consequence of 
Theorems 4.3 and 4.4. 

4. Boundary conditions involving an arbitrary reduction operator. We 
now return to the consideration of the maximal symmetric extensions of H 
described in Theorems 4.3, 4.4, and 4.5. According to Theorems 1.2 and 1.3, 
each such extension S, or a transformation S, whose closure is S, can be de- 


+ Von Neumann, Journal fiir die reine und angewandte Mathematik (Crelle), vol. 161 (1929), 
pp. 208-236; Theorem 17. 
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fined by means of a boundary condition of the kind described in Definition 
1.2. In order to describe what special properties of the boundary condition 
are equivalent to the maximal property of the transformation S, it is con- 
venient to vary slightly our previous notation. 


DEFINITION 4.1. Let Nt be a linear W-symmetric manifold in IM, and let V 
be the isometric transformation with domain in IN* and range in M-, such that 
N=RT—V) associated with N by Theorem 2.2. Then H(V) denotes the same 
transformation as H(N), where H(N) is the operator defined in Definition 1.2. 


THEOREM 4.7. The transformation H(V) of Definition 4.1 is a linear sym- 
metric extension of H. If S is an arbitrary linear symmetric extension of H such 
that B(S) D(A), there exists an isometric transformation V with domain in IN* 
and range in IN- such that S=H(V). 


Theorem 4.7 is essentially only a restatement of Theorem 1.5. 

We emphasize that H(V:) =H(V2) does not imply Vi=V2. For example, 
V, can be the transformation whose domain contains only the element 0 of 
M+, while V2 has for its domain the linear manifold determined by an element 
of such that is not in R(A). We then have H=H(V;) =H (V2). 


THEOREM 4.8. Let F be the transformation defined in Theorem 3.11, and let 
Mut and Mi have the same meanings as in Theorem 3.8. Then a necessary and 
sufficient condition that the transformation H(V) of Definition 4.1 be maximal 
symmetric with deficiency index (0, p) ((p, 0)) is that R(V-—F)2ML 
(R(V- —F*) > Mt). Thus H(V) is self-adjoint if and only if R(V —F) > Mi 
and R(V-—F*) 2 

If S is an arbitrary maximal symmetric extension of H and 8(S)€D(A), 
there exists one and only one closed isometric transformation V from N+ to M- 
such that the boundary condition Af « R(I—V) is nondegenerate and such that 
S=H(V). 


Our initial step in the proof of the first portion of the theorem is purely 
formal, leading to an equation on which the proof is based. We consider an 
arbitrary element {f, H*f, Af} of (A) such that Af e R(J—V) and set 


Af = ht — Vit, 
{f, = — tft} + Hho}, 


X being the unique isometric transformation from $+ to B- such that 
R(T —X) = B(S) -(S++B-), whose existence is assured by Theorems 4.2 and 
2.2. We then apply Theorem 3.9 to write 


if, H(V)f, Af} Py... Af_} = if-, Af-} + { fo, Hfo, 0}, 
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where the first component on the right is in @_(A), the second in B-(A). 
Recalling that Af_ is in M-, and comparing the first and third equations 
above, we have 


—Af-=h*-—Fht, Af-=—(V—F)ht. 
Likewise, comparing the second and third, we obtain 
where G has the same meaning as in Theorem 3.11. Consequently, 
(4.1) A,(I —G){ ft, ift} = — (V 


for all { ft, if} in D(X) or, to put it differently, for all “+ in anal such that 
h+—Vh* e 
Thus from (4.1) we have 


(4.2) — G)D(X) ER(V — F). 


Furthermore Aj" and (J —G)-' exist; so we may write 
(4.3) D(X) ¢ — [RV — F) R(A)]. 
But, if (V—F)ht is in R(A), then 

(I — V)h+ = (I — F)h+ — (V — 


is also, since (I —F)h* is in R(A) by definition of F. Therefore (4.3) becomes 
(4.4) D(X) = — G47 [RV — F)-Mer], 


where we have made use of the relations R(V —F) © M-, Mii =M-- RA); 
in addition, we can evidently replace (4.2) by 


(4.5) A,(I — G)D(X) = RV — F)-Mr. 


But, by Theorem 3.11, (3), Ai(7—G)S+=Mz, and besides, it is clear that 
B+ =(I—G)"'A"Mr. Consequently we conclude from equations (4.4) and 
(4.5) that D(X) =Br if and only if R(V—F)-Mr=M; that is to say, if 
and only if R(V —F) 2M. Moreover, D(X) = Br if and only if R(7—X) is 
maximal Q-symmetric with Q-deficiency index (0, p). Hence, by Theorem 4.2, 
H(V) has deficiency index (0, p) if and only if R(V —F) 2M, as we wished 
to prove. 

On the other hand, if we make use of the resolution {f, H(V)f, Af} 
={f., H*f,, if, Aft}+ 0}, where the first component 
is in 8,(A), and the second in $+(A), also provided in Theorem 3.9, an en- 
tirely similar argument yields the result that H(V) has deficiency index (p, 0) 
if and only if R(V-!—F*) 2M s+. We leave the details here to the reader. 


1939] SYMMETRIC BOUNDARY CONDITIONS 419 


Since H(V) is self-adjoint if and only if it has deficiency index (0, 0), the 
concluding assertion of the first paragraph of the theorem follows at once. 

To prove the proposition formulated in the second paragraph of the 
theorem, we consider an arbitrary maximal symmetric extension S of H, 
B(S) ¢ D(A), and denote by MN the closure of AB(S). Then, if V is the iso- 
metric transformation from I+ to M- such that N=R(T—V), V is closed 
by Theorem 2.2, S=H(V), and the boundary condition Af e R(J — V) is obvi- 
ously nondegenerate since AS(S) has R(J—V) for its closure. Now suppose 
that S=H(V;) and that V; is closed. Then R(J—V,) is closed and, since 
R(T 2AB(S), we have R(T 2>R(—V). Hence, by Theorem 2.2, 
Vi2V. But if Vi > V, D(V:) contains an element 40 perpendicular to D(V) 
and h—V,h is thus perpendicular to R(J —V). Furthermore there can be no 
element in — V1)-R(A) which is not in R(J —V), since otherwise S would 
not be maximal. Therefore V; > V implies that the condition Af 2 R(J— V3) is 
degenerate, and the proof is complete. 

That when A is unbounded there do exist degenerate boundary conditions 
defining maximal symmetric extensions of H will be proved in the next sec- 
tion. 

It is now easy to prove, by arguments of the same tenor as those used to 
establish the first portion of the preceding theorem, the following state- 
ment: 


THEOREM 4.9. A necessary and sufficient condition that the transformation 
H(V) of Definition 4.1 have a maximal symmetric closure with deficiency index 
(0, p) ((p, 0)) is that the transformation H(R(V —F)) have H(M-) for its clo- 
sure (that the transformation H(R(V-!—F*)) have H(M*) for its closure). 


We leave the demonstration to the reader, pausing only to point out that 
H(M+*) —iI and H(M-)+iI both have bounded inverses, each with domain 
, so that H(M+) and H(M-) are necessarily closed. 

As we shall show later, it is possible to have A(V:) =H (V2), V2, while 
A(V;) is maximal. In view of this situation, it is desirable to supplement 
Theorem 4.9 with the following proposition: 


THEOREM 4.10. Let S be an arbitrary maximal symmetric extension of H 
such that ®(S)-D(A) has B(S) for its closure and let S4 be the contraction of S 
with graph B(S)-D(A). Then $4=S and there exists one and only one closed 
isometric transformation V with the following properties: 

(1) the boundary condition Af « R(I—V) is nondegenerate; 

(2) for every proper isometric extension V,; from IN+ to M- of V, the bound- 
ary condition Af « R(I—V;) is degenerate; 

(3) S4s=H(V). 
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The relation 5,=S follows at once from the fact that the closure of the 
graph of S, is the graph of S. 

Now let 9 be the closure of AB(S,4). Then, by Theorem 2.2, there exists 
a closed isometric transformation V from I+ to M- such that N=R(T—V). 
Thus the condition Af e R(J — V) is nondegenerate and S,4=H(V), so that (1) 
and (3) are satisfied. 

Now suppose V ¢ V; and the condition Af ¢ R(J —V;) is nondegenerate. 
Then there must exist an element k+ of D(Vi) which is not in D(V), such 
that h+—Vht is in R(A). Hence H(V;) > A(V), and, since H(V) is maximal 
symmetric, H(V:)=A(V). But then S=A(V;) and, since S4=H(V) and the 
graph of H(V;) isin D(A), we have, by definition of S4, H(V) 2 H(V;), which 
is incompatible with the inequality H(V,) > H(V). Consequently, we must 
conclude that the condition Af e R(J — Vi) is degenerate; therefore (2) is satis- 
fied by the transformation V. 

To conclude the proof, we have only to note that if V; is an arbitrary 
closed isometric transformation from I+ to M- such that S,4=H(Vi), we 
have clearly V;2V; hence, since we have already shown that V ¢ V; implies 
that the condition Af e R(J—V,) is degenerate, there exists only one closed 
isometric transformation V satisfying conditions (1)-(3). 

It is to be emphasized that the equations R(V —F) =M-, R(V- — F*) = M+ 
are necessary but not sufficient, respectively, for the conditions 


HOV —F))=HM), F*)) = HOM 


of Theorem 4.9. A portion of the interest of the following theorem derives 
from this fact. 


THEOREM 4.11. Let V be an isometric transformation from IN* to Mt-, and 
let F have the same meaning as in Theorem 3.11. Let Ky be the transformation 
(I—VF*)-"(V —F). Then if (M-OR(Kv))-Mi =O, H(V) is maximal sym- 
metric with deficiency index (0, p) and if (M*+G@D(Ky))-Ma =O, A(V) is 
maximal symmetric with deficiency index (p, 0); furthermore, if X is the iso- 
metric transformation from 8+ to B- such that 


B(H(V))- (St + B-) = RU — X), 


then D(X) - Bt is dense in D(X) and R(X) - Bir is dense in R(X). 
Finally, all of the preceding statements remain true if Ky is the transforma- 
tion 


Let k+ be an arbitrary element of the domain of 


Ky = (I — VF*\-\(V — F). 
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and let Then (V—F)ht+=k- and (I—VF*)h-=k-, where is 
some element of Jt-. Thus 
Vht — Fht* h- — VF*h-, 


V(ht + F*h-) = h- 4+ Fit. 
Therefore 
h+ + F*h- — h- — Fht = (h+ — Fht) — (h- — F*h-) 
is in R(J —V). Furthermore, by the definition of F and F* in Theorem 3.11, 
h+—Fh+ and h-—F*h- are in is in Br, and 
Az (h-—F*h-) in Hence, if {f-, —if-} and {ft, ift} 
=A;"(h-—F*h-), then (hk+—Fht) —(h- —F*h-) is in R(A)- R(T —V) and 
Az" [(h+ — Fht) — (h- — F*h-)] = {f-, — if-} if*} 
is in @(H(V)). Thus { f+, if+} isin D(X) and {f-, —if-} =X {f*, ift}, where 
X has the meaning given in the theorem. In consequence of this result, we 
have the relations 


(4.6) D(X) — F*)R(Ky), 
(4.7) — F)D(Kyr). 
Now let {gt, igt} be an element of $+ such that 
(f+, igt) — (ift, gt) = — oft}, Lat, igt}) = 0 
for all { f+, if+} in D(X) - B+ and thus, in view of (4.6), for all {f+, if+} which 
are in Aj'(J —F*)R(Ky). Then if {g-, —ig-} =G{gt, igt}, we have 
(f*, ig* + ig) — — = 0. 


Hence, from our fundamental formula, since {g+ —g-, igt+ig-} is in D(A), 
we have 


(A{ ft, ift}, gt — g-, igt — ig-}) =0, 
for all A {f+, if+} in (I—F*)®(K). But WA {gt—g-, igt—ig-} isin Mi, by 
Theorem 3.11, (3), and R(F*) is in M*=MOM-. Thus, if 
(M- R(Ky)) = O, 
we must have 
WA {gt — g-, igt — ig-} =0, 


whence it follows at once that {g+, ig+} =0. Hence, if 


(M- OR(Kv))- Mar = O, 
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then D(X)-Si has Bt for its closure. Therefore 6+ =OD(X), and, by Theo- 
rems 2.2 and 4.2, H(V) is maximal symmetric with deficiency index (0, p), as 
we wished to prove. Moreover, R(X) - Bc is clearly X [D(X) - B+] and there- 
fore has 2(X) for its closure; since we have already shown that D(X) is the 
closure of D(X) - Bs. 

Thus our statements concerning the condition (M-OR(Kyv)-Mi =O are 
completely established, for Ky=(J—VF*)—(V—F). Since the condition 
(M+OD(Kv))- Mt =O can be discussed along entirely similar lines, making 
use of the relation (4.7) instead of (4.6), we leave this portion of the argument 
to the reader. 

Now let us suppose that Ky =(V-!— F*)—"(J—V-"F). Again let “+ be an 
element of the domain of Ky and let A~=Kyh+. Then (I—V-"F)h+ =kt and 
(V-!—F*)h- where is some element of I+. Then 


ht — = Vh- — 


V—(h- + Fht) = + F*ir, 
and 


(h- + Fht) = V(ht + 
Since this is an equation which occurs in the proof for the case 
Ky = (I — VF*)-(V —F), 


and which, together with arguments not involving Ky, leads to the relations 
(4.6) and (4.7), the rest of the demonstration now proceeds as before. 

While we have not investigated all the questions involved, the indica- 
tions are that Theorem 4.11 has no precise converse: as far as we can deter- 
mine, it is possible to have H(V)=H(V:), Vi4#V, while V, but not Vi, 
satisfies one of the conditions of Theorem 4.10. We do, however, have the 
following theorem: 

THEOREM 4.12. Let S and S, be as in Theorem 4.10, and let V be the isomet- 
ric transformation from IN*+ to M- associated with S by that theorem. Let X be the 
isometric transformation from B+ to such that —X) =B(S.)-(Bt+B-), 
and let D(X) - Bat be dense in D(X), or, equivalently, let R(X) -Bir be dense in 
R(X). Let V; be an arbitrary maximal isometric transformation from M+ to M- 
such that V,;> V, and let Ky, be either 


(V-! — — V-F) 


or 
or 
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according as D(V;) =M* or not. Then 
(M- R(Kr,)) Mur = O 
if the deficiency index of S is (0, p), and 
(M+ D(Ky,))- Mut = O 
if the deficiency index of S is (p, 0). 
Let {f+, ift} be an arbitrary element of D(X) -B,t, and let 
if, — = if}. 
Then { f+—f-, ift+if-} is in D(A) and 
A{ft — f-, ift + if-} = Alf, Alf, #7} 
= —h-+F*h +h — Fh, 
where h- isin M-, h*+ in M+. But {f+—f-, if++if-} is in B(S) also; so we have 
+ Fht = V\(F*h- + ht). 
Thus, if D(Vi) =M*, 
h- + Fht = VyF*h- + 
or, solving for h-, 
= (I — — F)ht = Ky, ht. 
On the other hand, if D(V:) # M+, we must have R(Vi) = Mr, so that 
Vith- + Vr'Fht = F*h + hr. 
Thus, solving for h~, we have in this case 
= (Vz — F*)-\(I — = Ky, ht. 


Therefore, in both cases, h~ = Ky ,ht. a 

Now let k- be an element of IR which is perpendicular to R(Ky,). Then, 
if Ak-={g+—g-, igt+ig-}, we have 
(ft, igt + — (ift, gt = — — We) = — ke), 
where f+ and /~ have the same meanings as above; and this equation is equiv- 
alent to 


(ft, — (aft, gt) = — i(hr, k-), 


since F*h- is in M+. Hence, since k- is perpendicular to R(Kv,), 


({f*, aft}, et, igt}) = 0. 


423 
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Now suppose that S has deficiency index (0, p). Then D(X) = B+. Hence, 
if D(X) - Bi is dense in D(X), we must have | g+, ig+} =0, since {f+, if+} is an 
arbitrary element in D(X) - B4+. Therefore k- =O and =H, 
as we wished to prove. 

On the other hand, if S has deficiency index (p, 0), then R(X) = B-; and an 
entirely similar argument leads to the conclusion (M¢+O@D(Ky,))- Mut =O. 

Finally, we note that if R(J —X) €D(A), then X { ft, if+} is in Bi when- 
ever {ft, if+} isin Bit. Hence R(X) is clearly the closure of R(X) - Bi when- 
ever D(X) is the closure of D(X)- Bi, as indicated in the theorem. 

All of the Theorems 4.8-4.12 apply, of course, to the case in which A is 
bounded as well as to the case in which A is unbounded. For the former case, 
however, they are superficial, in view of Theorem 4.1, whereas in the latter 
they are not. The reason for this is to be found in Theorem 3.11, which tells 
us that the transformation F has a bound less than unity when A is bounded, 
and the bound unity which it never attains when A is unbounded. Conse- 
quently, if A is bounded and V is an arbitrary isometric transformation from 
M+ to M-, V—F and V-!—F* have bounded inverses. On the other hand, if A 
is unbounded, (V —F)- and (V-!— F*)— always exist, but are in general un- 
bounded. 

5. Pathology of unbounded reduction operators. We now examine cer- 
tain pathological aspects of the behavior of discontinuous reduction opera- 
tors, with a view to revealing more clearly the significance of the results of 
the preceding section. 

To begin, we state and prove three lemmas, the roles of which will become 
clear later. 


Lemma 4.2. Let D be the domain, everywhere dense in a Hilbert space &, of a 
closed linear unbounded transformation R with range in a Hilbert space %o. Then 
there exists a Hilbert space in such that U-D =. 

If R has range %, and R— exists, then the set of elements f of D(R*) for which 
R*f is in is dense in 


According to a theorem previously noted, we can determine a self-adjoint 
transformation T in 2, with domain D.f Furthermore, there must exist two 
Hilbert spaces 2; and %, %.+%=%, both of which reduce T. Let 7; be the 
transformation induced by T in &,, (k=1, 2). Then at least one of the trans- 
formations 7;, T2, say 7), is unbounded. Let 7; be the linear transformation 
in % which is equa] to 7; in %, to J in &. Then 7; is clearly unbounded self- 
adjoint and D(73)2D(T), D(T;) 2%. Furthermore, there exists a unitary 
transformation U in 2 such that UD(T3) and D(T3) intersect only in the 


t Murray, Theorem 1.24. 
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origin.t Hence the Hilbert space = U®, intersects the manifold D only in 
the origin. 

To prove the final assertion of the lemma, we consider an arbitrary ele- 
ment g of %o which satisfies the equation (g, f) =0 for all f in D(R*) such that 
R*f is in 2OU; if R has range % and R- exists, then R-'g is defined and 
(Rg, R*f) =0 for all R*f in LGU. But if R“ exists and has domain &, it 
follows also that R* has range 2, and thus R(R*) >LOuU. Hence R-'¢ is in 
D-U and thus R-'g=0. Consequently g=0, and the proof is complete. 


Lemma 4.3. Let Q be a unitary transformation in a Hilbert space 2 such that 
Q?+I=O0O; and let the characteristic manifolds 2+ and & of Q, for the charac- 
teristic values +i and —i, respectively, both be Hilbert spaces. Let D be an un- 
bounded nonnegative definite self-adjoint transformation in 2 such that D“ exists 
and D=QD-0-". Then there exists a maximal Q-symmetric manifold N in &, 
with the following properties: 

(1) Nisin D(D) and DK has a maximal Q-symmetric closure; 

(2) for each cardinal number m on the range 1<m<No, there exists in N 
a closed linear Q-symmetric manifold Nt, which has the Q-deficiency index 
(m, m+p) or (m+ p, m) according as (0, p) or (p, 0) is the Q-deficiency index 
of N, while DN, has the same closure as DN. 


Let Ul be the range of E(1—0), where E(A) is the resolution of the identity 
in 2 associated with D, and let D, be the transformation induced in Ul by D. 
Then D7" exists, Ul is Q-symmetric, and in QU, D=QD7'0,, by Theorem 3.5. 
By the same theorem, D is equal to J in 2@(U+Ql), and hence D7"? is un- 
bounded since D is. Therefore D(D;") is dense in U, but not identically U. 
Applying Lemma 4.2, we determine a Hilbert space Up in UW such that 
D(D7") - =H. Then, by the second paragraph of the same lemma, 
is dense in Ul. Hence, if Ul, is any closed linear subspace of Uo, with dimension 
number m, D(UClUL,) is dense in Ul. Now iet M be an arbitrary maximal 
Q-symmetric extension of ll, and let Ni = (UCU) + (NSU). Then, since NOU 
is in the manifold 6(N%+ QM), where D=/, it follows that DM and DI, 
both have the closure 3. As N, evidently has the Q-deficiency index stated 
in the lemma, the proof is complete. 

Lema 4.4. Let 2, 2+, &-, Q, and D be as in Lemma 4.3. Let m be an arbi- 
trary cardinal number on the range OS m<WNo. Then there exists a maximal 
Q-symmetric manifold N in D(D) such that DN is a closed linear Q-symmetric 
manifold with the Q-deficiency index (m, m+ p) or (m+ p, m) according as (0, p) 
or (p, 0) is the Q-deficiency index of N. 


Tt Von Neumann, Journal fiir die reine und angewandte Mathematik (Crelle), loc. cit. 
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Let Ul and D, have the same meanings as in the proof of Lemma 4.3. Let 
V be the isometric transformation with domain in %+ and -range in %-, such 
that U=R(7—V). Then it is readily shown that D, determines a unique 
bounded self-adjoint transformation Doin D(V), such that for each h+— Vht 
in U, 


D(hk*+ — Vht) = Doht — VDoh*. 


Moreover, Dy has the same bound, 1, as D,, and Ds" exists and is unbounded 
because Dr! is unbounded. 

Therefore, applying Lemma 4.2, we can determine a bounded closed con- 
traction C of Do such that D(V)@D(C) has the dimension number m, 
(O<mS®,), and such that R(C) is dense in D(V). Hence C-", which exists 
because Ds! does, is a closed symmetric transformation in D(V), and 
R= [(C-)*C]! is a self-adjoint transformation with the same range as 
(C-1)*. Since Do! and it follows that and 
hence that (C-")* has range identically D(V). Thus R has range D(V) and 
domain 9t(C).f Consequently as R is self-adjoint, R- exists. 

Now consider the set 9t; of all elements of 2 which can be written in the 
form 


Since and is self-adjoint in D(V), has 
range identically D(V) and QM; is precisely the set of all elements of 2 which 
can be written in the form 


k+ — VI — + kt, 


where k* is in D(V). But (J—iR-)(1+iR“)— is evidently a unitary trans- 
formation in D(V) and thus V(J —7R-)(J+iR—)-— is an isometric transfor- 
mation with domain D(V) and range R(V). Hence MN; is closed Q-symmetric, 
by Theorem 2.2. 

Next, let 2} be any maximal Q-symmetric extension of 91. Then NON: 
belongs to the manifold where D=/7 and thus is in D(D). Furthermore, every 
element 

(I + — VU — ht 


of 9t; can be expressed in the form 


(a+ — Vit) + + 


But R-‘h* is in the range of Do by definition of R-' and R“h+—VR“h* is 


t Murray, Theorem 1.24. 
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thus in the range of D,. Hence, since R(J+V)=QM® and since, in QMX, 
D=QD7'0-, it follows that R*h++VR-tht is in D(D). Hence N is in D(D). 
Moreover, DM and DY; are easily shown to be linear Q-symmetric. 

Now, to determine the Q-deficiency index of D9t,, we again take account 
of the fact that 9, is in U+QU=D(V)+R(V). Since this manifold reduces D, 
D%, also belongs to it; moreover, NOY, reduces D since it belongs to 
LO (D(V)+R(V)). Consequently, there exists a unique isometric transforma- 
tion X with domain in D(V) and range in R(V) such that DI,=R(T —X); 
and the Q-deficiency index of DM, is precisely (m, q+) or (n+ , q), where n 
and g are the dimension numbers of D(V) @D(X) and KR(V) SR(X), respec- 
tively, according as (0, p) or (p, 0) is the Q-deficiency index of 3. Further- 
more, Dt is closed if and only if DM, is closed and DM; is closed if and only 
if X is closed. 

Thus to complete the proof it remains only to be shown that X is closed 
and that D(V) OD(X) and R(V) SR(X) both have the dimension number m. 

To determine X, we begin by analyzing further the manifold DM, using 
the resolution 


— Vh* + + VRh*) 


for an element of 9. Since 
D(ht — Vht) = Doht — VDoht 


and 


iD(R“h*+ + VRh*) = + VDs'R“h*), 


every element of Dt; can be written in the form 
(Do + — V(Do — 


Conversely, every element of this form is easily shown to be in D&,. Thus, 
since (Dp is in D(V) and is in R(V), it fol- 
lows that 


D(X) = R(Do + 


and that 


X(Do + = V(Do — 


Hence, as (Do +iDs'R-)— is readily shown to exist, 
X = — + 


or, by straightforward algebraic calculation, 
X = — + — 


4 

t 

4 

é 

a 

a 
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and 
— VX = (Dx'R Ds" + — 


We now recall that Dz! has range D(V) and that R- has domain D(V), 
while D(R) = R(R-) is in D(Ds"). Thus, it is evident that Do'R“D," is sym- 
metric because its domain is dense in D(V), and Dz! and R- are both self- 
adjoint. Furthermore, —V~-1X is the Cayley transform of Dy!R-'D;" from 
the equation at the end of the preceding paragraph. Therefore, X is closed 
if and only if D>1R-D;" is closed and, if X is closed, the dimension numbers 
of D(V)OD(X) and R(V)OR(X) are n and gq, respectively, where (n, q) is 
the deficiency index of Dz'R-'Ds". Consequently, we can complete the proof 
by showing that Ds!R-'D;" is closed and that its deficiency index is (m, m). 

To prove the first we begin by observing that 


= Do'D(R) 


is a closed linear manifold by definition of R. We next observe that Dz! and 
R™ are positive definite, each with lower bound 1; in consequence, we have 


tht, ht) = Do ht) = (De 'ht, Do ht) = | ht 


Thus Ds'R“"D;" is positive definite with lower bound greater than or equal 
to 1. Hence it is easily shown that (Ds'R-!D;")— exists and is bounded. But, 
as we have already pointed out, Dr>'R-'D;" has a closed range; hence its in- 
verse is closed and in consequence D>'R~D," itself is closed. 

We have now only to show that the deficiency index of Dy!R“D;" is 
(m, m). Let us suppose that the deficiency index of Ds'R-'D5" is (n, n); that 
it is of this form follows from the fact that Dy'R-'D;" is positive definite. 
Also from this fact, it follows that D71R-'Ds" has a self-adjoint extension T 
with bounded inverse; indeed, T may be chosen with the same lower bound, 
1, as Dc'R“ De". Furthermore, from Theorems 4.2, 2.8, and 2.2, it is readily 
deduced that » is the dimension number of 


S 


But from the fact that T-' and (Ds'R-'D;")— both exist and are bounded, 
it follows by a straightforward argument that 


B(T) Ds") 


and 
R(T) RDF") 


have the same dimension number. Moreover, (Ds1R-!Ds") =D(C) by defi- 
nition of R, and R(T)=D(V), since T is self-adjoint in D(V), with T-? 


[May 
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bounded. Thus, since D(V)@D(C) has the dimension number m by choice 
of C, n=m and the proof is complete. 


THEOREM 4.13. Let A be an unbounded reduction operator for H*. Then 
there exists a maximal isometric transformation V from INt* to M- with the fol- 
lowing properties: (1) the boundary condition Af e R(I — V) is nondegenerate and 
H(V) is maximal symmetric; (2) for an arbitrary cardinal number on the range 
1<m<No, there exists an isometric transformation V, from I+ to M- such that 
V:=V and such that H(V;) has the deficiency index (m, m+) or (m+, m) 
according as (0, p) or (p, 0) is the deficiency index of H(V). 

Let B=(A;*A;)"2. Then A:=XB where X is isometric with domain 
$++B- and range M.t Applying Lemma 4.3, and the fact, stated in The- 
orem 3.6, that B=QB-'0-!, we conclude that there exists a maximal 
Q-symmetric manifold ® in 6++%- with the following properties: 
MN ¢D(B)=HD(A) and BR has a maximal Q-symmetric closure; 
where 9%; is closed linear Q-symmetric with Q-deficiency index (m, m+) 
or (m+, m) according as (0, p) or (p, 0) is the Q-deficiency index of 9, and 
BM, has the same closure as BN. 

Furthermore, since, by Theorem 3.3, XB+=M- and XB- = Me", it is clear 
that X¥BN=AMN has a maximal W-symmetric closure and that XBN,=AMN, 
has the same closure as A Nt. Now let V2 and V, be the isometric transforma- 


tions from M+ to M- which correspond to AM and AM, respectively, in 
accordance with Theorem 2.2, and let V=V2. Then V is maximal isometric 
from M+ to M- and V,=V, since (AN) =R(J—V). Moreover, H(V) and 
H(V;) have for their graphs 8+ N and $+ Ni, respectively. Hence, by Theo- 
rem 4.2, H(V) is maximal symmetric and H(V;) has the deficiency index 
stated in the theorem. Thus, since the boundary conditions Af e R(J—V), 
Af ¢ R(I—V:) are obviously nondegenerate, the proof is complete. 


THEOREM 4.14. Let A be unbounded. Then there exists a maximal isometric 
transformation V from It+ to M- with the following properties: (1) the boundary 
condition Af « R(I—V) is nondegenerate and H(V) has a maximal symmetric 
closure; (2) if m is an arbitrary cardinal number on the range 1S m<N> and V 
has the W-deficiency index (0, p) ((p, 0)), there exists an isometric transforma- 
tion V;, VicV, with W-deficiency index (m, m+ p) ((m+p, m)) such that the 
boundary condition Af e R(I — V3) is nondegenerate and such that H(V;)=A(V). 


Let B and X have the same meanings as in the proof of Theorem 4.13. 
Then B-'=QBOQ-". Let 2 be a manifold in D(B-") which satisfies the condi- 
tions of Lemma 4.3 with D=B-". Then XQ is clearly maximal W-symmetric 


Murray, Theorem 1.24. 
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in M, and if Mt, has the same meaning as in Lemma 4.3, (2), then XQ; has the 
W-deficiency index (m, m+ p) or (m+), m) according as Xt has the W-defi- 
ciency index (0, p) or (p, 0). Furthermore, Jt and 9, both belong to the range 
of B; hence XN and XN, belong to the range of A. Therefore the boundary 
conditions Af e X9i, Af e XN are nondegenerate. 

Now let V and V;, be the isometric transformations from J+ to Pt- cor- 
responding to XN and XY; in accordance with Theorem 2.2. Then H(V) 
and H(V;) have for their graphs 8+ BN and $+ BN, respectively. Fur- 
thermore, by Lemma 4.3, B-'9 and B-'9t; have the same closure and the 
latter is maximal Q-symmetric in 8++%-. Hence, by Theorem 4.2, H(V) is 
maximal symmetric. Thus, since X9 is maximal W-symmetric, V is maximal 
isometric from M+ to Pt-, and V and V;, have the properties described in 
Theorem 4.14. 

In view of Theorem 4.14, the role of the condition (2) of Theorem 4.10 
is now more clearly indicated. 


THEOREM 4.15. Let A be an unbounded reduction operator for H*. Let m 
be an arbitrary cardinal number on the range O0Sm<No. Then there exists a 
maximal isometric transformation V from IN* to Mt- with the following proper- 
lies: 

(1) the boundary condition Af « R(I —V) is nondegenerate; 

(2) H(V) is closed with the deficiency index (m+ p, m) or (m, m+) ac- 
cording as (0, p) or (p, 0) is the W-deficiency index of V; 

(3) for every maximal symmetric extension S of H(V), Sa=H(V), where 
S4 has the same meaning as in Theorem 4.5. 


Again, let B have the same meaning as in the proof of Theorem 4.13; as 
we have already noted, B-'-=QBQ-'. Hence, by Lemma 4.4, there exists a 
maximal Q-symmetric manifold 9 in D(B-') such that BY is closed linear 
Q-symmetric with Q-deficiency index (m, m+ p) or (m+ p, m) according as N 
has Q-deficiency index (0, p) or (p, 0). Furthermore, if A= XB, the relations 
M+ =XB-, M- = XBt imply that XN =A (B-'N) has the W-deficiency index 
(p, 0) or (0, p) according as 9 has the Q-deficiency index (0, p) or (p, 0). 

Now let V be isometric from I+ to M- such that XN=R(J—V). Then, 
by definition, the W-deficiency index of V is the same as that of XN. More- 
over, the graph of H(V) is precisely 8+A7XN=B+B'MN. Thus, by Theo- 
rem 4.2, H(V) is closed with deficiency index (m, m+ p) or (m+), m) 
according as (p, 0) or (0, p) is the W-deficiency index of V, and the boundary 
condition Af e R(/—V) is obviously nondegenerate. 

We are therefore left to prove only that H(V) has the property (3). To do 
this, we consider an arbitrary maximal symmetric extension S of H(V) and 
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the transformation S, described in Theorem 4.5. Then AS(S4) is obvi- 
ously a linear W-symmetric manifold in 2; moreover, AB(S4) 2>AB(A(V)) 
=K(I-—V)=R. But NM is maximal W-symmetric; therefore we must have 
AS(S4) =, which is possible if and only if S4=H(V). Thus the proof is 
complete. 

We thus see that the condition that V be maximal isometric from t+ to 
M- is not sufficient either for H(V) or for H(V) to be maximal symmetric, 
even when the additional restriction that the condition Af e R(J — V) be non- 
degenerate is imposed. It is therefore natural to ask what properties H(V) has 
under these circumstances. Without giving the proofs, we shall merely set 
down the following observations which the reader may verify: If V is maximal 
isometric from I+ to M- with W-deficiency index (0, p) ((p, 0)), if RU —V) 
belongs to R(A), and if X denotes the isometric transformation from $+ to 


such that 
RI — X) = (Bt + B)-B(A(V)); 


then R(X —G) 2Br (R(X-!—G*) 2B), G having here the same meaning 
as in Theorem 3.11; conversely, if X is a closed isometric transformation from 
$+ to B- such that D(A)-R(T—X) has R(J—X) for its closure and if 
R(X —G)2Br (R(X —G*) then A[D(A)-R(T—X)] is a maximal 
W-symmetric manifold ® in I with W-deficiency index (0, p) ((p, 0)). The 


reader will note that this proposition constitutes a slightly modified analogue 
of Theorem 4.8. In precisely the same sense, one can formulate valid ana- 
logues of Theorems 4.9-4.12. 

We shall now show that the condition that V be maximal isometric from 
M+ to M- and that Af e R(J—V) be nondegenerate, is unnecessary as well as 
insufficient for either H(V) or H(V) to be maximal symmetric. 


THEOREM 4.16. Let A be an unbounded reduction operator for H*. Let m be 
an arbitrary cardinal number on the rangeO<mZNo. Then there exists a maxi- 
mal symmetric extension S of H with the following properties: 

(1) B(S) ¢ D(A); 

(2) AB(S) is a closed W-symmetric manifold in M with W-deficiency index 
(m+ p, m\ or (m, m+) according as S has the deficiency index (0, p) or (p, 0); 

(3) if N is an arbitrary W-symmetric manifold in M such that N>AB(S), 
the boundary condition Af « N is degenerate. 


Again we introduce the transformation B used in the proof of Theorem 
4.13. Then, in accordance with Lemma 4.4, there exists a maximal Q-sym- 
metric manifold Ul in D(B) =D(A;) such that Bul is closed and has the Q-defi- 
ciency index (m+), m) or (m, m+ ) according as (0, p) or (p, 0) is the 
Q-deficiency index of U. Thus 8+U is the graph of a maximal symmetric 
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extension S of H and the deficiency index of S is the Q-deficiency index of Ul, 
by Theorem 4.2; moreover, 8(S) =8+Ue¢ D(A). 

Now let X be the isometric transformation from $++%~- to M such that 
A=XB. Then, as we know, XB+=M-, X¥B-=M*, and W=XQX-. There- 
fore XBU=AU=ARB(S) is closed and has the W-deficiency index (m, m+) 
or (m+, m) according as (m+, m) or (m, m+) is the Q-deficiency index 
of BM, and consequently according as (p, 0) or (0, p) is the deficiency index 
of S. Thus S has the properties (1) and (2) of the theorem. 

Now let 2 be a W-symmetric manifold in M such that AB(S) ¢ RN. Then, 
clearly H(M) 2S and, since S is maximal symmetric and H(X) symmetric, 
this is possible if and only if H(N) =S. Thus R(A)-R=AB(S) while AB(S) 
is closed, and therefore the boundary condition Af ¢ Xt is obviously degener- 
ate, so that S satisfies (3). 

Finally, to conclude this section, we prove a theorem which establishes 
unequivocally that the dependence on the operator A of the conditions given 
in Theorems 4.8, 4.9, and 4.11 is not in any sense superficial. 


THEOREM 4.17. Let M be an arbitrary Hilbert space, and let M* and M- 
be Hilbert spaces in M such that MOM+ = M-. Let W be the linear transforma- 
tion in MN such that W =iI on Wt+, W=—il on M-. Let H be a closed linear 
symmetric transformation in a Hilbert space $, with deficiency index (No, No). 


Then, if V is an arbitrary closed isometric transformation from IN* to M-, 
there exists a reduction operator C for H*, with range-space IN and associated 
unitary transformation W in MN, such that the boundary condition Cf e R(T —V) 
is nondegenerate and defines a linear symmetric extension of H which is not 
maximal and does not have a maximal closure. The operator C can be constructed 
so as to be either of type I or of type II. 

If D(V) has the dimension number No, there exists a second reduction opera- 
tor D for H*, with range-space IM and associated unitary transformation W in 
M, such that the boundary condition Df « R(I—V) is nondegenerate and defines 
a maximal symmetric extension of H. Here D can be chosen either of type I or 


of type II. 


Our proof of this theorem requires that we first review the proof of Lemma 
4.4, in order to take account of certain facts which are implicit there and 
which, for present purposes, must be formally stated. We observe first that 
the manifold ® specified in the lemma is in the proof determined as an arbi- 
trary maximal Q-symmetric extension of a Q-symmetric manifold Jt; in LOF, 
where § is the manifold in which Q=J; and that %, is hypermaximal Q,- 
symmetric in 26, where Q; is the contraction of Q with domain 20. 
Accordingly, if the transformation D of Lemma 4.4 is such that $-2+=O 
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while $-2- has dimension number then has Q-deficiency index (0, 
Similarly, if $-2-=, while $-%+ has the dimension number #, then J has 
the Q-deficiency index (p, 0). Furthermore, if $-%+ and %-L- both have the 
dimension number No, then 9 can be chosen with arbitrary Q-deficiency in- 
dex (0, p) or (p, 0). These facts we hold in reserve for application later. 

Now let V; be an arbitrary maximal isometric extension from I+ to Mt- 
of the transformation V of the theorem to be proved, and let V; have W-defi- 
ciency index (0, p) ((p, 0)); further, let A: be a nonnegative definite self- 
adjoint transformation in $++%-, such that where B-, 
and Q have the usual meanings, with reference to the transformation H of 
Theorem 4.17. Then, by Theorem 3.1 the linear transformation A with do- 
main $(H)+9(A;), which is equal to 0 on B(H) and to A; on D(A) is a re- 
duction operator for H*. We consider two distinct cases: (1) A is unbounded 
of type I with characteristic index (p, 0) ((0, p)); (2) A is unbounded of type 
II and the intersections of 6+ and B- with the manifold $ on which A,=7 
are both Hilbert spaces. Since H has deficiency index (No, No), the results 
of Chapter III, §2 assure the existence of reduction operators A satisfying 
either requirement. 

We now apply Lemma 4.4 to establish the existence in D(Az") = R(A1) 
of a maximal Q-symmetric manifold M such that Az’ is closed linear Q-sym- 
metric but not maximal; here we of course employ the relation Aj'=QA,0-. 
Moreover, taking account of the paragraph immediately following Theorem 
4.17, we see that under case (1) of the preceding paragraph, Jt has the Q-defi- 
ciency index (p, 0) ((0, p)), while under case (2), It can be chosen with the 
same (Q-deficiency index. In the latter case, we assume that 9 is so chosen. 

Applying Theorem 2.2, we next introduce the isometric transformation U 
from St to S- such that R= R(J —U). Then U has, under either of the cases 
(1) and (2), the Q-deficiency index (p, 0) ((0, »)). Thus, by definition, 
S-OR(U) and St+SH(UV) have the same dimension numbers as M¢+OD(V;) 
and M-OR(V:), respectively. Consequently, D(U), R(U), D(Vi), and R( Vi) 
being Hilbert spaces, we can define an isometric transformation Y with do- 
main $++%- and range IM such that YB-=M+, VYBt=M-, VYR(V) =D(Vi), 
and YD(U) =R(Vi). Thus YR=R(T—V)). 

But, by Theorem 3.3, C=YA is a reduction operator for H*, with range- 
space IN, and associated transformation W in M, since YO-'Y— is evidently 
identical with W. Furthermore, the condition Cf e R(J — V;) clearly defines the 
same symmetric extension of H as the condition Af e R(J — UV), that is, the ex- 
tension S whose graph is 8+Aj7'M; and S is clearly closed linear but not 
maximal, since Aj’ is a closed linear manifold and not maximal Q-symmet- 
ric. The argument here is, of course, essentially that used to prove Theorem 
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4.15. Hence, the condition Cf « R(7J—V) defines an extension T of H which 
does not have a maximal symmetric closure, since we obviously have T¢S. 
Moreover, since R(J —U) ¢ R(A), we have 


RT — Vi) cRO), 


so that the condition Cf e #(J—V) is nondegenerate. Finally, since we have 
shown that A can be either of type I or type II, C can be of either type also, 
by Theorem 3.16. Thus the first portion of the theorem is completely proved. 

We turn now to the second, and denote by (n, g) the W-deficiency index 
of V. For purposes of simplification, we assume n2q; the alternative possi- 
bility can be discussed along lines entirely similar to those which we pursue 
in this case. 

Setting p=n—g, we apply Theorems 3.5 and 3.6 to construct a reduction 
operator A for H* such that A; is a nonnegative definite self-adjoint trans- 
formation in $++%~- and such that the manifold on which A,=/ is a linear 
manifold in 8~ with dimension number p. We then apply Lemma 4.4 and the 
facts stated in the paragraph immediately following Theorem 4.17 to deter- 
mine a maximal Q-symmetric manifold in such that A, M is closed 
linear Q-symmetric with the Q-deficiency index (g, 

Next, we introduce the isometric transformation U from 8+ to S- such 
that Then, by definition, and B-OR(UV) have 


the dimension numbers g and p+q =n, respectively. Consequently, there ex- 
ists an isometric transformation Y from 8++%- to M such that 


YSt=M, YB-=M+, YD(V) = RV), YR(U) =D(V). 


Thus YR(J—U) =R(T—-V). 

But, again by Theorem 3.3, D=YA is a reduction operator for H*, with 
range-space JN and associated transformation W in MM; furthermore, R(J — V) 
clearly belongs to R(D), so that the boundary condition Df e R(J — V) is non- 
degenerate. Therefore, since this boundary condition obviously defines a sym- 
metric extension S of H with graph 8+ and MN is maximal Q-symmetric, 
the first assertion of the second paragraph of the theorem now follows at once 
from Theorem 4.2. Finally, since it is evident from Theorem 3.13 that A can 
be chosen either of type I or of type II, subject to our previous conditions, 
we conclude from Theorem 3.16 that D can be of either type. 

6. A special class of boundary conditions. From Theorem 4.17 we of 
course conclude that the general result of Theorem 4.8 admits of no effec- 
tive simplification. Consequently, in dealing with any particular concrete un- 
bounded reduction operator A, cne would naturally look for special properties 
of A which might lead to less general but more readily applicable results. In 
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this connection, both for its illustrative value and its usefulness in connection 
with certain applications of the theory here developed, we now consider a 
specialization of the general situation which we have heretofore been studying 
and subject it to study by methods of a quite different sort from those em- 
ployed in §4. 

We require a preliminary lemma. 

Lemma 4.5. Let R be a transformation in a Hilbert space 2, with at least 
one point py in its resolvent set, and let (R—pI)— be totally continuous. Then, if T 
is an arbitrary bounded transformation in 2 and d belongs to the resolvent set 
of R+T, (R+T—XI)—! is totally continuous. In particular, (R—XI)—' is 
totally continuous for every point d in the resolvent set of R. 


We consider an arbitrary set Ul in R(R+T7—AI) =&, d being in the resol- 
vent set of R+T. Then, if u is in the resolvent set of R, 
D(R — wl) = D(R+ T — A) = T — 
and 
(R+ T — U = (R — (R+ T- AD)“ 
= (R- al) T+ pw) D(R+T- 
Now suppose U is a bounded set. Then, since 
T+ 
is a bounded transformation, 


is a bounded set. Thus, if (R—p/J)- is totally continuous, it follows from the 
above equation that (R+7—)/)—U is compact. Thus (R+ 7 —X/)- is totally 
continuous, as we wished to show. Since, in particular, we can take T=0, 
the last statement of the lemma follows immediately, and the proof is com- 
plete. 


THEOREM 4.18. Let H have the deficiency index (n, n), and let A be a reduc- 
tion operator of the sort described in Theorem 3.17, with range-space L@Y. Let 
S be the self-adjoint transformation in $@ which corresponds to A in accord- 
ance with Theorem 3.17. Let Di* be the set of elements f of D* such that {f, H*f} 
is in D(A), and let N and M be the operators, each with domain D* and range 
in 2, such that Nf=h and Mf=k if and only if A{f, H*f}={h, k}. Then 
N and M are linear transformations. 

If S has a totally continuous resolvent and L is an arbitrary bounded self- 
adjoint transformation in &, then the boundary condition Af 2 B(L), that is, the 
requirement Mf=LNf, defines a self-adjoint extension of H. 
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The assertion concerning M and N is evident. 

To prove the remainder of the theorem, we denote by L; the transforma- 
tion with domain § 6 which is equal to O in § and to Z in &, and assume that 
S has a totally continuous resolvent. Then L; is clearly a bounded self-adjoint 
transformation in $@£ and it is readily shown that S—J, is self-adjoint. 
Moreover, by Lemma 4.5, S—JZ, has a totally continuous resolvent; and it 
can therefore be shown that the range of S— ZL, is the orthogonal complement 
of its manifold of zeros. 

Therefore, in particular, the equations H*f=f/*, Mf-—LNf=0 have a solu- 
tion f in D¥* for every f* in SOu, where Ul is the manifold of elements g of D* 
such that H*g=0, Mf—LNf=0. But, by definition, every element f of D#* 
such that Mf—LNf=0 belongs to the domain of H(S(L)), where we have 
reverted to the notation of Definition 1.2; and H(S(ZL)) is symmetric, by 
Theorems 1.5 and 2.7. Moreover, from the result of the preceding paragraph, 
the range of H(%(L)) is the orthogonal complement of its manifold of zeros, 
which we have denoted by U. Thus U and SOU reduce H(SB(L)); in uy, 
H(%(L)) induces the self-adjoint transformation O; and, in SOU, H(S(L)) 
induces a transformation whose range is OU and which is therefore self- 
adjoint. Thus H((Z)) itself is self-adjoint in § and the proof is complete. 

The reader may observe that H(%(Z)), being related very simply to a con- 
traction of S—Jy, has itself a totally continuous resolvent and thus a pure 
point spectrum; we refrain, however, from discussing questions of this sort 
here, but rather reserve them for separate consideration elsewhere. 

The hypothesis that S has a totally continuous resolvent which appears 
in Theorem 4.18 is more restrictive than is, in fact, necessary. For it imposes 
a restriction on the behavior of the transformation H itself, and this can evi- 
dently have no effect on the behavior of the transformation A. However, both 
the statement and the proof of the more general theorem which is possible 
are considerably more involved than those of the one which we have given; 
and, in all of the realizations which we have investigated, Theorem 4.18 ap- 
plies whenever the more general result does. (In particular, this remark applies 
to Example 4 of the first chapter; the reduction operator A described there 
satisfies the hypothesis of Theorem 4.18.) 

We have therefore refrained from giving the more general result here and 
also from investigating further along lines suggested by Theorem 4.18 and 
the fact already noted that every equivalence class of reduction operators 
contains, when H has deficiency index (m, m), operators of the sort described 
in Theorem 3.17: investigations in this direction and other similar ones must 
be guided to some extent by the nature of possible applications, of which we 
have at present studied only a few. 
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7. Real boundary conditions. If the transformation H is real with respect 
to a conjugation J, in §, then H™ is real with respect to J» also and H has 
deficiency index (, m).f In such a situation it is frequently important to de- 
termine those maximal symmetric extensions of H which are real with respect 
to J) and which are consequently self-adjoint. For the special case that A is 
the reduction operator of Theorem 2.9, this problem has a simple solution 
which is known;{ we consider here a more general case. 


THEOREM 4.19. Let H be real with respect to a conjugation J, in $, and let J 
be the transformation in §®H which takes {f, g} into {Jof, Jog}. Then, in ac- 
cordance with Theorem 2.14, J permutes with Q in 8++B- and B* is real with 
respect to J. 

Let A be a reduction operator for H*, let D(A) be real with respect to J, and let 
J; be a conjugation in the range-spaceM of A such that AJ {f, H*f} =J,A {f, H*f} 
for every {f, H*f} in D(A). Then J; permutes with W. 

Let V be an arbitrary closed isometric transformation from I+ to M- such 
that the boundary condition Af ¢« R(I —V) is nondegenerate. Then H(V) is real 
with respect to Jo if and only if R(I—V) is real with respect to J; or, equiva- 
lently, if and only if V=J,V-J,. Thus, if V=J,V-J,, then H(V) has defi- 
ciency index (n,n); consequently H(V) ts self-adjoint if it is maximal symmetric, 
essentially self-adjoint if H(V) is maximal symmetric. 

As we have noted in the statement of the theorem, the assertions of the 
first paragraph are consequences of Theorem 2.14. 

We now prove that J; permutes with W. Let {f, H*f}, {g, H*g} be arbi- 
trary elements of D(A:). Then 


f, H*f}, H*g}) = (Ail f, H*f}, WArlg, H*g}) 
(ff, H*f}, H*g}), 


where the last inner product is formed in 6@§. But 


Cs, H*f}, Ols, H*s}) H*f}, QJ {g, H*g}), 
since J permutes with Q; and 


H*f}, OJ {g, H*g}) = {f, H*f}, WA {2, H*g}) 
—(iAilf, H*f}, H*g}). 


Thus we have 
(iAi{f, H*f}, H*g}) = WiAiff, H*f}, {g, H*g}) 


t Stone, Theorems 9.13 and 9.14. 
t Stone, pp. 362-364. 
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for all {f, H*f}, {g, H*g} in D(A,). But J:A,D(A;) is dense in M and hence 
JiWAx{g, H*g} = H*g} 


for all {g, H*g} in D(A). Therefore J:W=WJ, on R(A). But R(A)=M, 
while J;\W and WJ, are continuous. Consequently J:\W =W/J,, as we wished 
to prove. 

Now let V be the transformation described in the last paragraph of the 
theorem. We note first that H(V) is real with respect to Jy if and only if its 
graph is real with respect to J; furthermore, % is clearly real with respect to J, 
since H is real with respect to Jo. Hence, setting 


B(H(V)) = B(A(V))- (Bt + B), 


we conclude that H(V) is real with respect to J if and only if :(H(V)) 
is real with respect to J; and thus, by Theorem 2.12, if and only if 
J%S,(A(V)) =B,(A(V)). 

We shall now show that the latter equation holds if and only if 
R(7—V) is real with respect to J:, beginning with the observation that 
=A,JBi(A(V)). Hence, if =Bi(A(V)), we must 
have =A:%,(H(V)), and the latter implies that 4:8:(H(V)) 
is real with respect to J;, by Theorem 2.12. Hence, since N=R(J—V) is the 
closure of A,%:(H(V)), N is real with respect to Ji, again by Theorem 2.12. 
On the other hand, suppose R=R(J—V) is real with respect to J;. Then, 
since J,A {f, H*f} is in R(A) for every {f, H*f} in D(A), R(A) is real with 
respect to J; and therefore 9-R(A) is also. But 


Az [MN-R(A) ] = 


and 


Ax [N-R(A)] = ATVs [N-R(A)] = [M-R(A)]. 


Consequently JS:(H(V)) =%:(H(V)). 

Thus, combining the results of the two preceding paragraphs, we con- 
clude that H(V) is real with respect to Jo if and only if N=R(J—V) is real 
with respect to J:; and, as we have already shown that W permutes with J;, 
the equivalence of the condition that 2t be real with respect to J and the con- 
dition V=JV~-J follows from Theorem 2.13. 

We are thus left to prove only the assertions of the final sentence in the 
theorem. This, however, requires only the observation that H(V) is evidently 
real with respect to Jo when H(V) is; the statements in question then follow 
from the results already established and Theorem 9.14 of the book of Stone 


previously cited. 
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We point out that the hypothesis of the existence of the conjugation J; 
is necessary and does not follow from the reality of H and H*; the hypothesis 
is, however, in accord with the situation which exists in the theory of differ- 
ential operators. If such an assumption is not introduced, apparently little 
of interest can be said concerning those boundary conditions which define 
real extensions of H. 

Theorem 4.19 has, of course, a special interpretation for the boundary 
conditions considered in Theorem 4.18; we leave the formulation of this to 
the reader. 

8. Formulation of boundary conditions. In developing our theory we have 
found it necessary only to use the representations Af e N, or Af e R(T —V) for 
the boundary conditions under consideration. In the applications of the the- 
ory, however, different statements of the conditions may be found conven- 
ient. We now discuss briefly some of these. We consider an arbitrary 
nondegenerate boundary condition Af « RN, MN being closed linear W-sym- 
metric. 

If {¢.}, #=1, 2,---, is an arbitrary sequence which determines the 
closed linear manifold MOM, the condition Af e RN is evidently equivalent to 
the conditions (Af, ¢,)=0, n=1, 2,---. Now let {y,} be a complete 
orthonormal set in MN, and let mEmnWm, M=1,2,- ++ ; Af=Dimbm(f)Wm; 
for each Af in NM. Then (Af, $n) =)omdmnbm(f). Accordingly, since the se- 
quences {b,,(f)} are evidently in one-to-one correspondence with the elements 
Af in N, the condition Af ¢ N is equivalent to the conditions }\m@mnbm(f) =0, 
n=1,2,---.If Mis a Hilbert space, there is, in general, an infinite number 
of these equations; if It is unitary, there is only a finite number. 

We may point out that the form of representation of the boundary condi- 
tions generally used in the theory of ordinary differential equations is pre- 
cisely of the sort just described. 

Another simple representation of the boundary conditions is a parametric 
one. If is W-symmetric in M and V is the isometric transformation from 
M+ to M- such that N=R(T—V), we may regard the manifold D(V) as a 
space of parameters and define the domain of H(V) as that set of elements f 
of * such that Af is defined and satisfies the equation Af =h—Vh for some 
h in D(V). In this connection, we observe that we are at liberty to choose 
coordinates in I+ and in Mt as we please. 

Finally, we consider the special case where A is a reduction operator of 
the kind described in Theorem 3.17. Here, the range of A is in a space {@&, 
and we can set Af={Nf, Mf}, where Nf and Mf have the same meanings 
as in Theorm 4.18. In this case, if It is a closed W-symmetric manifold in 
LBL, then by Theorem 2.10, there exists a uniquely determined closed linear 
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manifold U in £ and a uniquely determined Hermitian transformation L in 
LOU, such that the condition Af e MN is equivalent to the condition 
Mf=LNf+h, where h is in U. In particular, the boundary conditions of po- 
tential theory are of this form. Moreover, M. Morse has found essentially 
this form of representation useful in connection with comparison theorems 
for systems of ordinary differential equations of the second order.f In the 
terminology of Morse, the space 2OU is the “accessory end-plane,” and the 
form (k, Lk) the “accessory end-form.” 

9. Homogeneous boundary value problems. The theory which we have 
developed (particularly the results of Chapter IV, §4) provides information 
concerning the solvability of the equation H*f—df=f* under a restriction 
Af eM, where N is a W-symmetric manifold in J. For example, if the bound- 
ary condition Af e % defines a self-adjoint extension of H, and if f* is an arbi- 
trary element of §, \ an arbitrary complex such that $(A)~0, then there 
exists one and only one element f of D* such that H*f—df=f*, Af e N. 

The theory of differential equations suggests quite naturally that we 
should consider, as well as questions of the above sort, problems of the follow- 
ing kind: given a linear manifold N in M, to determine an element f of D* 
such that H*f—df=0, En Af=h, where \ is a complex number and / a pre- 
assigned element of Xt. We bring this paper to its end with a few observations 
concerning such problems. 

THEOREM 4.20. Let V be an arbitrary closed isometric transformation from 
M+ to M- such that H(V) is a maximal symmetric extension of H. Let 
N=R(T—V), and let d belong to the resolvent set of H(V). Then, for every 
element h of an everywhere dense linear manifold in P=MOMN, there exists 
a solution f of the equation H*f—df=0 such that Af is defined and EgAf=h; 
if B belongs to the range of A in particular, if A is bounded, then a solution f 
exists for every h in 3. Moreover, f is uniquely determined by h. 


To prove this theorem, we note first that if \ is in the resolvent set of 
H(V), every element g of D* has a unique resolution of the form g=/fi+f, 
where f; belongs to D(H(V)) and f is a solution of the equation H*f—)f=0; 
to demonstrate this, we have only to set 


In particular, every element g such that Ag is defined can be written in this 
form and, for such an element, since Af; is defined by hypothesis, Af is also. 
Furthermore, for every such g, EgAg=EgAf, since Af, is in N=MOF. 


7 M. Morse, The Calculus of Variations in the Large, American Mathematical Society Col- 
loquium Publications, vol. 18, New York, 1934, chap. 4, especially pp. 83-89. 
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Therefore, the system H*f—df =0, EgAf=h has a solution f for every element 
hin Eg®(A). But R(A) is dense in M and EgR(A) is therefore a dense linear 
manifold in $. Moreover, if $ belongs to #(A) (and this is necessarily true 
when A is bounded) we have Egh(A) =§. 

‘Thus it remains only to prove that the solution f is unique. Let us suppose 
that f, and f2 are two solutions for the same element 4 of $. Then A(fi—f2) 
belongs to MOY = RN. Thus f,;—f2 is in the domain of H(V). But 


H(V)(f: — fe) — Mfi — fe) = 0 


and ) is in the resolvent set of H(V). Hence fi=f2, and f is uniquely deter- 
mined by hk, as we wished to show. 

It is interesting to observe that suitably modified formulations of the 
Dirichlet and Neumann problems of potential theory can be described in 
terms of the abstract problem considered in Theorem 4.20. Furthermore, the 
so-called boundary value problem of the third kind is closely connected with 
a problem of this sort, as the following theorem suggests: 


THEOREM 4.21. Let A be a reduction operator of the sort described in Theo- 
rem 3.17 with range-space 2@&, and let M and N have the same meanings as in 
Theorem 4.18. Let L be a bounded self-adjoint transformation in &, and let the 
boundary condition Af ¢ B(L) be nondegenerate and define a maximal symmetric 
extension of H. Then if d is in the resolvent set of the extension so defined, the 


system 
H*f — rf = 0, INf— Mf=k 


has a unique solution f for every element k of an everywhere dense linear manifold 
in 
According to Theorem 4.20, the system 
H*f — df = 0, Nf, Mf} {r,s} 
has a unique solution f for every element {r, s} in a dense linear subset of §, 
where $=(LBLY)OB(L). Since L is self-adjoint, in the second equation 


above, we can set r=Lh, s= —h. Then { Nf, Mf} ={ Lh, —h} + {t, Lt}, where 
t is some element of £. Thus 


LNf=Lh+Lt, 
Therefore LVf—Mf=(L?+I)h. Thus the solution f of the system 
H*f—df=0, Eg{Nf, Mf} = {Lh, — h} 
is also a solution of the system 
H*f—-\f=0, LNf—Mf=k, 
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with k = (L?+J)h. Conversely, it is easily shown that a solution f of the second 
system determines a solution of the first, again with k =(L?+J)h. Therefore, 
since the equation k=(L?+/)h is readily shown to determine a one-to-one 
linear bicontinuous correspondence between the elements & of & and the ele- 
ments {Lh, —h} of 8, the theorem follows. 

If, in particular, the transformation S in §@&, associated with A by 
Theorem 3.17, satisfies the hypothesis of the second paragraph of Theorem 
4.18, we are able to attack questions of the sort considered in Theorem 4.21 
by methods similar to those used in proving Theorem 4.18. 


THEOREM 4.22. Let A, %, M, N, and S have the same meanings as in Theo- 
rem 4.18, and let S have a totally continuous resolvent. Let L be an arbitrary 
bounded self-adjoint transformation in %, and let T be the extension of H deter- 
mined by the boundary condition Af « B(L); that is to say, by the condition 
LNf=Mf. Let d be a real number, and let (T —dI)— exist. Then the system 


H*f-—\f=0, Mf—LNf=h 
has one and only one solution f for every h in &. 


In view of Theorem 1.3, it is sufficient to prove the theorem for the case 
=0. 

Again we introduce the transformation L; used in the proof of Theorem 
4.18. Then, since S— JZ, has a totally continuous resolvent, it is a simple task 
to show that the origin is either in its point spectrum or its resolvent set; we 
omit the details. Since T-! exists, it is clear that the origin cannot belong to 
the point spectrum of S—L,; therefore, it belongs to the resolvent set. Ac- 
cordingly, the equation (S—L;) {f, k} = {0, 4} has a unique solution {f, k} 
in  @& for every in L. Consequently, since f is then a solution of the system 
H*f=0, Mf—LNf=h, the proof is complete. 

To conclude, we suggest two simple generalizations, in different directions, 
of Theorem 4.22. First, if \ is a real number in the point spectrum of the 
transformation 7, and 2 =NU, where U is the manifold of zeros of 7, it can 
be shown that § has a finite dimension number and that the system 


H*f—r»f=0, Mf—LNf=h 


has a solution f for every 4 in 26, but the solution is not unique. Second, 
Theorem 4.22 can be extended to cover the case that d is not real, by taking 
account of the fact that the transformation in § @& which takes {f, Nf} into 
{ H*f—)f, Mf} is normal. We leave to the reader the proof of these assertions. 
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CONFORMAL GEODESICS* 


BY 
AARON FIALKOW 


1. Introduction. The totality of extremals in a Riemann space Vf con- 
nected with a calculus of variations problem of the form 


(1.1) Fas = 0, 


where F is a point function and ds is the element of length of V,,, constitutes 
an important family of «*‘"-» curves. Consider, for example, a conservative 
dynamical system for which neither the constraints nor the work function W 
involve the time. By the principle of least action the dynamical trajectories 
of a particle are the extremals of (1.1) with F = [2m(c+W) ]!/? where m and c 
are the mass of the particle and the energy constant, respectively. Again, if v 
is the index of refraction of an isotropic nonhomogeneous medium, the paths 
of light through this medium are the solutions of (1.1) with F =» in accord- 
ance with Fermat’s principle. Finally, let V, and V, be two conformal Rie- 
mann spaces so that d5 =e’ds. Then the images of the geodesics of V, in V, 
are the extremals of (1.1) where F =e’.{ 

As we are interested primarily in the last interpretation, following 
Schouten,§ we call any family of ~*("-» curves which is a solution of (1.1) 
a family of conformal geodesics. Of course, by a change of language, the theo- 
rems obtained have equal validity for the dynamical, optical, and other inter- 
pretations. The following topics are discussed and the corresponding ques- 
tions answered in this paper: 

I. A complete geometric characterization of the conformal geodesics of 
any Riemann space. 

II. Additional special properties characteristic of conformal geodesics 
which are the images of the geodesics of a particular Riemann space (flat 
space, space of constant curvature, Einstein space). 


* Presented to the Society, February 26, 1938; received by the editors June 15, 1938. 

t We denote an m-dimensional Riemann space, Einstein space, and space of constant curvature 
by Vn, En, and S,, respectively. 

t These and other interpretations are discussed by E. Kasner, Natural families of trajectories: 
conservative fields of force, these Transactions, vol. 10 (1909), pp. 201-203. Also cf. L. P. Eisenhart, 
Continuous Groups of Transformations, 1933, pp. 277-280. 

§ J. A. Schouten, Uber die Umkehrung eines Satzes von Lipschitz, Nieuw Archief voor Wiskunde, 
vol. 15 (1928),-pp. 97-102. 
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III. Some relations between the conformal geodesics of a Riemann space 
and of its subspaces. 

IV. Some special geometric problems. 

Other questions concerning conformal geodesics and other extremals (the 
theorems of Lipschitz, Thomson and Tait, Kneser, and their converses) have 
been investigated by Kasner, Lipke, Schouten, Blaschke, Douglas, LaPaz, 
and Radé6.* The first of the above topics was previously considered from the 
standpoint of dynamics and a solution obtained by Kasnerf for the case of 
a euclidean space and by Lipkef for a Riemann space whose first fundamental 
form is positive definite. The characterization which they obtained is stated 
under more general conditions in Theorem 2.1 (or 2.2) and Theorem 3.2. The 
method which is used in the present paper differs from that hitherto em- 
ployed. 

The geometry of conformal geodesics is closely related to the more gen- 
eral investigation of the geometric properties of any curves or subspaces of V, 
and V,, respectively, which correspond under the given conformal transfor- 
mation. Somewhat similar studies of some phases of this problem have re- 
cently been made by a number of writers.§ 


I, GEOMETRIC CHARACTERIZATION 


2. Property one: the principal normal. Let V, and V, be two conformal n- 
dimensional Riemann spaces whose first fundamental forms are] 


(2.1) ds* = g;;dx‘dx', 
(2.2) 


respectively, so that 
(2.3) ds = 


* For references to all of these writers cf. L. LaPaz and T. Rad6é, On a converse of Kneser’s trans- 
versality theorem, Annals of Mathematics, (2), vol. 36 (1935), pp. 749-769. 

+ E. Kasner, loc. cit., pp. 201-219. 

t J. Lipke, Natural families of curves in a general curved space of n dimensions, these Transactions, 
vol. 13 (1912), pp. 77-95. 

§ S. Sasaki, Some theorems on conformal transformations of Riemannian spaces, Proceedings of the 
Physico-Mathematical Society of Japan, IIIs, vol. 18 (1936), pp. 572-578, and V. Modesitt, Some 
singular properties of conformal transformations between Riemann spaces, American Journal of Mathe- 
matics, vol. 60 (1938), pp. 325-336. Also see an abstract by the author entitled Conformal transforma- 
tions and the subspaces of a Riemann space, Bulletin of the American Mathematical Society, abstract 
43-9-328. 

|| Throughout this paper except where otherwise stated Latin indices have the range 1, 2,--- , n. 
An index which appears twice in an expression is to be summed over the appropriate range unless the 
index appears in parentheses. A free index in a tensor equation assumes each value of its range. 
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It is assumed that these forms are not singular although they may be indefi- 
nite. We choose coordinate systems {x*} and {#‘} so that the conformal cor- 
respondence becomes #‘=<x‘. In these coordinate systems 


(2.4) Big = = 


where g‘/ and g‘ are the contravariant components of the metric tensors. If 
the Christoffel symbols of the second kind for V, and V,, are written {k| ij} 
and {k|ij}, respectively, it follows from (2.4) that* 


(2.5) ig} = {k| if} + + 80,5 — 


Let C be a curve in V, and C its image in V,. If the unit tangents to C 
and C at corresponding points are denoted by £‘ and £ and the principal 
normals by y‘ and +, it is an easy consequence of (2.4) and (2.5) that 


(2.6) 
(2.7) = — com(gi™ — 


where ¢ is +1 or —1, being determined by e=g,,;£*£?. 
Since 7‘=0 for the geodesics of V,,, the characteristic equation of a family 
of conformal geodesics in V, is, according to (2.7), 


(2.8) = eo,m(gim — 


In the derivation of this equation and throughout the paper we exclude those 
conformal geodesics which are tangent to null vectors. Now g'"—eé#é™ is the 
projection tensor} for the vector space normal to £*. Hence we have as a re- 
sult of (2.8) the following theorem: 


THEOREM 2.1. The principal normal of any curve of a family of conformal 
geodesics passing through a common point in a non-null direction is, excepi for 
sign, the projection normal to this direction of a fixed vector; the sign is deter- 
mined by the character of the tangent to the curve. 


This is the first characteristic property of conformal geodesics. Of course 
the fixed vector is the gradient 7,;. As a consequence of Theorem 2.1, we have 
the following equivalent theorem: 


THEOREM 2.2. If the curves of a family of conformal geodesics which pass 
through a common point of V, are projected orthogonally upon the tangent flat S,, 
at that point, the centers of curvature of the »"—' projections at the common point 


* The comma denotes covariant differentiation with respect to the x’s and the form (2.1), and 
the 5;* are the Kronecker deltas. 
T Duschek-Mayer, Lehrbuch der Differentialgeometrie, vol. 2, 1930, pp. 44-45. 
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will lie on a flat S,_1 orthogonal to the fixed vector of Theorem 2.1, and the «*— 
osculating circles of the projections will have a second point in common. 


The proof is immediate. For the principal normals of the conformal geo- 
desics in V,, are identical with the principal normals of their orthogonal pro- 
jections in the flat S,. From Theorem 2.1, it follows that the end points of the 
principal normals of the projections lie on a spherical S,_1 whose diameter is 
the length of the gradient ¢ ;. By inversion, it is seen that the centers of curva- 
ture lie on a hyperplane of S, normal to the direction of ¢,;. According to 
(2.8), the linear vector space determined by the tangent and principal normal 
of any curve of (2.8) contains g'"¢,». This proves the next theorem: 


THEOREM 2.3. The osculating geodesic surfaces of the curves of a family of 
conformal geodesics which pass through a common point form a bundle of sur- 
faces; they all contain the fixed vector of Theorem 2.1. 


If we omit the condition that the fixed vector of Theorem 2.1 be a gradi- 
ent, it follows easily that Theorem 2.1 is the characteristic property of all 
families of curves whose equations are of the form 


(2.9) eT m(gi™ — €t*), 


where 7; is an arbitrary vector. The solutions of (2.9) have been called velocity 
systems because of their connection with motion in fields of force. A geometric 
definition of velocity systems is possible. For consider the Weyl geometry* 
whose coefficients of connection I’, are 


= {i| jk} + + — ging Tm: 


Then if the points in this Weyl space and V,, which have the same coordinates 
correspond, it follows easily that the velocity system (2.9) consists of the 
images in V, of the paths of this Weyl geometry. It is clear that Theorems 
2.1, 2.2, and 2.3 hold for all velocity systems. 

3. Property two: hyperosculating geodesic circles. Velocity systems are 
characterized by Theorem 2.1. It remains to distinguish geometrically the 
families of conformal geodesics among the totality of velocity systems. For 
this purpose, we shall consider the osculating geodesic circles of the curves. 

Let C be a curve in V,, and denote the unit tangent, and unit normals of 
orders 1,2, - - - ,w—1, and the first, second, - - - , (w—1)st curvatures of C by 
and , and ki, ke, , Ras, respectively. A geodesic 


* Such geometries were proposed by Wey] as the basis of a combined theory of gravitation and 
electro-dynamics. Cf. H. Weyl, Space, Time, Matter, English translation, 1921, pp. 125, 296, and 
L. P. Eisenhart, Non-Riemannian Geometry, American Mathematical Society Colloquium Publica- 
tions, vol. 8, New York, 1927, pp. 81-82. 
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circle of V, is defined as a curve whose first curvature in V, is constant and 
whose second curvature is identically zero. The geodesic circle which is tan- 
gent to C and has the same first curvature as C at the point of tangency is 
called the osculating geodesic circle of C at the point.* It follows from a funda- 
mental existence theorem of differential equations that every curve for which 
a@é*, @&é*, and k; exist at a point has a unique osculating geodesic circle at 
that point. 
The Frenet equations of C are 


d 
ds 


= — (m—1)€* + (m41)€', 


(3.1) 
-,n—1;ko = 0,7 

where 

(3.2) Cm = Big 

and 

(3.3) (me? = 0, 

and where 6/ds denotes covariant differentiation with respect to arc length 

along C so that 


dN DA; dN 


The geodesic circle of C will have higher than second order contact; that is, 
it will hyperosculate C if and only if the values of dx‘/ds, d?x‘/ds®, and 
b°x‘/ds* are the same at the point of tangency. Since dx‘/ds = «)£‘, the Frenet 
equations (3.1) show that these conditions are equivalent tof 


(3.4) 


at the point of contact. 
Since £*= e=e1, and it follows from (2.9), (3.2), and 


* Lipke defines the osculating geodesic circle of C at a point as the curve of constant geodesic 
curvature which lies in the osculating geodesic V2 of C at the point and agrees with C in curvature 
and direction at the point. The results of §3 are valid for either definition of the osculating circle, 
but in later sections our present definition, based on the Frenet equations of a curve in V, rather 
than in V2, is more advantageous. 

+ Cf. Duschek-Mayer, loc. cit., pp. 62-64, for this theorem and the subsequent use of the Frenet 
equations. If k, is identically zero on a curve, it is to be understood in (3.1) that kpyi= +++ =kni=0 
and that (p41)£*, «+ + , «np£* are any vectors which satisfy (3.2) and (3.3). 

t If n=2, the second of these equations should be omitted. Similar deletions are to be understood 
in equations (3.5) and (3.6). 
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(3.3) that for any velocity system 
(3.5) Ti = = 0, r>2. 
If we differentiate (3.5) covariantly with respect to s and use (3.1) and (3.5), 
we find 
dk; 
(73,5 — cmt! ti = 
ds 
— Ti) = ereakike, 


(7i,5 -- TTA) = O, r>2, 


(3.6) 


since d7,/ds =Ti,j 

According to (3.4) and (3.6), the directions q£‘ at a fixed point in which 

velocity curves are hyperosculated by their osculating geodesic circles are 
given by 
(3.7) Tij = 0, s> i, 
where 
(3.8) Tij = Ti,j — TiTj- 
The tensor 7,; is symmetric when and only when 7; is a gradient ¢,;. We call 
the directions in which hyperosculation occurs the H-directions of the velocity 
system. If we write e1p1=7:; «t* «é’, it follows from (3.2), (3.3), and (3.7) 
that 


(3.9) (Tig — prgis) = 0. 
Since the vectors (m)£‘ are independent, 


— pigis) = 0, 


so that p: is a root of the determinant equation |7;;—g;;| =0, and qé‘is a 
principal direction determined by 7;;. In general there are m distinct principal 
directions. This proves the following theorem: 


THEOREM 3.1. The H-directions of any velocity system are identical with the 
principal directions determined by the tensor (3.8) which are not tangent to null 
vectors. The velocity system is a family of conformal geodesics if and only if this 
tensor is symmetric. 


If 7;; is a symmetric tensor and none of the corresponding principal direc- 
tions are null vectors (as is always the case if (2.1) is definite), it follows from 
the known theory* that there exist » mutually orthogonal non-null principal 


* L. P. Eisenhart, Riemannian Geometry, 1926, pp. 107-112. 
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directions. Conversely, let ,,)A‘ be principal directions determined by 7;; 
such that gi; if Then 7;; @A?=0, (P ¥g). Any two arbi- 
trary vectors a‘, 8‘ may be written as 


n n 
ai = wd’, Bi = wd‘, 


where a; and 0; are constants so that 


t=1 
Hence 7;; is a symmetric tensor so that r;=0,;. This completes the character- 
ization of conformal geodesics stated in the next theorem: 


THEOREM 3.2. A family of conformal geodesics in a V , whose first fundamen- 
tal form is definite admits an orthogonal ennuple of H-directions at each point. 
Conversely, if a velocity system in any V, admits n mutually orthogonal H-direc- 
tions at each point, it is a family of conformal geodesics. 


4, The H-directions. We consider the H-directions of a family of confor- 
mal geodesics in greater detail. If the conformal correspondence between V,, 
and V, is given by (2.3), in accordance with Theorem 3.1, the H-directions 
of the images in V, of the geodesics of V,, coincide with the non-null principal 
directions determined by the tensor 


(4.1) = — 


The H-directions of the images in V, of the geodesics of V, are similarly de- 
termined by the tensor* 


(4.2) = (— — (— 5. 
It follows readily from (2.5), (4.1), and (4.2) that 
(4.3) = — — Arogi;, 
where Ayo = 


Now (4.3) is an equation of the formt 


(4.4) vig = Do ae + 


k=1 


where the (,);; and v;; are symmetric tensors of the second order and the a, 


* The semicolon here denotes covariant differentiation with respect to the x’s and the form (2.2). 
t Here (&) denotes the tensor and 77 the components. 
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and b are scalars. If \‘ is a common principal direction in V,, determined by 
each of the (,)v:;, quantities p, exist such that 


(4.5) (cayvis — = 0, k =1,2,-++,m. 


It follows from (4.4) and (4.5) that (v;;—pgi;)\'=0, where +0, 
so that \‘ is also a principal direction determined by 7,;. 

This result shows that the principal directions in V, determined by a;; 
and &;; coincide. Furthermore, according to (2.4), the principal directions de- 
termined by any tensor in V, and the tensor having the same components 
in V, correspond. Hence the H-directions in V, and V, correspond by means 
of the conformal transformation. Since the H-directions in V, and V, are 
conformally equivalent, the mapping determines a unique set of H-directions. 
We call these H-directions the H-directions of the conformal transformation 
(2.3). 

If Raijx and Ryij, are the Riemann curvature tensors of V, and V,, it fol- 
lows from (2.5) by straightforward calculation* that 


(4.6) 
+ — gnigixJAro. 


By means of (2.4) and (4.6), we find 


(4.7) (n = Ri; Ri; + (n 2)Aic], 


where R;; and R;; are the Ricci tensors of V, and V,, respectively, and 
As = Thus, if the H-directions of the conformal transformation 
are the non-null principal directions determined by R;;—R,;. We state these 
results in the following theorem: 


TuHeorEM 4.1. Let V, and V,, be two conformal Riemann spaces. Then the 
H-directions of the images in V,, of the geodesics of V,, and of the images in V, 
of the geodesics of V,, correspond under the mapping. If n>2, these H-directions 
coincide with the principal directions determined by R;;— Ri; which are not tan- 
gent to null vectors. 

Since (4.7) is of the form (4.4), we conclude that if 2 >2 a principal direc- 
tion determined by two of the tensors o;;, R;;, Ri; is also determined by the 
third. This proves the next theorem: 

THEOREM 4.2. Let V, and V,, be two conformal Riemann spaces of dimen- 
sionality n>2. Then by the mapping of V, on V,, a non-null Ricci principal 
direction of V,, corresponds to a Ricci principal direction of V,, if and only if it 
is an H-direction of the conforma: transformation. 


* For example, cf. Eisenhart, loc. cit., pp. 89-90. 
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II. PARTICULAR RIEMANN SPACES 


5. Conjugate conformal geodesics at a point. Let \‘ be any unit vector at 
a point P of V, which is not tangent to ¢,;. Then there exists a unique unit 
vector* \’* in the linear vector space at P determined by 4‘ and ¢,; such that 

= 0. 

Let C and C’ be the curves belonging to a family of conformal geodesics which 
are tangent to dé and X’:, respectively. Then C’ is called the conjugate con- 
formal geodesic of C at P. If \‘c,;+0, it is clear that this relationship is re- 
ciprocal, so that we may speak of C and C’ as conjugate conformal geodesics. 
If \‘o,;=0, the conjugate conformal geodesic of C’ is not defined. 

According to Theorem 2.1, if \‘0,;#0, the unit first normals of C and C’ 
at P are \’‘ and X‘, respectively. Hence conjugate conformal geodesics have 
the same osculating geodesic surface. From (3.5), we have at P 


where & and k’ are the first curvatures of C and C’, respectively, and 


(5.2) e = e’ = 


If (2.8) is multiplied by o,, and summed for i, it follows from (5.1) that 


(5.3) ek’? + ek? = Ajo. 


If C is any conformal geodesic orthogonal to o,; at P, the equation corre- 
sponding to (5.3) is 


(5.4) Ai, 


where &, is the first curvature of C and where e, is +1 or —1 according as 
is positive or negative. If Aic=0, k, =0. 
As P moves along C, we obtain by covariant differentiation of (5.1) with 
respect to s, after using (3.1), (3.5), (5.3), and (5.4), that 
dk 


(5.5) 
ds 


dk’ 
(5.6) = — — 
ds 
where o;; is defined by (4.1). Since o;; is a symmetric tensor, if A‘o,;~0 it 
follows from (5.5) that edk/ds=e'dk’/ds’, where s’ denotes the arc length 


* An exception occurs only if \‘¢,;=0 and Aio=0. In this case, \’* is tangent to ,; and is a null 
vector. 
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of C’. If m=2, it can be shown that this last equation is equivalent to the 
second characteristic property of conformal geodesics. 

6. Conformal images of the geodesics of an S, or E,. The geometric char- 
acterization of any family of conformal geodesics in V , is derived in $§2 and 3. 
If these curves are the images of the geodesics of a space of constant curva- 
ture or an Einstein space, they will enjoy additional special properties which 
are obtained below. Let (.)A‘ and A‘ be any two unit vectors in V, at a 
point P neither of which is tangent to o,;. We denote by C, and Cs the con- 
formal geodesics tangent to these vectors and by C/ and Cj the correspond- 
ing conjugate conformal geodesics. 

According to (2.6) and (4.6), 


(6.1) = Tap — (gyd* — (aA? — Aro, 


where rg and 7, are the Riemannian curvatures at P of V, and V,, respec- 
tively, for the orientation determined by (aA‘ and q@A‘, and the e’s are de- 
fined in a manner analogous to (5.2). It follows from (5.4), (5.6), and (6.1) 
that 


“ , ake dkg 
(6.2) = Tap — Cala seg + ek? , 


Sa dsg 


where k,’ and k# are the first curvatures of C/ and Cf and where s, and Sg 
are the arc lengths of C, and Cs, respectively. 

If V,, is a space of constant curvature Ko, the right-hand member of (6.2) 
does not depend upon the orientation determined by (.)A‘ and @A‘ but is a 
scalar function in V,. The algebraic sign of this function is constant and 
agrees with that of Ko. Conversely if the right-hand member of (6.2) is a 
scalar function, it follows from (6.2) that V, has the same Riemann curvature 
for every orientation at P. By Schur’s theorem the curvature of V, is a con- 
stant Ko. The sign of Ky is determined by the scalar function. Since by a 
magnification two spaces of constant positive (or negative) may be mapped 
on each other so that their geodesics correspond, the precise value of Ky must 
be indeterminate. We state these results in the following theorem: 


THEOREM 6.1. The necessary and sufficient condition that a family of con- 
formal geodesics in V,, be the images of the geodesics of an S,, is that 
dkd dkg 
Tap — Cala + 
Sa 5g 
be a point function in V,. The S,, has positive, zero, or negative Riemann curva- 
ture according as this function is greater than, equal to, or less than zero. 
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According to (2.6) and (4.7), 


where y. and 7. are the Ricci or mean curvatures for the direction (.)\* of V,, 
and V,, respectively. It follows from (5.6) and (6.3) that 


a 


dk 
(6.4) (n— 2)eaed + = (nm — 2)egk? + Fa — Ago — (nm — 
If V,, (n>2), is an Einstein space, 7. is a constant. Hence the left-hand mem- 
ber of (6.4) is a scalar. The converse is also true. This proves the next theo- 
rem: 


THEOREM 6.2. The necessary and sufficient condition that a family of con- 
formal geodesics in a V,, of dimensionality n>2 be the images of the geodesics of 
an is that 


a 


d 
(n 2)eala ds + Ya 


be a point function in V,,. 
In addition to this characteristic property, we easily obtain further neces- 
sary properties of the conformal images of the geodesics of an Einstein space. 


THEOREM 6.3. If a family of conformal geodesics in a V,, of dimensionality 
n>2 are the images of the geodesics of an E,,, the H-directions of the family coin- 
cide with the principal Ricci directions of V, which are not tangent to null vectors. 


This is an immediate consequence of (2.4) and Theorem 4.1. For V, is an 
Einstein space if and only if 


(6.5) Rij = 


where a is a constant. 


TueoreM 6.4. Let E, and E, be conformal Einstein spaces of dimensional- 
ity n>2. Then the conformal images in E, of the geodesics of E, as well as the 
images in E,, of the geodesics of E, are geodesic circles. 


It has been shown by Brinkmann* that a large class of Einstein spaces 
exist which are conformal to Einstein spaces. The above theorem applies to 
these spaces. The proof of the theorem follows. By definition of E,, 


(6.6) Riz = bgii, 


* H. W. Brinkmann, Einstein spaces which are mapped conformally on each other, Mathematische 
Annalen, vol. 94 (1925), pp. 119-145. 
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where b is a constant. It follows from (2.4), (4.7), (6.5), and (6.6) that 

= P8ii, 
where ¢ is a scalar. Hence every direction is an H-direction so that, as fol- 
lows from (3.4), dki/ds=0, ke=0 for each conformal geodesic. This proves 


Theorem 6.4. According to Theorem 4.1, the conformal geodesics of V, and 
V,., (n>2), will be geodesic circles if and only if the mapping is such that 


Rij — Ris = 
where y is a scalar function. 

7. Conformal geodesics in an S,. The geometric property of conformal 
geodesics in a V, stated in Theorem 2.2 is not intrinsic since it depends upon 
the tangent flat S,. The only exception arises when V, is itself a flat space. 
In this case, Theorem 2.2 becomes: The centers of curvature of the curves of 
a family of conformal geodesics which pass through a common point lie on 
a flat S,_1 orthogonal to the direction of ¢,;. In what follows, we show that 
the spaces of constant curvature enjoy an analogous property. The results 
apply without modification to all velocity systems. 

We begin by generalizing the notion of center of curvature to apply to a 
curve C in V,. Let V2 be the osculating geodesic surface of C at P, and let C’’ 
be any curve in V2 which at P has the same tangent and principal normal* 
as C. The limiting first point of intersection (when it exists) of the geodesics 
of V2 normal to C’”’ at P and at a nearby point Q as Q approaches P is called 
the center of curvature of C in V, at the point P. From the viewpoint of the 
calculus of variations, the center of curvature of C is the focal point of C’’ 
on the geodesic normal to C’’ at P.t Since the focal point depends only on 
the first curvature of C’’ at P, if it exists it is uniquely determined by C. 

In accordance with Theorem 2.3, the osculating geodesic surfaces of the 
curves of a family of conformal geodesics {C} which pass through a common 
point P all contain the gradient o,;. This means that a geodesic surface V2 
at P osculates ~! conformal geodesics passing through P. The locus of the 
centers of curvature in V, of these conformal geodesics is, in general, a curve 
in V2. In what follows, we prove the following theorem: 


THEOREM 7.1. Let {C} be any family of conformal geodesics in a V, whose 
first fundamental form is positive definite. Then the locus of the centers of curva- 


* Since V2 is geodesic at P, C’’ has the same first curvature at P when considered as a curve in 
V2 or Va. 

Tt O. Bolza, Vorlesungen iiber V ariationsrechnung, 1909, p. 323, and M. Morse, The Calculus of 
Variations in the Large, American Mathematical Society Colloquium Publications, vol. 18, New 
York, 1934, pp. 51-55. 
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ture in V, (if they exist) of the ~ curves of {C} which pass through a common 
point osculating the same geodesic surface V2 at that point is a geodesic of V2 if 
and only if V2 is an So. 


The existence of the center of curvature of a curve in S, is discussed later. 
If we use the geodesic polar coordinates with center at P, the first funda- 
mental form of V2 is 


(7.1) ds? = dr? + G(r, 0)d6?, 
where 


a(G(0, 
(7.2) (GOO, 6))'? = 0, 
or 
Now the center of curvature in V,, of a curve osculating V2 at P depends only 
on its direction and first curvature k; at P. If (r, @) are the coordinates of the 
center of curvature, it follows that 


(7.3) ki = f(r, 0). 


The function f(r, @) is completely determined by the surface V2. Indeed, it 
may be shown by the methods of the calculus of variations that 


dr dr 
(7.4) I(r, 6) f G(r, 6) ’ G(r, 6) + =| = 0 


This relation is not used in the present proof. 
According to (3.5), the first curvatures of the «! curves of {C} osculating 
V2. at P obey an equation of the form 


(7.5) = asin (6+ 


where a and 3 are constants which depend upon the particular family {C} 
and the point P.* From (7.3) and (7.5), the locus of the centers of curvature 
of the «! conformal geodesics is 

(7.6) f(r, 9) = asin (6+ 3). 


By hypothesis this locus is a geodesic of V2 for every value of a and b. Differ- 
entiating (7.6), we find that the curves (7.6) are the solutions of 


d? 2fer fd + 
But (7.6) must also satisfy the differential equation for the geodesics of V2: 


* Indeed, for the family {C} associated with the conformal mapping (2.3), a=(Aic)"/? and b is 
chosen so that the vector ¢,; is tangent to @= —b. 


; 
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G,fdr\? Ge fdr G, 
dé? G 2G 2 
It follows from (7.7) and (7.8) that each curve (7.6) will be a geodesic if and 
only if 
Sw . 
7.9 =0, 
(7.9) + 
A little calculation shows that the solution of (7.2) and (7.9) is (7.4) and 
one of the following equations: 


1 1 
(7.10) G(r, 0) = — sin? cr, G(r, 0) = 7’, G(r, 0) = oe sinh? cr. 


Since the Gaussian curvature of V2 is equal to —(G'/”),,/G'/, it follows from 
(7.10) that V2 is a surface of constant curvature c?, 0, or —c?, respectively. 
This completes the proof. 

If V,, isan S,, it follows easily from (7.4), (7.5), and (7.10) that the locus of 
centers of curvature in any geodesic S: is* 


1 
(7.11) ¢ cot cr = (Ayo)? sin 0, — = (Ayo)'/? sin 0, coth cr = sin 8, 
r 


according as S, has Riemann curvature c?, 0, or —c?, respectively. Hence the 
locus always exists in an S, of positive or zero curvature and exists in an S, 
of negative Riemann curvature —c? if and only if Ayo sin? 6 >c’. 

In an S,, every geodesic V2 is a totally geodesic S:. Therefore, the locus 
of the centers of curvature in any S; of the appropriate curves passing through 
P of a family of conformal geodesics {C} is a geodesic of S,,. This geodesic is 
easily shown to be orthogonal to the geodesic of S, which is tangent to ¢,; 
at P. Furthermore, the point at which the two geodesics intersect orthogo- 
nally does not depend upon the particular osculating geodesic surface at P. 
Hence the totality of geodesics in S, which are the loci associated with the 
family {C} lie on a totally geodesic S,,1 orthogonal to the geodesic which 
is tangent to o,;. We state this result in the following theorem: 


THeoreM 7.2. Let {C} be a family of conformal geodesics in an S, whose 
first fundamental form is positive definite. Then the centers of curvature in S, 
(if they exist) of the curves of {C} which pass through a common point lie on a 
totally geodesic S,-, orthogonal to the geodesic through the point which is tangent 
to the fixed vector of Theerem 2.1. 


* The direction of the gradient is 


[May 
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III. SusBsPAces oF V, 


8. Conformal geodesics in subspaces of V,. The conformal transforma- 
tion (2.3) induces a conformal mapping of the respective subspaces of V, 
and V, upon each other. If V, and V,, (1<p<m), are two such conformal 
subspaces, the images of the geodesics of V, in V, are conformal geodesics 
of V, and therefore enjoy the properties of conformal geodesics derived in 
the previous sections. We now consider the additional relationships which 
exist between the families of conformal geodesics of V, and of its subspaces 
which are the conformal images of the geodesics of V, and its respective sub- 
spaces under the transformation (2.3). We refer to these conformal geodesics 
of V, and of its subspaces as corresponding families of conformal geodesics. 
Any one such family is said to correspond to the transformation (2.3). It is 
clear that if a family of conformal geodesics of V,, is given, then the conformal 
transformation is determined except for a magnification. Hence all the corre- 
sponding families of conformal geodesics in the subspaces of V,, are uniquely 
determined by the given conformal geodesics of Vn. 

The equations of the imbedding of a V, in V,, are* x'=x‘(y2). If the first 
fundamental form of V, is (2.1), the corresponding form of V, is 


(8.1) ds? = hagdy*dy*, 


wheret 


(8.2) hag = 


If ¢* is a unit vector in V,, the principal normal yu‘ of the conformal geodesic 
of V, tangent to ¢* is given by (2.8), where £‘ are the components in the x’s 
of ¢* so that 


(8.3) 
The principal normal v* of the corresponding conformal geodesic of V, tan- 
gent to {is 
= — eg aye), 
where given by 
(8.4) = 


is the projection of o,; in the tangent vector space of V,. If n‘ are the compo- 
nents of v* in the x’s, n‘=vx‘., so that 
* In this section, the range of the Greek letters is 1, 2, - - - , unless otherwise stated. 


¢ The comma followed by a Greek letter denotes covariant differentiation with respect to the 
form (8.1) and the »y’s. 
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(8.5) = - ee’). 


It is easy to show from the canonical representation for #8 and g‘/ that 


(8.6) he = e; ail ok 

T=p+l1 
where the (,A‘ are n—p mutually orthogonal unit normals to V, and 
= £ij It follows from (2.8), (8.3), (8.5), and (8.6) that* 


(8.7) ni = pi — 


It is clear that the last expression in (8.7) is the signed projection of ¢,, in 
the normal vector space of V,. As an immediate consequence of (8.7), it is 
seen that if two V,’s are tangent at a point, the principal normals of their corre- 
sponding conformal geodesics which pass through the point in the same direction 
are equal. 

While the principal normal is thus determined by the tangent vector space 
of V,, the H-directions also depend upon the tensors ,,)2.s. These tensors are 
introduced in the equationst 


(8.8) - {i| jk} + > (r)Qap 


and are used to construct the second fundamental form of V,. According to 
Theorem 3.1, the H-directions of the corresponding family of conformal geo- 
desics of V, are the non-null principal directions determined by the tensor gas 
where 


(8.9) Fas = F,a8 — 


By straightforward calculation, we find from (4.1), (8.4), (8.8), and (8.9) that 


(8.10) Cas = + de, (7) 


T 


If £‘is an H-direction at a point P of a family of conformal geodesics of V,, 
in accordance with Theorem 3.1, 


(8.11) (oi; — = 0, 


where ep =o;;£'E/ and e=g;,;t‘t/. For any V, which contains &‘, the compo- 
nents {* in the y’s of £¢ satisfy (8.3). We multiply (8.11) by x’, and sum the 


* This equation may also be obtained directly from Theorem 2.1. 
Tt Eisenhart, loc. cit., p. 160. 
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resulting equation for 7. After using (8.2) and (8.3), this equation becomes 
— phas)t = 0. 


Hence ¢* is a principal direction determined by the tensor o;;‘,x/». But if V, 
is geodesic or umbilical at a point P, it follows from (8.10) that the H-direc- 
tions at P of the corresponding family of conformal geodesics of V, are deter- 
mined by o;;x*,x’s. This discussion proves the following theorem: 


THEOREM 8.1. If at a point an H-direction of a family of conformal geo- 
desics of V, is tangent to a subspace V, which is geodesic or umbilical at the 
point, then this direction is also an H-direction of the corresponding family of 
conformal geodesics of V ». 


We now suppose p=n—1, and write (8.10) as 


(8. 12) Cap = + 


As was shown in the paragraph below (4.3), if &* is a principal direction de- 
termined by two of the tensors gas, 0:j‘a%’s, Qas, it is also determined by the 
third provided «A‘s,;~0. But Q.g determines the directions of the lines of 
curvature of V,_;, and, as was shown above, ¢;;%,.x"s determines the H-direc- 
tions of the geodesic V,,_; which has the same orientation as V,,_:. This proves 
the next theorem: 


THEOREM 8.2. Let Vn_1 be a hypersurface of V, which at a point does not 
contain the fixed vector of Theorem 2.1. Then if, at this point, a vector is a member 
of two of the following sets, it is also a member of the third set: 

(1) the tangents of the lines of curvature of Vix, 

(2) the H-directions of a family of conformal geodesics of Vn-1, 

(3) the H-directions of the corresponding family of conformal geodesics of 
the tangent geodesic Vy-1. 


As a consequence of Theorem 8.1 and Theorem 8.2, we note that an H-di- 
rection of a family of conformal geodesics of V, is also an H-direction of the 
corresponding family of conformal geodesics of a hypersurface Vas with 
waA‘e,;#0 if and only if the direction is tangent to a line of curvature of V-1. 

Now the corresponding family of conformal geodesics of a hypersurface 
¢=const. is simply the totality of geodesics of the hypersurface; so the H- 
directions of this family are completely indeterminate. It follows from the 
statement italicized above that an H-direction of a family of conformal geo- 
desics of V,, which lies in a hypersurface o =const. with A\o¥0 is tangent to a 
line of curvature of the hypersurface. 
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We now consider two hypersurfaces V,,_; and V,*, which are tangent at a 
point P of V,. If their equations of imbedding in V, are x‘=x‘(y*) and 
xi=x*i(y), it follows that at P, dx‘/dy« and dx*‘/dy« span the same tangent 
vector space. Hence we may choose the coordinate directions y* for V,1 
and V,*, as mutually tangent at P so that at this point 


(8.13) 


Now the tensor o.s for V,_-1 is given by (8.12), and the corresponding tensor 
for by 


where the notation is analogous to that used in (8.12) and refers to V.%4. 


Since at P, «:yA*= waA*i, it follows from (8.12), (8.13), and (8.14) that at the 
point of contact, 


(8. 15) Cap = Qes 


If «A‘a,,=0, it follows that Tap =Cap: More generally, if two V,’s are tan- 
gent at P and contain the gradient a; at P, the H-directions of the corre- 
sponding families of conformal geodesics coincide at this point. 

If «A‘o,,; +0 and ¢@ denotes a unit vector of V,_, and V,*, at P, we obtain 


(8. 16) cat — = 6 — 
According to (5.6), 


a , dk’ * a 8 dk 


where the notation is analogous to that of (5.6) and refers to the correspond- 
ing families of conformal geodesics of V,,_, and V,*,. The remarks following 
(8.7) show that 


(8. 18) 
Of course 
(8.19) = eK, = eK", 


where K and K* denote the normal curvatures of V,. and V1, respectively, 
for the direction ¢*. It follows from (8.16), (8.17), (8.18), and (8.19) thatt 


+ A similar equation may be obtained for a single Vn_1 by using (8.12) instead of (8.15) in the 
above derivation. 


Oxt 
= 
Oy" 
*/ 
, 
* 
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dk’ 
(8.20) as* = (A o,(K ). 
Hence the difference of normal curvatures for the same direction on two tan- 
gent hypersurfaces is expressible in terms of the curvatures of the correspond- 
ing conformal geodesics of these hypersurfaces. It also follows from (8.20) 


that the expression 
(= ~~) 1 
ds ds* 


does not depend upon the conformal mapping (2.3) of V, upon V,; that is, 
it is invariant for any pair of corresponding families of conformal geodesics. 

As an immediate consequence of (8.15) and the remarks below (4.3), we 
have the following theorem: 


THEOREM 8.3. Let Vn and V,*, be tangent at a point where they do not 
contain the fixed vector of Theorem 2.1. Then if, at this point, a vector is a mem- 
ber of three of the following sets, it is also a member of the fourth set: 

(1) the tangents of the lines of curvature of V nr, 

(2) the tangents of the lines of curvature of V4, 

(3) the H-directions of a family of conformal geodesics of Vr, 

(4) the H-directions of the corresponding family of conformal geodesics of 
VS. 

If the difference of the normal curvatures at P of V,. and V,*, for 
the same direction is constant as the direction changes, it follows that 
Que = 2%;+ahas, where a is a constant. In this case, according to (8.15), the 
H-directions for any corresponding families of conformal geodesics in V,-1 
and V,*%, coincide at P. 

A conformal transformation of V, for which 


(8.21) = 


has a particularly simple character. As noted in §6, it is only in this case that 
the corresponding conformal geodesics of V,, are geodesic circles. We investi- 
gate the induced conformal transformations of the hypersurfaces of V,. From 
(8.2), (8.12), and (8.21), 


(8.22) Gap = + €1 


for any V,-1 in V,. Hence if «A‘o,;=0 at a point, every direction is an H-di- 
rection of the corresponding conformal geodesics of V,-, at this point. If 
q@A‘e,;#0, it follows from (8.22) that the non-null tangents to the lines of 
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curvature of V,_; and the H-directions of the corresponding conformal geo- 
desics of V,,_, coincide. 

Conversely, suppose the direction of each line of curvature of any Vy_1 
in V, is an H-direction of a family of conformal geodesics of V ,_, if the direc- 
tion is not tangent to a null vector, and suppose that all of these families of 
conformal geodesics correspond to the same conformal mapping of V,. Now 
it is easy to show* that a V,_, in V,, exists which contains an arbitrary point 
P of V, and is such that the lines of curvature of V,_. are tangent to an arbi- 
trary ennuple of non-null directions at P. Furthermore, we may choose co- 
ordinates y* in the V,,_; so that the tangents «*, (a constant) to the coordinate 
lines are also tangent to the lines of curvature at P. In this coordinate system 


Cas = O, Qas = 0, 


It follows from (8.12) that o;;x‘.x’3=0, (a4). Since x*, and x’, are arbitrary 
orthogonal vectors in V,, the last equation shows that o;;=¢g;;. This proves 
the next theorem: 


THEOREM 8.4. Let V,, be conformal to V,, so that the images of the geodesics 
of V, are geodesic circles in V,. Then and only then the non-null tangents to 
the lines of curvature of any V1. in V,, are H-directions for the corresponding 
family of conformal geodesics in V1. 


It is easy to see that non-trivial conformal transformations exist for which 
(8.21) holds. As noted in §6, the conformal mapping of any two Einstein 
spaces of dimensionality >2 gives rise to an equation of the form (8.21). 
We discuss this topic further in §12. 

As a consequence of Theorem 6.4 and the remarks following (8.22), we 
have the following theorem which may be illustrated by non-trivial examples: 


TuHeoreM 8.5. Let E, and E,, be conformal Einstein spaces of dimensionality 
n>3, and let E,1 and E,_1 be Einstein hypersurfaces which correspond by the 
mapping and which do not contain the fixed vector of Theorem 2.1. Then E,-1 
and E,,, have indeterminate lines of curvature. 


9. The hypersurfaces o =const. For the conformal transformation (2.3), 
the hypersurfaces ¢ =const. play a special role. The mapping of these hyper- 
surfaces in V, and V,,, respectively, upon each other is simply a change in 
scale. We investigate the conditions under which the normal to o = const. may 
be an H-direction of the corresponding family of conformal geodesics of Vp. 
We obtain the following results: 


* For a proof of this statement, cf. A. Fialkow, The Riemannian curvature of a hypersurface, 
Bulletin of the American Mathematical Society, vol. 44 (1938), pp. 256-257. 
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THEOREM 9.1. The tangent at a point of V,, to a curve of the congruence nor- 
mal to the hypersurfaces o =const. is an H-direction of the corresponding family 
of conformal geodesics of V,, if and only if the curve is not tangent to a null vector 
and has zero first curvature at the point. 

The proof follows. According to Theorem 3.1 and the hypothesis that 
g'”o,m is an H-direction at a point P of V,, g‘"o,, is a non-null principal 
direction determined by the tensor (4.1) at P. Hence, for a suitable p, 

(9. 1) (0,3; pgijo"* = 0 


at this point, where o:‘=gi"o,,. Let* (»A* be m—1 mutually orthogonal con- 
gruences of vectors in V, such that 


(9.2) = 0. 


Differentiating (9.2) covariantly, we obtain 


j 
(pA = O. 


Hence 

(9.3) — 6.55 = 

But from (9.1) and (9.2), ¢,:; ¢»)A’o'‘=0. If we substitute this value in (9.3), 
(9.4) = 0, 


where ,,)A‘ is a unit vector tangent to a‘. It is known} that (9.4) is the con- 
dition that a curve of the congruence whose tangents are (»)\* have zero first 
curvature. This proves one of the statements in the theorem. The converse 
may be demonstrated by reversing the steps of the above proof. 

We now show that under the conditions of the hypothesis of Theorem 9.1, 
the non-null directions of the lines of curvature of the corresponding hyper- 
surface ¢=const. are also H-directions at P. By a change of coordinates we 
may write 

1 


(9.5) = enH*(x‘), §np = 0. 
g™ 


From (9.5), we find 
(9.6) 


(9.7) = 


* In this section the indices , g have the range 1, 2,--- 
ft Eisenhart, loc. cit., p. 100. 
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Since the first curvature of the curve 


(9.8) x” = const., 


is zero at P, 


dxt 
— + {é| jk} — — =0 


9.9 — 
ds ds ds 


at this point. According to (9.8), 


dx” 1 dx? 
(9. 10) =0 

ds 
From (9.5), (9.10), and (9.9) with i=g, we obtain g?*H_, =0. Since the rank 
of ||g”*|| is »—1, this last equation is equivalent to H,,=0 at P. Hence, from 
(9.7), o.np =0. As a consequence of this equation and (9.6), 


(9.11) onp = 0 


at the point P. 

The principal directions determined by o;; are the vectors \* such that 
(o;;—pgij)\'=0 for suitable p. It follows from (9.5) and (9.11) that the co- 
ordinate direction whose parameter is x” is a principal direction determined 
by o;; and the vectors orthogonal to it which satisfy the equation 


(9.12) — = 0 


are also H-directions. Since the tensor o.s defined by (8.9) for the hypersur- 
face 


xe = y*, x” = const. 
is identically zero, (8.12) becomes, after a slight change in notation, 
(9.13) i + = 0. 


Furthermore, the tensors ¢;;5/ 59° and hag are, respectively, equal to ¢,, and 
£pq after a change of notation. Since A,o <0, it follows from (9.12) and (9.13) 
that the principal directions determined by o;; at P other than the normal to 
o=const. are also determined by 2.s. Hence they are the directions of the 
lines of curvature of s=const.at P. 

Conversely, suppose that the directions of the lines of curvature at P of 
o=const. are all H-directions of the corresponding family of conformal geo- 
desics of V,. Then none of the lines of curvature at P are tangent to null 
vectors. In accordance with the theory of principal directions determined by 
the tensor Qs, it follows that »—1 mutually orthogonal vectors (»)A‘ exist 
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at P which are tangent to lines of curvature. Hence for a proper value of pp, 
(9.14) (oi; — = O. 
If (»yA‘ is a unit vector normal to ¢=const. at P and 

Cn = Bij ny’, = 
it follows from (9.14) that 
(9.15) (05; — (md? = (953 — = 
Since the vectors pA‘, nA‘ are m mutually orthogonal vectors, it follows from 
(9.15) that (¢:;—pngij) («»A'=0; so the normal at P is also an H-direction of 
the corresponding family of conformal geodesics of V,. This proves the fol- 
lowing theorem: 


THEOREM 9.2. If the normal at a point to a hypersurface o =const. is an 
H-direction of the corresponding family of conformal geodesics of Vn, the non- 
null tangents to the lines of curvature of the hypersurface at the point are also 
H-directions. Conversely, if at a point all the tangents to the lines of curvature of 
o=const. are H-directions and the normal to the hypersurface at this point is a 
non-null vector, then the normal is also an H-direction. 


In particular, the above two theorems are true at every point of V,, only 


if the hypersurfaces o =const. are parallel. We note that if a one-parameter 
family of hypersurfaces in V, is parallel and its image in V, is also parallel, 
the family consists of the hypersurfaces o =const. Since Ao =f(c) if the hy- 
persurfaces o = const. are parallel, in accordance with (5.4) it is characteristic 
in this case that k, has a constant value on each of these hypersurfaces. 


IV. SOME SPECIAL QUESTIONS 
10. The Frenet equations and conformal geodesics. The last two equa- 
tions of (3.6) are equivalent to 
dT; dT; 


(10.1) = — = 0, r>2, 
ds ds 


where the notation is that used in §3. We show by mathematical induction 
that the following equations hold for any velocity system (2.9) (in particular, for 
any family of conformal geodesics) : 

DT; 

ds? 


Ds? 


= Cppikike +++ 
(10.2) 
= 0, r>2;p=0,1,---,n—2. 
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From (3.5) and (10.1), it follows that (10.2) holds for p=0, 1. We assume 
that (10.2) holds for p=0, 1, - - -, m. Since (d”7;/D5”) (m43)£'=0, we find by 
covariant differentiation with respect to s and use of (3.1) that 


From (10.3) and (10.2) with p=m, 


which is the first equation of (10.2) with p=m-+1. Similarly, if we differenti- 


ate 
= 0, 2, 
Dds m 
covariantly with ee to s and use (3.1), we obtain 


According to (10.2) et p=m, this equation becomes 


5 = 0 
s™ 


which is the second equation of (10.2) with p=m-+1. This completes the in- 
duction. 

We apply these equations to the conformal geodesics of V, and V, which 
are the images of the geodesics of V,, and V,, respectively, under the confor- 
mal transformation (2.3). Then (10.2) with p=0, 1 becomes 


(10.5) — = — aint = 0, 
ds ds 


for V,, and 


(10.6) (— = &k (— = 0, 


(10.7) = 0, r>2, 
ds dF 


for V,,, where a notation analogous to that for V, is used. If q)£‘ is chosen as 
corresponding to «)é‘ at a point P, 
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and it follows from (3.3), (10.4), and (10.6) that at P, 


(ag = ky = — 
From (2.5) and (10.8) 

ds ds ds 
It follows from (3.3), (10.5), (10.7), and (10.9) that at P 
= ke = eke. 
11. Similar families of conformal geodesics. The families of conformal 

geodesics in V,, which correspond to the transformations (2.3) and 
(11.1) ds’ = &@ds, f'(c) 49, 


where f’(¢) =df/do are called similar families of conformal geodesics. We de- 
note these families by {C} and {C}’, respectively. The equations analogous 
to (10.4) and (10.5) obtaining for {C}’ are 


[f(o) = ed ki, [f(o) = 


ds = hike, Ds = 0, ¢> 2. 


The notation in these equations is analogous to that employed in (10.4) and 
(10.5), the prime referring to {C}’. We consider curves of the two families 
which are tangent at a point so that «)£’*= qé*. Since 


it follows from (3.3), (10.4), (10.5), and (11.2) that 
= = ki = f'(o)ki, ki = ke 


at the point. Hence the ratio of the first curvatures of tangent curves of {C} 
and {C}’ at a point is independent of their common initial direction. We also 
have the following theorem: 


THEOREM 11.1. All similar conformal geodesics which are tangent at a point 
of V,, have the same first and second normals and second curvatures at the point. 


In accordance with Theorem 3.1, the H-directions of {C}’ are determined 
by the tensor f;;= [f(c) ],i;—[f(@)].:[f@)],;. From this equation and (4.1), 
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(11.3) fis = + — + f'@) 


We first assume that f’’ —f’?+/’ 0 and f’ #0 at a point P. It follows from 
(11.3) and the remarks below (4.3) that an H-direction of {C} at P coincides 
with an H-direction of {C}’ if and only if it is a principal direction deter- 
mined by the tensor ¢,,0,;. But, if* Ayo 0, these principal directions are 
and all vectors \‘ such that A‘¢,;=0. Of course, the * all lie in the tangent 
vector spaces of the hypersurfaces o =const. If one of these vectors \* is an 
H-direction of {C} and therefore of {C}’, it follows from the second italicized 
statement below Theorem 8.2 that \‘ is tangent to a line of curvature of the 
hypersurface o =const. passing through P. If ¢,; is a common H-direction of 
{C} and {C}’, it follows from Theorem 9.2 that the remaining common 
H-directions are the tangents of the lines of curvature of o=const. at P. If 
the hypersurfaces ¢ = const. are parallel, this last situation is realized through- 
out the space. 
If 


(11.4) +f =0 


and f’~0 at P, {C} and {C}’ have the same H-directions at this point. 
If (11.4) holds throughout V,, it follows easily that 


’ 


(11.5) fo) = 
1— C2€" 

where ¢; and cz are constants such that the right-hand member of (11.5) is 
positive. From (2.3), (11.1), and (11.5) we find that 


is equivalent to (11.5). 

If f’ =0 at P, the H-directions of {C}’ at this point are either all directions 
ora, and all vectors \‘ such that \‘o,; =0 according as f’’ —f’?+/’ does or does 
not equal zero at P. Some of these results are stated in the next theorem: 


THEOREM 11.2. If the hypersurfaces o =const. are nonparallel, the similar 
families of conformal geodesics of V,, which are the images of the geodesics of V., 
and V, will have the same congruences of H-directions if and only if 
a/ds =b/d5+c/ds’, where a, b (#0), and c (#0) are constants. 


* If Aio=0 at P, o,; is tangent to a null vector. In this case it is easy to show that there is a 
unique null vector v‘ which is not orthogonal to o,; and that any vector which lies in the linear vector 
space determined by y‘ and all unit vectors normal toa,; is a principal direction determined by 
o,;0,j, and conversely. 
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As an illustration of the above discussion as well as for its own interest, 
we consider the following question: What curves in V, have principal nor- 
mals equal to the principal normals of their conformal images in V,, under the 
mapping (2.3)?* According to the hypothesis and (2.4), 


(11.7) = ep", 


where yw‘ and ji‘ are the principal normals of the curve in V, and V,, respec- 
tively. From (2.7) and (11.7), any curve whose principal normal is invariant 
under (2.3) satisfies the equationt 


(g* — ef"), o ~0, 
1—e 


(11.8) = 


where £‘ is the unit tangent. Hence the curves whose principal normals are in- 
variant under (2.3) form a family of conformal geodesics similar to the conformal 
geodesics (2.8) corresponding to the given transformation. Let (11.8) be the im- 
ages of the geodesics of V,’ (determined except for a magnification). Then the 
induced mapping between V,, and V,’ is of the form (11.1) where 


(11.9) &@ o>0,a>0; = ae7/(1— ee’), 0,a>0. 


For the region of the coordinate space in which o >0,f{ we investigate the 
curves whose principal normals in V, and V,’ are equal under the transforma- 
tion between these spaces. According to the preceding discussion, these curves 
are the conformal images of the geodesics of a V,/’. From (11.9), the mapping 
of V,/’ on V, is ds’’ =e? ds, where 

bae’ 
| (a — + 1| 
Of course, F(c) =f(f(o)) except for a magnification of V,’’. The conformal 
correspondence associated with (11.10) will coincide with (2.3) and V,’’ with 
V,, if and only if a=1, b=1. In this case, V,’ is uniquely determined by (2.3) 
and from (11.9) the mapping of V,’ on V, is given by 


b>0. 


(11.10) eF(o) = 


(11.11) ds’ = ds, 


Conversely, (11.11) uniquely determines V,, and (2.3). This proves the fol- 
lowing theorem: 


* Curves whose principal normals correspond (but not necessarily with invariant first curvatures) 
have been considered by V. Modesitt, loc. cit., pp. 326-328. 

+ At points where o=0, the principal normal is invariant if and only if £*is tangent to g*"¢,m. 

t In the region where «<0 we simply interchange the roles of V, and V~. 
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THEOREM 11.3. Let (2.3) be a conformal transformation between a region of 
V, and a region of V,,in which o >0. Then there exists a unique Riemann space 
V, and a unique conformal mapping (11.11) of V2 on V,, such that the images 
of the geodesics of Vi have equal principal normals in V,, and V,, and the images 
of the geodesics of V,, have equal principal normals in V, and V,. 
Corresponding to (11.6), we have 
1 1 1 


ds ds ds’ 


It follows from this equation or from the above discussion that if V,, Vn, 
and V,’ are all subjected to the same conformal transformation, 


ds* = e'ds, ds* = e'd5, ds'* = etds’, 

then the new spaces V,*, V,*, and V,’* may replace V,, V,, and V,’, respec- 
tively, in Theorem 11.3. This means that the triplet of spaces V,, Vn, and V,/ 
is a conformal triplet with respect to the property stated in Theorem 11.3. 

If u’* is a principal normal of a curve in V,’, the transformation corre- 
sponding to (2.7) is 
(11.12) ult = [ut — e[f(o)] m(gim — c&€™)], 
where f(a) is defined by (11.9) with a=1. Let >‘ and v’‘ represent a‘ and y’* 
considered as vectors in V,. Then 
(11.13) bt = yt = 
For any curve in V, and its conformal images in V, and V,’, we obtain from 
(2.7), (11.12), and (11.13) that 


(11.14) pi= pty’, 


In particular, if v’*=0, then and if then w‘=v’‘. These proper- 
ties were used to define V,’. For the geodesics of Vn, u‘=0. It follows from 
(11.14) that the corresponding images of the geodesics of V, in V, and V,’ 
have equal principal normals oppositely directed. 

A simple computation shows that 


= 0, 


so that the H-directions of the similar families of conformal geodesics (2.8) 
and (11.8) coincide. This also follows from the discussion preceding Theorem 
10.2 since (11.9) is of the form (11.5). 

12. Conformal transformations with o;;=¢g;;. In previous sections, we 
have seen that the conformal transformations for which the tensor o;; with o 
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not constant satisfies (8.21) are of a particularly simple and interesting geo- 
metric character. We now show that a very large class of V,’s actually exists 
which admit such transformations. If we write 2 =e~’, (8.21) becomes 


(12.1) = — 

We first investigate the solutions of (12.1) for which 
(12.2) Aiw #0 or A,Q #0. 

In this case, the equation 

(12.3) = 0 


admits m—1 independent solutions* ,,)9. By means of a suitable coordinate 
transformation, we obtain 


(12.4) (p)9 = x?, Q = 2*. 
It follows from (12.2), (12.3), and (12.4) that 
1 
(12.5) = ~ 0, = 0. 


In this coordinate system, (12.1) becomes 


(12.6) {n| aj} = oxrg,;. 


We set i=n, j=p; i=p, j=q; j =n successively in (12.6) and use 
(12.5). This gives 
98 pq Onn 


O8nn 
=Q lgnn = ox” = ox” 
’ 28 Px" as 28 §n 


From these equations, we find 
(12.7) o(x"), 


(12.8) = — f 


(12.9) g""(x") hpg(x"). 


The h,, are arbitrary functions of the x’ only. Hence, a V, admits a solution 
of (8.21) and (12.2) if and only if the first fundamental form of V,, may be written 
as 


(12.10) ds? = gygdx?dx® + 


*In this section, the ranges of the indices p, g, r and s, ¢, u are 1, 2,-++, m—1 and 
1, 2,--+, m—2, respectively. 
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where the gi; satisfy (12.8) and (12.9). Since Aix" =g""(x"), the hypersurfaces 
o=const. are parallel. It also follows from (12.8) and (12.9)* (or from the 
second italicized statement below Theorem 8.2) that these hypersurfaces 
have indeterminate lines of curvature. 

If (12.1) and (12.2) admit other solutions y independent of x", it follows 
from (12.7) that ¢= —a, where a is a constant, is a necessary condition. We 
set i=n, j=p; i=n, j=n; i=p, j=q successively in (12.6) and use (12.5), 
(12.8), and (12.9). As a result, we have 


(12.11) 


1 d log gnn 
(12.12) zs = W2nn, 


ay 
= apg" 


where in accordance with (12.8), 

(12.14) g™™ = ax™ +b. 
From (12.11), we have’ 

(12.15) = + P(x"). 
From (12.12) and (12.15), we find 


2 


12.16 
(12.16) + 


av 
(log — — 
dx" g 


dx” 
Now, by (12.5) and (12.9), 
{r| pg} = 5] = s]n = {r| 


where [pg, s], and {r| pq}, denote the Christoffel symbols of the first and 
second kind formed with respect to the form 


(12.17) ds* = hy dx?dx*, 


Of course, (12.17) is the first fundamental form of each of the hypersurfaces 
o =const. except for a magnification. Also, {| pq} = —axg""- hp. Substitut- 
ing these results and (12.14) and (12.15) in (12.13) we have 


ar 
(12.18) A:pg = [aba + ) 


* Cf. Eisenhart, loc. cit., p. 182. 


1 dy dlogg™ 
mm 
Ox"dx? 2 dx? dx” 
d a 
r = 0. 
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where the semicolon denotes covariant differentiation with respect to the 
form (12.17). If a0, it follows that 
= C; 
dx” 


where c is a constant. It is easily verified that (12.16) is a consequence of 
(12.19). If a=0, ! =cix"+¢2. In both these cases, I satisfies equations similar 
to (12.1) where the covariant differentiation is with respect to the form (12.17). 
This shows that the necessary and sufficient condition that the V, whose first 
fundamental form is (12.10) admit more than one independent solution of (8.21) 
and (12.2) is that o be constant and any hypersurface o =const. admit a non- 
constant solution of 
We now investigate the solutions of (8.21) for which 


(12.20) Aw =0 or A,Q=0. 


(12.19) — x 


We first note that ¢=0 is a necessary condition for the existence of such solu- 
tions. For, according to (12.1), (A:2) 2, %.) = As a 
consequence of this equation and (12.20), ¢6=0. The equation (12.3) admits 
n —2 independent solutions ,(,)9 besides the solution 2. If (,-1)9 is a solution of 


(12.21) = 1, 

the @’s and Q are a set of independent variables. By means of the coordinate 
transformation (12.4) it follows from (12.3) and (12.21) that 

(12.22) ge =0, g™=0, gin =1, 

These results are equivalent to 

(12.23) = 9, = 9, = 


In this coordinate system, (12.1) becomes (12.6) with ¢=0. It follows from 
(12.22) and (12.23) that (12.6) is equivalent to dg,,/dx"-'=0. Hence a V, 
admits a nonconstant solution of (8.21) and (12.20) if and only if the first 
fundamental form of V,, may be written as 


ds? = g,,(x%, x")dx*dx' + 2dx™"dx" + Snndx™ + gendx*dx". 


In conclusion, we note that if @Q, @Q, - ~~ , (m2 are independent solu- 
tions of (12.1), the most general function of the Q’s which is also a solution of 
(12.1) is +m where the c’s are constants and a 
is an arbitrary constant or zero according as ¢ is equal to or different from 
zero. 


BROOKLYN COLLEGE, 
BRooKLyn, N. Y. 
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BILINEAR TRANSFORMATIONS IN HILBERT SPACE* 


BY 
FRANCIS J. MURRAY 


Introduction. A function of two variables h=F(f, g), where h, f, and g are 
all elements of Hilbert Space may be termed a bilinear transformation if it is 
linear in f and linear in g. A more formal definition is given in §1. While a 
complete treatment of bilinear transformations would obviously require a 
very lengthy discussion, we wish to point out in this paper that many of the 
methods used in the study of linear transformations are applicable to them, 
with, of course, certain modifications. Many elementary notions can be ex- 
tended and corresponding results obtained. For certain classes of bilinear 
transformations, there is even a “canonical resolution” (cf. §5, Theorem 7). 

Bilinear transformations have appeared in the work of Kerner.t While the 
first Fréchet differential is a linear transformation, the second is bilinear, and 
it is this connection which was studied by Kerner. We shall show the rela- 
tionship between bilinear transformations and rings of operators.{ 

Mazur and Orlicz have pointed out the relationship between bilinear (and 
multilinear) transformations and polynomial transformations (cf. [5], p. 59). 


Polynomial transformations have also been studied by Banach (cf. [2]). We 
shall have occasion to use some of their results. 

There is a very simple relationship between bilinear transformations and 
trilinear forms. For instance, if F(f, g) is a bilinear transformation, then 


a(f,g, = (F(f, 8), 


(,) denoting the inner product, is linear in f and g, conjugate linear in A. 
For finite dimensional spaces, trilinear and multilinear forms have been dis- 
cussed by Hitchcock and also by Oldenburger (cf. [3], [12], [13]). While a 
study of the infinite case demands more abstract methods and a decided 
shift in emphasis, nevertheless there is a certain similarity in the ideas in- 
volved in Hitchcock’s paper and our discussion. 

The results of §§1-5 can readily be extended to multilinear forms. In 
connection with this, it should be pointed out that in general we have a cer- 
tain freedom in considering the nature of T (§4), in regard to the spaces on 
which it operates. For instance, if F is trilinear, we may consider 7}, T2, Ts; 
defined by 

* Presented to the Society, February 26, 1938; received by the editors June 29, 1938. 


+ Cf. [4]. Numerals in brackets refer to the bibliography at the end of this paper. 
t Rings of operators are discussed in [9], [7], and [8]. 
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(Ff, g, 2), k) = (Tif g @ h, k) = (Tof @ g, h @ k) 


Thus, if in the general case 7; is a transformation from a ,-multiple to a 
ke-multiple space and 7> is a transformation from a ke-multiple to a k3-multi- 
ple space, then 727; is a transformation from a f;-multiple to a k;-multiple 
space and so can be regarded as determining a (k:+3;—1)-linear transforma- 
tion. This last process corresponds to the notion of “composition” discussed 
by Oldenburger in [12]. 

In §1 we define a bilinear transformation and consider various possibili- 
ties for its domain. In §2 the notion of continuity and of a matrix for a 
bilinear transformation is discussed. Closure is discussed in §3 and its rela- 
tionship with continuity. In §4 the “hypergraph” is discussed, and we show 
the connection between completely linear transformations F(f, g) and linear 
transformations between §@® and §. In §5 the hyper-properties of com- 
pletely linear transformations are discussed. 

In §§6-12 we discuss the possibility of regarding Hilbert space as a hy- 
percomplex number system. In §6 it is shown that this requires the introduc- 
tion of a bilinear transformation F(f, g) which is associative; that is, one for 
which F(f, F(g, h)) =F(F(f, g), 4). In §7 it is shown that if such an F(f, g) 
is closed with respect to adjoints (Definition 7.2), then there is associated 
with it an algebraic ring of operators M. If F also has certain continuity 
properties, then there is an element fo, such that the operation Eo, defined 
by the equation Eof =F (fo, f), is a projection and is also the maximal idem- 
potent for M. The operation E> and the possible fo’s are discussed further 
in §8. In §9 we discuss conditions which are sufficient for an M and an f, to 
determine an associative bilinear transformation F. 

In §10 examples of the foregoing are cited, and we also discuss the case 
in which an associative bilinear transformation is everywhere defined. In §11 
for M a ring of operators, we consider the relationship between F and M’. 
In §12 we deal with the abelian cases of associative bilinear transformations. 

Certain further examples are appended. 

The second part of this paper represents also a development in a certain 
direction of a recent joint paper of J. von Neumann and the writer [8]. While 
the proofs given here were obtained independently, it is impossible to evalu- 
ate to what extent the general outline of the theory and the related notions 
have been influenced by previous discussions with Professor von Neumann. 
The author is also indebted to the referee for many suggestions in both parts 
of the present paper. 

1. We introduce first the following definition: 


= (Tif, g k). 
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DEFINITION 1.1. A function F(f, g) of pairs of elements of Hilbert space is 
said to be a bilinear transformation if the following conditions hold: 

(a) The values of F(f, g) are in Hilbert space. 

(b) If gis such that there is anf for which F(f, g) is defined, then R,f =F(f, g) 
is a linear transformation on f. 

(c) If f is such that there is a g for which F(f, g) is defined, then T;g =F(f, g) 
is a linear transformation on g. 


The “graph” has yielded effective methods for the study of linear trans- 
formations (cf. [11]). For linear transformations, the method of procedure is 
to form* $@§ and then to consider the set of pairs {f, Tf} in this space. 
This set is called the graph. The statement that T is linear is equivalent to 
the statement that the graph is a linear manifold. The usefulness of the graph 
depends upon this fact. 

Inasmuch as pairs of elements are involved, one might attempt to obtain 
a graph for bilinear transformations by forming (6 @H) @H and considering 
the elements of this space which are in the form { {f, g}, F(/, g)}. However 
the essential linearity property of F(f, g) is the property that 


F(fi, g)+ F (fa, g) F(fi + fe, g), F(f, £1) + g2) F(f, + g2)- 
We would therefore demand of the graph that 


However the left-hand sum is 
{ g} + fe, gh, F(h, g) + F(fs, g)} { th + fo, 2g}, + fe, g)} 


by the usual rules for addition in the space (6 @H) @. In general, therefore, 
the desired equation does not hold. 

This difficulty is easily traced to the fact that the linearity properties of 
{f, g} are not the same as those of F(f, g). However in the space S@© (cf. 
[7], loc. cit.) the expression f@g has precisely the same linearity properties 
as F(f, g). As a consequence the elements of (6@6)@ in the form 
{f@g, F(f, g)} are readily seen to represent the linearity properties of F(/, g). 
It seems expedient therefore, to propose the following definition: 


DEFINITION 1.2. The graph § of a bilinear transformation is that set of ele- 
ments of (©@H)@H in the form \f@g, h} for which h=F(f, g). The domain 
of F(f, g) is the set of elements f @g of @H for which F(f, g) is defined. 


In Definition 1.1, two pairs {f, g}, {f@, g®} are considered distinct un- 


* The operations ® and @ as applieu to Hilbert space, have been discussed in [14], Theorem 
1.26, and [7], chap. 2, respectively. 
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less f =f, g=g™. But f@g =f @g™ does not imply f=/™, g=g™. However 
the situation is clarified by the following discussion. We begin with the state- 
ment that if f@g=f' @g and if F is a bilinear transformation for which 
F(f, g) and F(f™, g™) are defined, then F(f, g)=F(f™, g®). 

Two cases arise. If f@g=0, then ||f@gl| =||{|| -||¢|] =0, and either f=0 or 
g=0. In the first case F(0, g) =R,0=0. Similarly F(f, 0) =0. Thus f@g=0 
implies F(f, g)=0. Therefore f@g=f @g =0 implies that F(f, g)=0 
=F(f®, g). 

The case f®g0 is shown by first proving that if f@g=f” @g™ 0, then 
f=, g® =ug and Au=1. Under these circumstances both f and g® are 
not zero. It follows then that if we orthonormalize f, f® by the Gram- 
Schmidt process, we obtain either one, ¢, or two, ¢: and ¢2, orthonormal 
elements. If the latter case could arise, then f with 40. 
Then f@g=f @g™ may be written as 


ag = $1 big + @ bog. 


The argument in [7], §2.4, now implies that bog =0. But since both b. and 
g” are not zero, this is impossible; hence only one orthonormal element ¢ can 
arise. 

Thus f =a¢, f =b¢, and ab #0. Hence = (6/a)f. Also [7], §2.4, can now 
be used to show that ag=bg™ or g® =(a/b)g. Thus f@g=f @g™ #0 im- 
plies g® and Au=1. Consequently 


These results show that while a pair {f@g, 2} in the graph may represent 
more than one equation h=F(f, g); nevertheless (except for f@g=0) each 
represented equation is a consequence of any other due to the nature of F. 

Notice that it follows from Definition 1.1 that the set Itz, of f’s for which 
F(f, 0) is defined must be a linear manifold since F(f, 0) = Rof. Furthermore, it 
will contain the set %, of all f’s for which F(f, g) is defined for a nonzero g. 
We assume that Jt, is precisely the linear manifold determined by %7, unless 
an explicit extension is made. This, then, is the sense in which 0 =f @0 is to 
be understood as in the domain of F. 

We next discuss various possibilities for the domain of F(f, g). 


DEFINITION 1.3. The domain of F(f, g) is said to be dense if it is dense in 
the set of f @g of the space HH. 


DEFINITION 1.4. The domain of F(f, g) is said to be rectangular if, whenever 
it contains f,@g. and f2®ge both different from zero, it also contains {,@ge2 and 


q 
x 
‘ 
‘ 
j 
7 
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DEFINITION 1.5. The domain of a bilinear transformation F(f, g) is said 
to be completely linear if with f;®gi, (t=1, 2,---, m), it also contains every 
element f @g such that afi @gi. 

Lemna 1.1. If the domain of a bilinear transformation F(f, g) is rectangular, 
then the domain is completely linear. 


Proof. Suppose that /:@g1, fe@ge, - - - , fn@gn are in the domain of F(/, g) 
and Putting aa=—1, fo=f, go=g, we may write 
> @gi=0. Let us orthonormalize go, gi, - - , gx by the Gram-Schmidt 
process, and let the result be gi, - - - , dx. Since fo@go¥0, goXO. Hence 
Coo=g0, C¥0. Also for i=1, 2,---, m, =) Substituting we get 


n n k 
0 = afi ® gi = DX abi, ifi @ 
i=0 


i=0 j=0 


j=0 i=0 


n k n 
(- cf+> ab @ do + 2 @ 
t=1 j=1 i=0 

This implies by [7], §2.4, that of: =0 or Now 
since the domain of F(f, g) is rectangular, it must contain f;®gi; hence by 
Definition .1.1 it must also contain @gu. 

A similar proof will show that f:@g is also in the domain of F(f, g), and 
these two results imply, by Definition 1.2, that f@g is in the domain. 

The converse of this lemma is not true (cf. Example 1 below). 


DEFINITION 1.6. The domain of F(f, g) is said to be rectangularly dense if, 
for a dense set of g’s in $, R, has a dense domain and if for a dense set of f’s in 
$, T; has a dense domain (cf. Definition 1.1 above). 


It is easily seen that if the domain of F(f, g) is rectangular and dense, it 
is rectangularly dense. The converse does not hold. The less restrictive con- 
dition is sufficient for some purposes. 

DEFINITION 1.7. The domain of F(f, g) is said to be symmetric, if with f @g 
it contains g @f. 

2. We next discuss certain elementary properties which F may have. 

DEFINITION 2.1. A bilinear transformation F(f, g) is said to be continuous 
at a point fo @go of its domain if, given any e>0, we can find a 6>0, such that 
when fg is in the domain of F and ||f—fd| <4, ||\g—gol| <5, then ||F(f, g) 
—F (fo, go)|| <<. The transformation F(f, g) will be said to be continuous if it is 
continuous at every point of its domain. 
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This definition is, of course, the usual one for continuity in two variables. 
The notion of neighborhood implicit in it is equivalent to the neighborhood 
notion in §6@§. On the other hand, the additive properties of F(/, g) are, as 
we shall see, best described in terms of §@. Despite this disharmony many 
results concerning the relation of additivity and continuity can be proved. 


TueoreM 1. Jf F(f, g) has a rectangular domain and is continuous at one 
point, then F(f, g) is continuous and there exists a constant C such that 
IF, ell -llell. 

It is a consequence of [5] (§11, p. 179) and Principle A (p. 59) that con- 
tinuity at a single point implies continuity at every point. Thus F(f, g) is 
continuous. 

In particular, F(f, g) is continuous at the origin. A familiar process used 
in [14] for the proof of Theorem 2.21, yields the existence of a C such that 
-[lgll- 

As with linear transformations, there exists a matrix theory for bilinear 
forms. The following theorem expresses this fact: 


THEOREM 2. Let F(f, g) be bilinear. Then if o1, 2, --- is a complete ortho- 
normal set in §, there exists a set of bilinear complex-valued functions a;(f, g) 
such that 


F(f, g) = 


t=1 
for every f @g in the domain of F. If F is bounded, there exists for each i a bounded 
conjugate linear transformation T; such that a:(f, g) =(f, Tig). 


Proof. The first statement is shown by taking a:(f, g) =(F(f, g), ¢:) and 
applying Theorem 1.9 of [14]. If F has the bound C, then, 


| ai(f, g)| =| FU, | < 


A proof, very similar to that of Theorem 2.28 of [14] will now show the exist- 
ence of 7; and its boundness under these circumstances. 
3. We make the following definition: 


DEFINITION 3.1. If the graph § of F(f, g) is closed, then F(f, g) is said to 
be closed. 


Closure of the graph § is equivalent to the following statement concern- 
ing F: If f, @gn—f @g and F(f,, gn) >A, then f @g is in the domain of F and 
F(f, g) =h. 

We have the following relationship between closure and continuity for bi- 
linear transformations: 


t 

| 

| 

| 
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TueoreM 3. If F(f, g) is defined for every pair f®g and is closed, then 
F(f, g) is bounded. 


Proof. If we keep g fixed, F(g, f) =7,f is, under these hypotheses, a closed 
linear transformation with domain . Hence by a well known result (cf. [1], 
chap. 3, Theorem 7, p. 41) 7, is bounded, with a bound C,. 

Similarly, if we keep f fixed, F(g, f) =R,g defines a bounded linear trans- 
formation R,. 

Now, there must be a neighborhood of 0 in § for which C, is bounded. 
For otherwise, we can find a sequence g, such that g,—0 and C,,- as 
n— «©. However for each f, 

lim T,,f = lim F(g,, f) = lim Reg, = RO = 0. 

Thus the 7,, are a convergent sequence of bounded transformations; so 
by [1] (chap. 5, Theorem 5, p. 80) they are uniformly bounded. This contra- 
dicts the assumption that C,,-* asn—o. 

Thus there exist positive constants k and 6, such that ||g|| <6 implies 
C,<k. Since g=(||g||/5)g’ for some g’ with ||g’|| =5, we have 


This completes the proof of Theorem 3. 


4. In the preceding sections, we dealt with the properties of F(f, g) which 
are concerned with the graph §. This graph determines a linear manifold 
1(%) in (© @H) @H. We now consider /(%). First we make a definition as fol- 


lows: 


DEFINITION 4.1. A bilinear transformation F(f, g) will be said to be com- 
pletely linear provided that the domain of F(f, g) is completely linear and the rela- 
tionship f@g=)>_.;- ,a:fi®gi among the elements of the domain implies 


F(f, g) = (fo 

In the relationship f@g=)-7_,a:f:@g; we need only consider the case in 
which f@g0. For if f®g=0 and at least one of the a;f;®g;+0, then by 
applying the above definition to »—1 elements f;@gi, we see that the equa- 
tion on the values of F is still fulfilled. If all the a,f;®g;=0, the same result 
obtains. Hence the above definition is equivalent to the corresponding one in 
which the condition f@g#0 is added. 

It is important to note that a bilinear transformation is not necessarily 
completely linear, as we show by Example 2 below. The value of the notion 
of complete linearity lies in the following theorem: 
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TueEorEM 4. If a bilinear transformation F(f, g) is completely linear, 1(%) 
is the graph of a linear transformation T from S@® to § (cf. [6], Definition 
1.2, p. 303). Also T is such that f@g is in the domain of T if and only if it is 
in the domain of F(f, g); and when this occurs, F(f, g)=Tf@g. 


Proof. Since /(§) is linear, it will be the graph of a transformation from 
to if and only if {0, 4} e1(§) implies h=0. Now if {k, h} is in 1(§), 
then there must exist a finite number of elements f;®g; in the domain of F 
and constants de, - , dn, such that 


n n 


k= gi, h= aF(fi, gi). 
i=1 
If k=0, then, as we have remarked after Definition 4.1 above, complete line- 
arity implies s=0. This proves the first statement of the theorem. 
The remaining statements are immediate consequences of the definition 
of 1(%), Definitions 1.5 and 4.1 above, and Definition 1.2 of [6]. 
The converse of this is the following, the proof of which we omit: 


THEOREM 5. If T is a linear transformation from 5@ to $, the equation 
Tf®g=F(f, g) determines a completely linear bilinear transformation F(f, g), 
with domain the set of f®g which are in the domain of T. 


It is an immediate consequence of Definition 1.3 and the fact that the 
set of f@g’s spans © @§ that if the domain of F is dense and T exists, then 
the domain of T is dense. 


THEOREM 6. If the domain of a bilinear transformation F(f, g) is rectangu- 
lar, F is completely linear. 


Proof. We know from Lemma 1.1, that the domain of F(f, g) is completely 
linear. Suppose now that fi@gi, fe@go,---, fr@gn are in the domain of 
F(f, g) and f@g=)_;-14:/:®g:. We must show that 


F(f, g) = > aF(fi, gi). 
Now by letting ao= —1, fo=f, go=g, we see that this is a consequence of the 
statement that the relationship }-7_,a;f:@g:=0, among elements in the do- 
main of F, implies (fi, gi) =0. 

We shall show this last statement inductively with respect to m. If n=0 
and dofo®@go=0, then dp or fo or go is zero and hence aoF (fo, go) =0 by Defini- 
tion 1.1. Now suppose it is true for 7 —1; we shall show it for m. We can sup- 
pose that go 0, since otherwise we have a situation equivalent to that of the 
case for n—1. 


| 
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We can now proceed as in the proof of Lemma 1.1 to orthonormalize the 
k 


80, 81, * obtaining $i, with gi i, (¢=0, n). 
We then obtain, as there, that 


n k 


0= gi = ( @ $3; 


i=0 j=0 


and [7], §2.4, implies that 


n 


abiifi = 0, j=0,1,---,h. 


w=0 


By Definition 1.4, f;®g; is in the domain of F for i, 7=0, 1,---, m. 
Since the ¢,’s are linear combinations of the g;’s, Definition 1.1 yields that 
f;,@¢; is in the domain of F fori=0,1,---,2andj=0,1,---,%. Thus 


n n 


aF (fi, gi) > > F (fi, 


i=0 i=0 j=0 


j=0 t=0 j=0 


5. We deal in this section with completely linear F(/, g). 


DEFINITION 5.1. A completely linear F(f, g) is said to be hypercontinuous if 
the T of Theorem 4 is continuous. 


Since T is linear, the known results on linear transformations are immedi- 
ately applicable here. For instance, we might define hypercontinuity at a 
point for F(f, g) as continuity for T at the point f@g of S@. Then hyper- 
continuity at a point implies hypercontinuity. The correspondence of hyper- 
continuity and hyperboundness also results. 


DEFINITION 5.2. A completely linear F(f, g) is said to be hyperclosable if T 
possesses a closed extension |T |. Let F(f, g) =[T|f@g, as in Theorem 5. 


The transformations F and F are not, in general, equal, even if F is closed 
and possesses a rectangular and symmetric domain (cf. Example 3 below). 

It should be pointed out that while it is obvious that the hyper-properties 
imply the corresponding simple properties of F, the converse is not true. Ex- 
ample 4 below is an example of an F(f, g) which is bounded, has as domain 
all pairs f@g, and yet is not even hyperclosable. 

We next discuss hyperclosable transformations. 


THEOREM 7. Let F be hyperclosable and F=F. There exists a self-adjoint 


transformation H on $@® and a partially isometric transformation W from 
9®@H to S such that the domain of F is exactly the set of f®g in the domain of H 
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and F(f, g) =WHf@g. To each such H and W with the same zero manifold we 
can find an F with F =F such that F(f, g) =WHf@g. 


The canonical resolution of [7] (cf. [6], Theorem 1.24, p. 312) yields 
this result immediately. 


TueoreM 8. If F(f, g) is hyperclosabie and F =F, then the orthonormal set 
g:, 2, - + - of Theorem 2 can be chosen so that for each i there exists a conjugate 
linear transformation T; of finite norm such that 


al, g) Tig). 
Proof. Since [7'] is closed, we can by [6] (Theorem 6, p. 315) determine a 


set of mutually orthogonal closed linear manifolds D;, (¢=0, +1, +2,---), 
in $@§ and a similar set R; in S such that [7] takes D; into R;. Let us 
choose in each an orthonormal set ¢;,1, ¢i,2, - - - , complete in 


From the definition of D; and ®; in [6], Theorem VI, by means of [6], 
Theorem IV (we take F’=WFW*) and [6], Theorem 1.24, we see that ®; 
is in the domain of [7']*. Hence, for all f in the domain of [T], 


im—o j=l 
Now rearranging the ¢;,;’s into a single sequence {y,} and letting 
2.=[T]*¢:,;=[T ]*¥x, we obtain that for all f in the domain of [T] 


i=1 


We next choose a complete orthonormal sequence {¢;} in S. Then 


kel 
with 


l=1 k=1 
finite. Let f=f@g be in the domain of [7]. Since F =F, it is also in the domain 


of T. Let Let T; be the conjugate linear transfor- 
mation such that 


Tig = ( $1. 


l=1 j=1 


Then 7; is of finite norm and 


4 

ye 
| 
x 
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(f, Tig) = n( > 2D x1y 


l=1 j=1 l=1 j=l 


j=1 l=1 j=1 
= (f @ g, &) = ailf, g). 


This proves the theorem. 

Theorems 2 and 8 indicate that the relation between the set of hyperclos- 
able and that of the bounded bilinear transformations is analogous to that 
between the linear transformations of finite norms and the bounded trans- 
formations. 

6. An arbitrary vector space becomes a hypercomplex number system if 
a “rule of multiplication” f Xg is given. Addition in the system is usually the 
vector sum f+g of the original space. If, in particular, we consider Hilbert 
space, we are led to consider the ways in which a “multiplication rule” X may 
be defined on the space. 

Such an X operation should be distributive; that is, we should have 
(fitfe) Xg=fixgt+feXg and fX(gitge) =f Xgitf X ge. It should also be such 
that af Xbg =ab(f Xg). So if we hold f fixed, we see that T)g=fXg is a linear 
transformation on g. Similarly when g is fixed, R,f =f Xg is a linear transfor- 
mation of f. Thus F(f, g) =f Xg is a bilinear transformation in Hilbert space. 

The associativity property, f X (gh) =(f Xg) is also desired. For the 
corresponding bilinear transformation this would mean that F(f, F(g, )) 
=F(F(f, g), h). Since, however, it is too restrictive to demand that F(f, g) 
be defined for every f and g, we define associativity for bilinear transforma- 
tions as follows: 


DEFINITION 6.1. A bilinear transformation F(f, g) is said to be associative 
if it satisfies the following conditions: 

(a) For every g, F(f, g) is defined for every f in a linear set X. 

(b) Tyg=F(f, g), (f e W, is a bounded linear transformation. 

(c) If fi and fz are in A, F(fi, fe) is in A. 

(d) For f, and Nand ge SH, 


F(fi, Fife, g)) = F@ (fr, f2), 8)- 


Thus if fXg has a domain of definition of the type given in Definition 6.1, 
it is an associative bilinear transformation. The problem of studying the ways 
in which Hilbert space can be regarded as a hypercomplex number system is, 
therefore, the analysis of associative bilinear transformations. 

7. We shall show in this section a relationship between the study of as- 
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sociative bilinear transformations and that of rings of operators of a certain 
type (cf. [9]). It is customary to assume for a ring of operators M that if A 
is in M, A* is also in M. In order therefore to present a precise connection 
with the theory of rings of operators in its present form, we make the follow- 
ing definition: 

DEFINITION 7.1. An associative bilinear transformation F(f, g) will be said 
to be closed with respect to adjoints if, whenever f is in A, there exists an f* « A 
such that T;* = (T;)*. 


A preliminary connection is the following: 


THEOREM 9. The set M of T;’s associated with a given bilinear transforma- 
tion F(f, g) form an algebraic ring of operators} for which T;-T,=Tri.9) if and 
only if F(f, g) is associative and closed with respect to adjoints. 


Suppose F(f, g) is associative and closed with respect to adjoints. It fol- 
lows from Definition 6.1 that each 7; is bounded. Also if A=7; and B=T, 
are in M, thenaA =aT;=T,.;isin Mand A+B=T7;+T,=Ty;,, isin M. Since 
F is closed with respect to adjoints, A* =(7;)* =T; is in M. Finally, since f 
and g are in Y, 


ABh = T;-T,h = F(f, Tah) = F(f, F(g, h)) = FAY, 8), = 


Thus AB=Try,,, and ABe M. 

Conversely, if the T;’s form an algebraic ring in which 7;-7,=Try.9), 
then F(f, g) must be defined for a linear set of f’s since the 7;’s are a linear 
set and 7;+T7,=Ty1,, aT;=T.,;. Since an algebraic ring consists of bounded 
operators, each 7; is bounded. Since M is multiplicative, T;-7,=T ry.) is in 
M and F(f, g) isin &. Also 


F(f, F(g, 2)) = Ty-T gh = = FFU, g), h)- 


Thus F is associative. Furthermore, since A = 7; M implies A* e M, A* =T; 
for some {* and F is therefore closed with respect to adjoints. 

Thus the study of X operations, subject to the restriction of being closed 
with respect to adjoints, may be referred to the study of algebraic rings of 
operators. At present such rings are also subjected in practice to certain fur- 
ther continuity restrictions. We will not need in §§7 and 8 of this paper the 
full restrictions usually imposed in order to obtain our results, and it is pos- 
sible that the full restrictions are not needed even in the original theory of 
rings of operators. 


¢ A set of bounded operators M forms an algebraic ring if, whenever A and B are in M and ais 
a complex number, aA, A*, A+B, and A-B are in M. This definition is given in [9], p. 383. 
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DEFINITION 7.2. An associative bilinear transformation F(f, g) will be said 
lo be closed with respect to strongly convergent sequences if, whenever a sequence 
T;,, converges strongly toa B, T=T; for some f 


Closure with respect to strongly convergent sequences is sufficient for us 
to obtain the essential property of the set of T;’s which we need in the follow- 
ing discussion. This property is the existence of a maximal idempotent. For 
an algebraic ring M, the maximal idempotent has been defined in [9], when 
it exists, as that projection in M such that for every A e M, A =AE=EA. Itis 
unique. 


THEOREM 10. If an associative bilinear transformation F(f, g) is closed with 
respect to adjoints and strongly convergent sequences, the set M of T;’s is an 
algebraic ring closed with respect to strongly convergent sequences. Also M con- 
tains a maximal idempotent Ey=Ty,. 


The first statement follows easily from Theorem 9 and Definition 7.2. We 
must show that an algebraic ring M, closed with respect to strongly conver- 
gent sequences contains a maximal idempotent. 

Now if A is in M, we can find a self-adjoint H « M whose zeros are pre- 
cisely those of A. For let H=A*A. Then Af=0 implies Hf=0, and Hf =0 
implies 0 =(A*4f, f) =||Af||®. 

The proof given in [9] (II, §2, pp. 389-390) shows that if an algebraic 
ring M is closed with respect to strongly convergent sequences and if H is 
in M, then E(0—) and 1—£(0), in the resolution of the identity for H, are 
each in M. (The complete hypothesis that M is strongly closed is not used.) 
Thus 1 —£(0)-+ E(0—), the projection on the complement of the zeros of H, 
is in M. 

Combining the results of the two preceding paragraphs we see that for 
every A ¢ M, we can find a projection E ¢ M, such that the set of zeros of E is 
the set of zeros of A. 

We can now show that M contains a maximal projection E’; that is, E’ is 
such that for every E e M, E’E=E. Now there is a sequence {£,} strongly 
dense in the set of E « M (cf. [9], I, §4, pp. 386-388). Since E’X is continuous 
in the strong topology, if Z’E,, = £, for every n, then E’E =E for every Ee M. 
Thus it will be sufficient to find an E’ which majorizes the E£,. 

Let ---+£,. Now A,f=0 if and only if for 
i=1,2,---,m, for 


Since M is linear, A, is in M. By a preceding result, we can find a projec- 
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tion E,’, whose zeros’ are precisely those of A,. Hence E,/ E;=E£; for 
#=1,2,---,m. 

We also have, from the definition, E/ < E/ < - - - . It follows that the E/ 
converge strongly to an EZ’. Since M is closed with respect to strongly con- 
vergent sequences, E’ isin M and furthermore E’E,’ = E,! for every n. Hence 
if m is greater than or equal to i, E’E;=E’E,! E;=E,! E;=E;. Thus E’ ma- 
jorizes E; for every 7, and, as we have remarked above, this is sufficient to 
yield that EZ’ is a maximal projection. 

But the maximal projection E’ is also a maximal idempotent. For we have 
E’'E=E for every Ee M. Taking adjoints, we also have E=EE’. Hence 
A=E'A=AE’ if A is a projection in M. But under these circumstances, 
this equation must hold for linear combinations of projections too and also 
for their strong sequential limits. Thus the equation holds for all self-adjoint 
operators A in M. Finally since an arbitrary bounded A in Mis a linear com- 
bination of two self-adjoint operators, it holds for every A in M. 

Thus £) = £’ is a maximal idempotent for M. Since it is in M, there exists 
an fo e A such that 7;,= Eo. 

8. In this section, we continue the discussion of Eo. 


Lemma 8.1. Let F(f, g) and Eo be as above (Theorem 10). Ep is the projec- 
tion on the complement of those g’s such that F(f, g) =0 for every f e A. 


Proof. If g is such that F(f, g) =0 for every f e A, then Eog =F (fo, g) =0. 
If g=(1—£p)g, then 


F(f, g) = Tyg = Ts(1 — Eo)g = (Ty — T;Eo)g = 0-g = 0. 


8.2. If f is in U, is in If f is in and (1—Ey) f=f, then 
T;=0. If f is in U then T;=Tzy. If M is the closure of U, then the projection 
E on M commutes with Eo. 

Proof. If f is an then (fo, f) is in by Definition‘6.1. If f is 
in and (1—Z)) f=f, then 


Ty = = Ty — = Ts — Troggs) = Te — = 9. 
Also if f isin %, 
Ty = Tay + = 


To show the last statement, we note that f = £)f+(1—£))f with Eof « A; 
hence This implies that the linear set = + - A’ where 2’ is 
included in the range of Ey and 9’ in the orthogonal complement. The closure 
M is similar, and this implies the last statement of our lemma. 


q 
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If M is as in Lemma 8.2, we can extend the definition of F(/, g) so that 
F(f, g) is defined for every fe SOM. For if f=fit+fe, fie A, foe HOM, we may 
define 7; as T;,. In the resulting extension, the properties of Definition 6.1, 
7.1, and 7.2 are preserved (cf. the proof of Corollary 3 below) and, further- 
more, % is dense. 


DerinitIon 8.1. Let F(f, g) be associative and closed with respect to adjoints 
and strongly convergent sequences. Let Nt, be the closure on the set of g’s in % 
such that T,=0. Let G, be the projection on Nt. Then F(f, g) will be said to be 
regular if, whenever fo is such that T;,= Eo (cf. Theorem 10), Gifo is in U and 
T¢,f,=0. 

Note that if the set of g’s for which T, =0 forms a closed linear manifold, 
then both conditions are fulfilled and F(f, g) is regular. It will be shown in 
this section that regularity implies that there is an extension of F for which 
this is the case. 

8.3. G; commutes with Eo. 

Proof. If g is such that 7,=0, then g=(1—Eo)g+Eog. By Lemma 8.2, 
T—ey)9 =0 and Tz,,=7T,=0. Thus the set of g’s for which T, =0, is a linear 
manifold determined by a linear manifold in the range of EZ) and another in 
the complement of the range of Ey. The closure Jt, has the same property; 
hence G; commutes with Eo. 

Tueorem 11. Jf F(f, g) is regular, then fy (cf. Theorem 10) can be chosen 
in such a way that 


(a) F(fo, fo) =fo, 
(b) fo is orthogonal to N:. 


By Lemma 8.2, if 7;,= Eo, then Tz,;,= Eo. Thus we may choose fo so that 
fo, fo)- 
Now if we let f¢ =fo—Gifo, where Eofo=fo, then by the regularity of 
F(f, g), fo isin M and 7, =7;,—Te,.s,=7T;,= Eo. Also by Lemma 8.3, 
= fo — Gifo = Eofo — GikEofo = Eofo — EvGifo = Eo(fo — Gifo) = 


and, as we have seen, this implies ff =F (fs, Since fo =(1—Gi)fo, fd is 
orthogonal to 9h. 


Coroxiary 1. Let fo be as in Theorem 11, and let Mo be the set of f’s in A 
in the form F(f, fo), fe XU. Then 

(a) Wo is orthogonal to N; 

(b) fe Uo and Tfo=F(f, fo) =0 imply f =0 and T; =0; 

(c) if gis in A, g=gotgs, where go is i Ao and gi is in Ni, and T,=T,,. 
This resolution is unique, and go=F(g, fo). 
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Proof of (a). Let g be such that T,=0. Then 
(FU, fo), g) (T fo, g) = (fo, (T;)*g) = (fo, Ty*g) = (fo, F(f*, g)). 


Now Try.) =Ty*-T, =0. Hence F(f*, g) is in 9%. Theorem 11, (b) now 
yields that 
0= (fo, F(f*; g)) = (F(f, fo), g)- 


Thus F(f, fo) is orthogonal to 91. Hence %o is orthogonal to Nh. 
Proof of (b). Suppose f e % and F(f, fo) =0. We note that Try,;,)=T;-Ty, 
=T,E,=T;. Thus F(f, fo) =0 implies Thus f e and 
fe Hence by (a), f =0. 
Proof of (c). Suppose g e A. Assume go=F(g, fo) UX. Then 
hence 
To, = To- = — To = 9. 


Since %o and Yt; are orthogonal, the resolution is unique. 


Coroxiary 2. If fi, fe, - - - are each in Ao (cf. Corollary 1), then 

(a) F(fi, fo) =T;,fo=fi; 

(b) if the sequence T;, is strongly convergent with limit T, then the f; con- 
verge to anf Xo, for which T;=T. 


Proof of (a). f:—F (fi, fo) is in Mo, since the latter is linear and in 3 by 
Corollary 1, (c). Hence f;—F (fi, fo) isin %o- Ni and is zero by Corollary 1, (a). 

Proof of (b). Since the 7;, are convergent, f; = 7; ,fy converges to Tf». Since 
F is closed with respect to strongly convergent sequences (Definition 7.2), 
T=T, forage A. Hence f=Tfy=T,fo=F(g, fo) isin %, and by Corollary 1, (c) 
T;=T,=T. 

Corollaries 1 and 2 give the relations for regular X operations between 
the set of T,’s and the f’s in &. Examples will be discussed in §10 below. 

We discuss the significance of regularity in the following lemma: 


Lema 8.4. Suppose YU is dense. If E; is the projection on Dts, the closure 
of Mo, then E; and G,=1—E, each commute with every T;. 


Proof. If f is in %o, f=F(f, fo) and 
T of = F(g, f) = F(g, FU, fo)) = FR (g, f), fo) Uo. 
Thus if f ¢ %, then T,f is in %o. Since M is closed with respect to adjoints, 
T#f is also in By continuity, therefore, if fe M, then 7,f eM, and 
(T,)*f ¢ Mi. Thus E; commutes with 7; (cf. [14], Theorem 4.25). 
Since & is dense, it follows from Corollaries 1, (a) and (c) that Dt, and MN, 


are orthogonal complements of each other. Hence G;=1—£, and, of course, 
commutes with 7;. 


| 
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Corotiary 3. If F(f, g) is regular, F has a regular extension in which the 
set of g’s for which T,=0 form a closed linear manifold. 


Suppose first that & is dense. Let g be in &%-N. By Corollary 1, (c) 
Zoe Ao, gi e Mi. Therefore go=g—g, is also in Jt; and hence in %o- Ns. 
By Corollary 1, (a), g.=0. Hence g=g,, T,=0. 

Thus %- 9 consists of those g's for which T,=0. Therefore we may ex- 
tend % to the linear manifold determined by 9; and Y% as follows. If f=fi+/2, 
fie U, foe MN, let T/ =T;,. This is an extension, since if 7; is already defined, 
f and f; are each in %, and thus fe=f—f, is in &-%i and T;,=0. A similar 
argument shows that 7/ is unique for f in the extension of 2. 

We next show that extension F’(f, g) is associative (Definition 6.1). Condi- 
tions (a) and (b) of that definition are immediately seen to be satisfied. To 
show (c), let f and g be elements of the extension of %. Then f=fit-/s, fi e Y, 
foe Ni and g=gi+ge, gi e gee Ni. Since T;,=0, we have 


F'(fi + fe, g1 + = F(fi, 81 + g2) = F(fi, g1) + g2) = F(fi, 81) + 


Since by Lemma 8.4, G; commutes with 7;,, and since gz is in 9t1, T;,g2 isin Ms. 
Also F(fi, g:) is in % and thus F’(fi+/e, gi:t+ge) is in the extension of Y&. To 
show (d) we note that 


+ fa, 81 + 82), h) = (fi, 81) + h) = FF (fi, 81), 4) 
F(fi, F(gi, h)) F'(fi + fe, F'(g; + h)). 


Thus F’ is associative. 

Definitions 7.1 and 7.2, which are statements concerning the totality of 
T;’s, unaffected in this extension, of course are satisfied by the extension. 

In the case in which % is not dense, one first makes the extension given 
after Lemma 8.2. The E, which is the projection on M, the closure of Y%, 
commutes with every 7;. For g e A implies Tyg =F(f, g) e A. An argument sim- 
ilar to that of Lemma 8.4 then yields that E commutes with 7;. The remain- 
der of the justification for this extension is precisely similar to the argument 
given in the preceding paragraphs. One then makes the further extension 
given in this proof for the case in which % is dense. 

It should also be remarked in connection with the regularity condition, 
that the restrictions of Definitions 6.1, 7.1, and 7.2 imply little with respect 
to the set of g’s for which 7, =0. This set may even be dense. The regularity 
condition removes possibilities of this sort. 

9. The previous sections have shown that the analyses of X operations 
leads to an algebraic ring M closed with respect to strongly convergent se- 
quences. A further restriction on the nature of M is implied in Corollary 1, 
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(b). This restriction is that there exists an fy such that 7;f)=0 implies T;=0. 
If M is also closed in the strong topology, a certain result ({9], Theorem 5, 
pp. 393-396) in the theory of rings of operators becomes available, and the 
nature of this restriction can be explored further. 


THEOREM 12. Let M be a ring of operators (cf. [9], p. 388). Let Eo be the 
maximal idempotent of M (cf. the proof of Theorem 10). Then the necessary 
and sufficient condition that there should exist an fy such that T « M and Tf,=0 
imply T =0 is that there should exist anf’ « S such that M's,t is the range of Eo. 


Proof. Suppose that there is an fy such that Tf) =0 and T Mimply T =0. 
Since T = TE, this is equivalent to TEof)=0 and T e Mimply T =0. 

Consider Since Ey M if A M’, Thus is in- 
cluded in the range of Ey. Furthermore if A is in M’, EY’, commutes with A.{ 
Hence Ef, is in M’’. Since the range of E¥,, is included in that of Eo, 
= The last two statements imply that is in M by 
[9] (Theorem 5, PP. 393-396). 

Thus E,— Ef, is also in M. Since 1 is in M’, Eff’, - Eofo = Eofo. Hence 


(Eo — = Ed fo — = Eaf — = 0. 
Since and T Mimply T =0, we have E—Ejf’,, =0 or Ey = 


Suppose, on the other hand, that there is an f’ such that M/,, is the range 
of Ey. Suppose Tf’=0, T « M. Then, since T=TEo, TE,f’ =0. Now if A is 
in M’, 

TE.AE;f’ = ATE? f' = = A:0 = 0. 


Hence TE, is zero on the set of AEyf, A « M’. Since this set is dense in the 
range of E, and TE, is bounded, this means that TE, is zero on the range of 
Eo. Since TE,(1—Ep») =0, it is zero on the orthogonal complement of this 
set also. Hence TE, =0, and, since T= TE,, T =0. 


Coro.iary. If M is an algebraic ring closed with respect to strongly conver- 
gent series and such that there exists an f' for which Mf, = Mo, the range of Eo, 
then fo = Eof’ is such that Tfy=0 and T « M imply T =0. 


The last paragraph of the preceding proof shows this. 
It may be noted here that there is another way of expressing the condition 
of Theorem 12 on M. According to certain unpublished results of J. von 


+ Cf. [7], Definition 5.1.1, p. 143. However in this paper we drop the requirement of this defini- 
tion that M should be a prime. This will not affect our use of the known properties of m,™. 

t Since A and . A* are both in M’, they carry Meri into part of itself. Paper [14], Theorem 4.25, 
now shows that commutes with 
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Neumann, an arbitrary ring M may be expressed as the “sum” of rings M, 
which are factors on subsets I, of H, there being a subset for each minimal 
projection of the center M- M’ and “differential” subsets for the continuous 
spectrum of M-M’. If M, is considered only on I., we may introduce M,’ 
within I.. The condition given above may be restated as follows. For every 
essential a, the normalized dimensionality of M must not be less than that 
of M,. 

However, an algebraic ring M which is subject to the restrictions given 
in the first paragraph of this section is the set of T;’s for an X operation of 
the type which we have considered in this paper. 


DerFinItTIon 9.1. Let M be an algebraic ring of operators (cf. Theorem 9 
above) which is closed with respect to strongly convergent series. Furthermore 
let M be such that there exists an fy « S, such that T e M and Tf,=0 imply T =0. 
We may suppose Eofo=fo. 

Let Xo consist of those elements of S in the form Tf, T « M. Let Mt, be the 
closure of Xo, E, the projection of W,. Let Ni be the orthogonal complement of 
M: and G, the projection on N. 

We define F m.;,(f, g) (abbreviated to F u(f, g)) as follows. The transformation 
F(f, g) is defined whenever f is in the form fi +fo, fi © Uo, fe © Ni (and for all g). 
If, in these circumstances, Te M is such that f,=Tfo, then Fm(f, g)=Tg. 


THEOREM 13. Under the assumptions of Definition 9.1, Fu(f, g) is single- 
valued. Furthermore F y(f, g) is a bilinear transformation, for which the set of T;’s 
is the M of Definition 9.1. 


We show first that F'y(f, g) is single-valued. For a given f, there is at most 
one f;, since % and 9; are mutually orthogonal. Furthermore there is at most 
one T M such that f:=7fo. For if fi=7fo and f,=T’fo, T and T’ M, then 
Tfo=T'fo and (T—T")f,=0. The assumptions of Definition 9.1 now imply 
that T—T’=0 or T=T". 

We next show that F(/f, g) is a bilinear transformation (Definition 1.1). 
The previous paragraph shows that for f fixed, the equation T;g =F (f, g) = Tg 
determines a linear transformation 7;. If g is fixed, R,f =F (f, g) also defines a 
linear transformation. For R,f is single-valued as we have seen above. Also, 
inasmuch as M is linear, if fi=7fo, g:=Sfo, T and S e M, then af,=(aT)fo, 
fitgi=(T+S)fo. Hence 


F(af, h) = F(a(fi + fe), h) = F(afi + afe, kh) = aTh = aF (fi + fe, kh) = aF(f, h) 
by Definition 9.1, and also 
F(f + g, 4) = t+ gi t+ fe + g2, kh) = (T+ S)h = Th+ Sh 
= F(f, h) + F(g, h). 


1939] TRANSFORMATIONS IN HILBERT SPACE 493 


Hence it follows that R, is linear, and F(f, g) is a bilinear transformation. 
The first paragraph of this proof now shows that the set of T;’s forF m(f, g) 
is the M of Definition 9.1. 


COROLLARY. Fy is regular, associative, and closed with respect to adioints 
and strongly convergent sequences. 


If T=T;, S=T,, then 


F(fi, 8) = F(fi + fe, g1 + g2) = F(fi, 81 + g2) = Ty,(g1 + 82) 
= + T;,82 F(fi, g1) + 


Now £, = £; is readily seen to commute with all the 7; by a familiar argu- 
ment (cf. the footnote in the proof of Theorem 12). Hence G;=1—£, must 
also commute with every 7;, and since g: is in Iti, g’=7;,g2 is in M1. Hence 
Ty =0 and = Try + = Try But F(fi, g:) =Tyg1=T gr 
= T - Sfo Yo; hence Try =I Thus =T-S= 

Theorems 13 and 9 now imply that F is associative. Since M is closed with 
respect to adjoints and strongly convergent sequences, Definitions 7.1 and 
7.2 are satisfied. As we have remarked following Definition 8.1, the fact that 
the g’s for which T,=0 form a closed linear manifold insures regularity. 

10. In this section we wish to discuss briefly known examples of X opera- 
tions.* 

We first refer to a paper of J. von Neumann and the writer [8]. This mem- 
oir considers rings of operators M called “factors in case I],,” which were dis- 
covered in a previous joint paper [7]. These rings, in the case a21 (cf. [8], 
§1.1, p. 210), satisfy the assumption of Definition 9.1. For inasmuch as they 
are closed in the strong topology, they are closed with respect to strongly 
convergent sequences. Secondly, we may take for fo, the uniformly distrib- 
uted g of [8] (Theorem II, p. 234). For the maximal idempotent E, of these 
rings is the identity 1, and the g of [8], Theorem II, shares with the f of 
[8], §1.1, the property that M/"’ =M’ = H. Theorem 12, above, now yields 
that such a g may be used as the fy of Definition 9.1. 

If a=1, the Fu(f, g) now resulting from the application of Definition 9.1 
has an extension which is the X operator of the algebra discussed in [8], 
chap. 4. The extension is obtained by taking the set of closed operators 
Q,(M), defined in [8], Definition 4.1.2, as the set of 7;’s. Since Q,(M) con- 
tains M, this is an extension of the Fy which results from Definition 9.1 
above. 

If a is greater than 1, Definition 9.1 is still applicable. The %) will consist 


* The author is indebted to the referee for the suggestion that the material of this section should 
be discussed. 
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of those f’s in the form Tg, T e M. Also Iti, the closure of Ao, is M, 
and E, = Since Du-(S) =a>1=Ds-(E;), we have a case in which £, is 
less than Ey =1. 

The above examples illustrate the case in which M is abstractly irreduci- 
ble or, what is the same thing, the case in which M has a minimal center, 
M- M'= {a1}. The opposite extreme is the abelian case, in which M- M’ = M. 
While we will give later a full discussion of the abelian case (cf. §12), we 
briefly point out certain simple examples here. 

Suppose § is realized as &%, the set of square summable functions on the 
interval 0<x<1 with 


1 
= 


The set of operators M defined by the equation Tf=¢(x)f(x), with $(x) 
bounded, constitutes an abelian ring of operators, as one can readily verify. 
These operators also satisfy Definition 9.1, since they have the requisite clo- 
sure property, and we may take fy as equal to the element f(x) =1. For the 
resulting Fy, we have Fmu(¢, g) =o(x)g(x). 

An example which illustrates more completely the considerations of the 
previous sections is obtained by considering HOO, the set of triples 
{fi, f(x), fa(x) }. Let M consist of the operators defined by the equations 


T fox), fa(x)} = {0, o(x)fo(x), } 


in which ¢(x) is bounded. Let fo= {0, 1, 0}. When Definition 9.1 is applied, 
E, is the projection on the set of elements in the form {0, fo(x), fs(x)}, and 
M;, the range of Ey, is the set of elements in the form {0, f2(x), 0}. 

In the remainder of this section, we prove that if Fu(f, g) is everywhere 
defined and if M is a ring of operators, then M is finite dimensional; that is, 
M has only a finite number of linearly independent elements. Inasmuch as 
it is necessary to appeal to the theory of rings of operators, our discussion 
must be limited to the case in which M is closed in the strong topology. 

But if Fy is everywhere defined, this restriction is not great. For instance, 
we can prove the following statement: 

Remark. If Fy is everywhere defined and is closed (Definition 3.1), then M 
is a ring of operators. 

We must show that M is closed in the strong topology (cf. [9]). 

First, we see from Theorem 3 of §3 above that Fy is continuous. 

Secondly, let f be such that there exists a sequence f, in % such that 
T;, fof. Then 


. 
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T;,fo = F (fn, fo) F(fn; F (fo, fe)) F(F (fn, fo), fo) F(T;,fo, fo)- 


Since Fy(f, g) is everywhere defined and continuous, f = T;fo. Then, since Fu 
is continuous, for every g, 


Tyg = F(f, g) = lim F(fn, g) = lim Ty,g. 


Thirdly, let T be a limit point of M in the strong topology. We show that 
T is in M; that is, T=T7; for some f. For, let f= Tfo, and let g be any element 
of §. Then since T is a strong limit of M, we can find a sequence of f,’s such 
that T;, fo—Tfo=f and T;,g—+Tg. Hence, by the above, T;g=lim,..7),g =Tg. 
Thus T =T;, and M is closed in the strong topology. 


Lemma 10.1. Let M be a ring of operators (cf. [9], p. 388). Furthermore let 
M be such that there exists an foe S, such that T e M and Tf,=0 imply T =0. Let 
A be an abelian ring in M. Let Bo consist of those elements in the form Afo, 
Ae A. Let [Bo] denote the closure of 8. Then [Bo|-%o=Bo. 


Let f be in %o- [Bo]. Then f=7fo, T « M. Since f is in [Bo], we can find a 
sequence {A,}, A, e A, such that Anfo—f or Anfo—Tfo. 

Let & ¢ S consist of those g’s such that g= Bf), B e M’. Then A,g=A,Bfo 
Thus A,g—Tg for all g e &. 

Theorem 13 above states that & is dense in the range of EZ». Since 
A,E,=A, and TE,=T, A.g=Tg=0, for g in the complement of the range 
of Ep. It follows that A,g—T¢g for a dense set of g’s. 

However, it can also be shown that the A, can be chosen so that they con- 
verge to a closed A 7 A.* We present here merely an outline of the proof of 
this statement. The omitted details can easily be seen if use is made of the 
consideration of [14], chaps. 6 and 7. It is a consequence of [9] (III, §2, pp. 
401-404) that there exist a resolution of the identity E(A) and bounded func- 
tions ¢,(A) such that A,, = Since Afo=0 and A e Aimply A =0, 
it follows that for f e the equation f=/ fo determines ¢ essen- 
tially.f If 


1 
f=Th= J O(A)dE(A) fo, 


then, since A ,fo—f, it follows that the ¢,(A) approach ¢ essentially; that is, 


1 
lim | -|¢@— ¢n|%du = 0. 
0 
* The statement A 7 A, means that A has a dense domain, commutes with all unitary operators 
in A’, and is zero on the set on which all A e A is zero. This is a modification of [8], Definition 4.2.1. 
tT If uA) =||E()foll?, the word “essentially” refers to this u. For instance, f determines ¢ except 
possibly on a set of u4-measure zero. 


1939] 495 
| 
j 


496 F. J. MURRAY [May 


Now the A,’s were any sequence in A such that A,f —+. It is now clear that 
the A,’s could be chosen in such a way that |¢,(A)| is an increasing sequence 
for each X. These results are sufficient to show that if A = [ "o(A)dE(A), then 
A,g—Ag for every g in the domain of A and that the sequence A, converges 
only on this domain. 

Thus Ag=Tg for all g in a dense linear set. But if 7’ is the contraction of 
T, whose domain is this set, T’ has a unique closed extension, which is 
bounded. Thus A =T and is bounded. Hence if f=T7fo is in [Bo]- %o, then 
f=Afo, Ae A, orf isin Bo. SoB > [Bo] - Ao. But since obviously Bo ¢ [Bo] - Ao, 
we have Bo = [Bo] - %o. 

Lemma 10.2. Let M be as in Lemma 10.1; then if M contains an infinite 
abelian ring A, F m(f, g) is not everywhere defined. 

Proof. As we pointed out in the proof of Lemma 10.1, each element of A 
is in the form { “(A)dE(A) for a fixed resolution of the identity Z(A). Further- 
more (A) is bounded. However, it is also easily seen that for every ¢(A) such 
that | d|| Z(A)fol|? exists, there exists an f e such that f = 

As we remarked above, if f is given, ¢(A) is essentially unique. 

We next exhibit an unbounded ¢ which is such that 


Now inasmuch as A is infinite, we can divide the interval (0, 1) into a de- 
numberably infinite number of mutually exclusive subintervals J,, with ad- 
joints a, and 6, such that if E(/,)=£(b,)—E(a,), then E(I,)#0 and 
E(I,,)-E(Im) =0 if n#m. Now E(I,)fo¥0, for E(7,)fo=0 implies E(/,) =0, 
since E(J,,) isin M. Also 


|| E(Zn)foll? = || foll?. 


Let now a, =||E(7,)fol|?. Then a:+a2+a3+ --- is a convergent sequence of 
positive terms. It is a well known result in the theory of infinite series, that 
we can find another convergent series of positive terms, 


Aya, + + 


such that lim, ...A,= ©.* Now for x let =(An)"*. The function ¢(x) 
is unbounded and 


* Let R, denote the remainder in the a@ series after the mth term. Let , denote that num- 
ber such that for 2*RnS1/2*. Now if m is such that let Then 
Aran = Ro— Rn, +2(Rn,— Rn.) +27(Rny— Rn) + S SRot+1/2 
+1/22+ +++ =Ro+1. 
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Now if f=/, “P(A)E(A)fo, then f is not in Bo. For since f determines ¢ es- 
sentially, f e 8» implies that ¢ is bounded. But f is easily seen to be in [Bo]. 
For if we define ¢, as equal to ¢(x), when (x) is less than or equal to m and 
equal to » otherwise, then A,= S-¢n(d)dE(X) isin A and f,=Anfo is in Bo. 
Furthermore f =lim,..fn; 80 f isin [Bo]. 

Now fis not in Mo. For f implies f [Bo] - %.=Bo (Lemma 10.1). Since 
f is in the closure of % but not in Wo, f is not in Y. 

Thus F(f, g) is not defined. 

The statement of the lemma is stil] valid even if we permit M to include 
closed unbounded operators which are limits of transformations in M on their 
domain but preserve, for the enlarged set, the property that A e Mand Af,=0 
imply A=0. For these the f in the proof of Lemma 10.2 is such that 
T;=f "o(A)d E(A) since 7; is unique. But since 7; is unbounded, its domain is 
not the full space, and there are g’s for which T;g=F m(f, g) is not defined. 


Lemma 10.3. If M is infinite, it contains an infinite abelian ring. 


Suppose M contains only finite abelian rings. In particular, then the 
center M-M’=A is finite. This is easily seen to mean that there exists a 
finite number of mutually orthogonal projections, Z2, - -- , Z,, such that 
Ais the set of transformations in the form )-?_,a:E;. We also know that Ey 
isin M- M’= Aand E,E;=E; for i=1, 2, - - - , m. Hence Ei. 

Thus if A isin M, 


A - 4B - 4( = = > EAE,. 
t=1 it=1 t=1 

Let MM. denote the range of E,, and let M, denote the set of transformations 
in the form A.=E,AE«, A # M, considered only on I%,. The set M, contains 
no elements A, except those in the form a-1 which commute with every A 4. 
For if A, issuch, E,A 4. is in M, and also, as we see from the form of an arbi- 
trary A e M, it commutes with every A e M. Hence E,A.E. is in M- M’= A. 
This implies that E.A is in the form Hence E.A 
Thus A,=a-1 on M, and =(a\1). 

Furthermore M, does not contain an infinite abelian ring A,. For if it did, 
the abelian ring A, consisting of transformations in the form E,AqE., Aat Aa, 
would be an infinite abelian ring in M. 

An analysis of rings for which M- M’ = {a-1} is found in [7]. There are 
five types of such rings, cases I,, I., Il, I1., I. (cf. [7], Theorem VIII, 
p. 172). It is a characteristic of cases Ih, I1.., I1I.., that they do not contain a 


— 
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minimal projection (cf. [7], Definition 5.1.2). Hence they must contain an 
infinite abelian ring. Since I,, is isomorphic to the set of all operators on 
Hilbert space, it too contains infinite abelian rings. Hence since M, is such 
that M,:M..=(a-1) and does not contain an infinite abelian ring, M, must 
be an I,. 

This, of course, means that M, is a finite dimensional ring. For A ¢ M, we 
know that A Aa Mz; 80 M itself is finite dimensional. We 
have thus shown that if M contains only finite abelian rings, it is finite. 


TueoreM 14. If F(f, g) is a regular associative bilinear transformation such 
that the set of T;’s forms a ring of operators (that is, is closed with respect to 
adjoints and also closed in the strong topology), then if F(f, g) is everywhere de- 
fined, M is finite dimensional. 


It is a consequence of the discussion of §8, that if M is the set of T;’s 
for F(f, g), then F(f, g) =F m(f, g) (Definition 9.1). Since F(f, g) is everywhere 
defined, we see from Lemma 10.2, that M does not contain an infinite abelian 
ring, and hence by Lemma 10.3 that it is finite dimensional. 

The remark at the beginning of this discussion (preceding Lemma 10.1) 
now shows that the following statement is true: 


Coro.iary. If Fis a regular associative bilinear transformation which is 
closed with respect to adjoints and closed (Definition 3.1) and if F is everywhere 
defined, then M, the set of T;’'s, is finite dimensional. 


11. If Mis a ring of operators for which Definition 9.1 is applicable and 
if Fm(f, g) is an associated bilinear transformation, then the R,’s of Fy have 
certain properties which we discuss in this section. We let %o, Di, Ai, Mh, 
and G, be as in Definition 9.1. In conformity with §§7 and 8, we let Ey be 
the maximal idempotent in M (cf. Theorem 10), Dto the range of Eo, and % 
the set of elements in the form f;+/2, fi e Mo, fe e Ms. 

There are certain relations in this situation which will be used without 
further comment. Thus % is dense by Definition 9.1. Lemma 8.4 yields 
E, =1—G,. The second sentence of Lemma 8.2 implies 1— Z) <G;. These two 
relations yield further EZ; < Eo. 


THeoreM 15. Let M be a ring of operators (cf. [9], p. 388) such that Defini- 
tion 9.1 is applicable. Let Fu(f, g), Ei, Eo, and % be as in the preceding two 
paragraphs. Then 

(a) R,f=Fa(f, g) is a linear transformation whose domain is and R, M’ 
(cf. [7], Definition 4.2.1, p. 141); 

(b) the set of [R,| for R, Lounded is exactly the set of Re M’ for which 
E,yR=R=RE\. 
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Proof of (a). By the bilinearity of Fu(f, g), R, is a linear transformation. 
The domain of R, is the set of f's for which Fy(f, g) is defined, and Definition 
9.1 shows that this set is %. We must show R, 7 M’. Nowif A isin M”’, 


A=A,+ (1 — — Eo), A,eM, 


and B can be quite arbitrary (cf. [9], Theorem 5, p. 393). Now since A; is 
in M, if f; = Aifo, then for g arbitrary, F(fi, g) = Aig. Also if his in the domain 
of R,, then 


(1 — = (1 — Ey)F(A, g) = (1 — Eo)Tig = (1 — Eo) EoTng = 
Hence (1—£o)-R,=0. Furthermore, for 4 arbitrary, (1—E,))h is in Ni and 
hence in %, the domain of R,. Also Tu_z,,=0. Thus 

R,(1 — Eq)h = F((1 — Eq)h, g) = ng = 0; 


so R,(1—E,) =0. 
Thus for every / in the domain of R,, 
AR,h = (A, + (1 — Eo) — = AiR,h = AiF(h, g) 


F(fi, F(h, g)) = FF(f, h), g) RF (fi, h) R,Aih 
= R,(Ai+ (1 — Eo)B(l — = 


Hence AR, ¢ R,A. Since this is true also for A*, we see that R, » M’. 

Proof of (b). Since E, is the projection on the closure of %o, 1—E; is the 
projection on the zero’s of R,; hence R,(1—£,) =0 or R,=R,E:. From (a) 
above, we see that R,E,=R, n M’. Now R, has domain dense. Hence if 
R,=R,E, is bounded, it has a closed extension [R,| « M’. Furthermore, 


[Ro] [R,E:] [Ro JE Eo[Ro]. 


Let R be in M’ and such that RE, =R=E)R. Let g=R/,. Then g=EoRfo 
or g is in the range of Eo. Hence Fy(Eofo, g) = Eng =g. Consider R,. Forf e A, 
we have 

Rof = RoTsfo = RoTjEof = T;R,Eof = TjFu(Eof, g) 
= = Tyg = T;Rfo = RT sfo = Rf, 

using the fact that R, commutes with 7; and that 7;=7;Eo. Hence R is an 
extension of R, and R, is bounded. Since the domain of R, is dense, R= [R,]. 
Thus the set of [R,] includes the set of elements of M’, for which R= RE; 


= ER. The results of the previous paragraph now show that these two sets 
are equal. 


Coro.iary 1. R, is bounded for a dense linear set D of g’s. 
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Let us denote by Do, the set of g’s in the form Afo, A e M’. Since Misa 
ring, Theorem 12 now states that Do is dense in the range of Ey and 
Afo=EvAfo. But Ey is in M’, and Lemma 8.4 implies that EZ, is in M’. Thus 
if A is in M’, E,AE, is in M’. Also since fo is in %o, Exfo=fo. Hence 
E,A Ei fo= EvAfo=Afo. So if g is in Do and g=Afo, A M’, we can sup- 
pose that A = =AE,. 

Theorem 15, (b) now implies that A = [R,]; so R, is bounded for g e Do. 
Furthermore, if g is in the range of 1— Ey and f e A, then 


Rof = F(f, g) = Tyg = — Eo)g = TEo(1 — = 0. 


Since % is dense, [R,]=0. Thus R, is bounded if g=gi+ge, g: © Do, ge in the 
range of 1— Zp. Denote the set of such g’s by D. Since Dp is dense in the range 
of Ey, D is dense. 

For g e D, we may suppose that Fx(f, g) is defined for all f. For this exten- 
sion Fy (f, g) we have the following corollaries: 


Coro.iary 2. If D is as in the proof of Corollary 1, and f and g are in D, 
then Fx (f, g) is in D. 


Let f=fitfe, g=gitge, fi: and g: e Do, fe and ge in the range of 1— Eo. By 
Lemma 8.2, T;,=0. Since we also have Tyg. =7;(1 —Eo)g: =0, 


Fu(f, g) = Fu(f, + g2) = Fu(f, g1) = Fu(fi + fe, = Fu(fi, 81). 
Let R;, =A, R,,=B. Then 
Fu(f, g) = Fu(fi, 1) = Bh = BAfo. 
Since A and B are in M’, BA isin M’. Also 
BA = (E,B)-A = E,(BA), BA = B(AE;) = (BA)E}. 


Thus BA is an R; by Theorem 15, (b). Furthermore, the proof of Theorem 15, 
(b) shows that since Fu(f, g)=BAfo, BA =Rryy). Hence Fa(f, g) is in Do, 
which is included in D. 


Coro.iary 3. The set of R,’s, g © Do, is closed in the strong topology. 


Proof. M’ is closed in the strong topology; hence the set of A’s of M’ for 
which A = AE,=E,A is also closed in the strong topology. Theorem 15, (b) 
now yields the corollary. 

Suppose, for the moment, that Definition 6.1 had been defined with re- 
spect to the second variable of Fu(f,g) rather than the first. Corollary 1 is 
then the statement that conditions (a) and (b) are fulfilled by the extension 
of Fy, and Corollary 2 is the same with respect to (c). Condition (d) is sym- 
metric in the two variables. Fy thus satisfies Definition 6.1 in the new form. 
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Corollary 3 carries the topological closure property of the 7;’s over to 
the R,’s. We next discuss closure with respect to adjoints for the R,’s. 


CoroLiary 4. The set of R,’s is such that for every g e D there exists a g* such 
that [R,+«|=[R,]*, if and only if Eyx=E,. 

Suppose that for every g e D there exists a g* such that [R,+]=.[R,]*. 
Then, since for a closed bounded T we have T7**=T7, every [R,] is the ad- 
joint of a transformation [R,+]. Now 


[Ro*]* = = = = £,[R,*]*. 


Since [R,] = [R,+]*, we have [R,]=E,[R, ]. 

In the first paragraph of the proof of Corollary 1 of this section, it is’ 
shown that if, for an element f, f=Afo with A in M, then A may be chosen 
so that A =E,A =AE,. Hence by Theorem 15, (b), A=[R,] for some g. So 
if f=Afo, A e M’, then f=[R,]fo. Hence 


Messe = [{Afo, M’}] = [{[Ro]fo, geD}] = Ifo, geD}] 
= E,[{[Rolfo; ¢eD}] = 


Theorem 12 states that M¥",, is the range of Eo. Thus Mz, ,, implies 
E, 2 Ey. Since we also have E, S Ey, we have E,= Eo. Thus if for every g e D 
there exists a g* D such that [R,+] =[R,]*, then = Ep. 

The converse of this result is given immediately by Theorem 15, (b). 

The results of this section show that for regular associative bilinear trans- 
formations, Fy(f, g), the properties of the two variables are the same if and 
only if However if = this symmetry extends even further since 
the ring consisting of transformations in the form E,A E,, A e M’, is related to 
the second variable as M is to the first in Definition 9.1. 

12. In the special case of a regular associative bilinear transformation in 
which the 7; commute, that is, F(f, g)=F(g, f), f and g e Mo, closure for 
strongly convergent sequences is equivalent to strong closure (cf. [9], III, 
§1, p. 398). The known analyses of self-adjoint operators and abelian rings 
then permit us to obtain more specific results. 

THEOREM 16. Let F be a regular associative bilinear transformation closed 
with respect to strongly convergent sequences and adjoints. Furthermore, let 
F(f, g) =F (g, f) for f and g e Mo (cf. Corollary 1 of Theorem 11). Let Eo, E:, and 
fo be as in §§7 and 8. Then 

(a) M is generated by a self-adjoint transformation 


H rd E(d); 
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(b) if u(A) =|| E(A)foll2, there exists a sequence, finite or infinite, of u-measur- 
able sets, Si, S2, , Si:2S22S;2 ---, such that may be realized as 
HoPHi:PH2B --- (cf. [14], Theorems 1.26 and 1.27), where So corresponds 
to the elements in the range of 1— E> and §; is the space of u-summable squared 
functions defined on S;; 

(c) E, is the projection on the set of elements in the form {0, ¢:(d), 0, -- - }, 
Mo the subset of these for which o,(d) is essentially bounded, fy that one of these 
elements for which o,(A) =1; 

(d) the relations 


and 
f 


are satisfied ; 


(e) if f= {0, di(A), 0, see } is in No, then f* = {0, m(A), 0, “ie, }. 


Proof. M is, as we have seen above, an abelian ring, and this (cf. [9], III, 
§2, pp. 401-404) implies (a). We now apply the analysis of [14] (chap. 7, 
§2) to H considered only on the range of Ey. We do not , however, distinguish 
between the point and continuous spectrum, the point spectrum representing 
merely discontinuities of the p;(A). Since for E e M, Ef>=0 implies E=0, we 
may take p:(A) =u(A). We obtain a sequence of functions of bounded varia- 
tion pif-pe&p3& --- , such that we can express the range of Ep in the form 
$18 H208H30 --- where §; is the space whose inner product is 


c c d i 
f = f 


Now if S; is the set on which dp;/dp,; #0 and if, to the element ¢(A) in this 
realization, we make = ¢(A) (dp;/dp;)*/? correspond, we see that may also 
be realized as the space whose inner product is /s,’(A)@’(A)dp:. We have es- 
sentially, except for the sets of u-measure zero, $: 3 S:>S5;> ---, and this 
completes the proof of (b). 

The above process has already identified $, with Nt, and the remaining 
statements are immediate consequences of the operational calculus (cf. [14], 
chap. 6, or [10]). 

Examples. We present here five examples. 

EXAMPLE 1. We give first an example of a bilinear transformation whose 
domain is completely linear but not rectangular. Let {¢;} be an orthonormal 
set containing at least two elements. Let F(kq:, 16;) =kid; for each 7. As to 
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when F(f, 0) and F(0, g) are defined, consult the remark following Definition 
1.2. Then F(f, g) is defined and not zero only if g=/9; for some / and 7 and 
then only for f’s in the form #¢;. For each such g it is obviously linear. A 
similar statement holds for f. 

Now the domain of F is completely linear. For let f®g be such that 
As in §1, Lemma 1.1 above, we see that 
Hence 


t=1 t=1 j=1 
i=1 j=1 

Since the ¢,,@¢@,, are mutually orthogonal, it follows that the matrix (,4;,;), 
(i, 7=1,---, m), must equal the matrix (cid;), (¢, 7=1,--- , m). Since the 
latter matrix is of rank at most one, the former is also, which means that at 
most one of \,’s is not zero. Hence f@g=0 or f@g=Ai62,@¢n,, and in either 
case f@g is in the domain of F. 

Since $:,@¢; and ¢2@q@z are in the domain of F but ¢:@¢@: is not, F does 
not have a rectangular domain. 

EXAMPLE 2. We give an example of a bilinear transformation which is not 
completely linear. Let ¢1, ¢2, ¢2:, ¢4 be four orthonormal elements. Let, for 

+ 702), Uda — (1/r)$2)) = + + — 
and also 
F(k¢1, = F (koe, = kids. 


The proof that F is bilinear is similar to that given for Example 1. 
If we take r=1 and r= —1, then we have, respectively, 


F(¢1 + $2, 1 — $2) = $1, F(¢1 — $2, 61 + $2) = 4. 
We also notice that 
(1 + $2) @ — $2) = (G1 — $2) (1 + $2) + 262 $1 — 261 @ oo. 
But 


+ $2, 61 — $2) = G4 + 263 — 2¢2 
= F($1 — $2, 61 + $2) + 2F $1) — 2F (di, $2)- 


It should also be noticed, however, that the domain of F is completely 
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linear. For if f@g 0 is a linear combination of elements of the domain of F, 
one readily sees that it must be in the form 


f @ g = Abi @ — $2 @ + @ G2 + @ $1 


for some constants X, yw, and v. As in the argument given in Example 1, this 
implies that the determinant —\?—yv=0. Now if X is zero, either yu or v is 
zero and f{@g=v¢:@¢: or f@®g=udi@dz; hence f@g is in the domain of F. 
If, however, \ is not zero, it may be taken as 1, and then py = —1. Now if we 
let 7 =p, then y= —1/7 and 


f@g = (¢1 + — (1/7) 


This also is in the domain of F. 

EXAMPLE 3. We give an example of an F and F, related as in Definition 
5.2, in which F is closed with a rectangular or even a rectangular symmetric 
domain for which F is nevertheless a proper extension of F. 

We begin as follows. Let {¢;}, ({=0, 1, 2,---), {vs}, G=0, 1, 2,---), 
{x:.;}, (i, 7=1, 2, - -- ), be three infinite orthonormal sets of elements. Let a 
transformation T’’ from $@ to © be defined by the equations 


(1) T" (go + (1/n)on) (Wo + (1/m)pm) = — m)? + 1)xXn,m, 


for n, m=1,2,---. 
Let T’ be the least linear extension of T’’. (The existence of T’ is easily 
demonstrated since the 


(G0 + (1/)dn) @ (Yo + (1/m)pm) 


are linearly independent.) Let F’ be the bilinear transformation associated 
with 7’ as in Theorem 5 above. Let F be the closure of F’. 


We show that 7” is closable. Let w:, w:, - - - be a sequence in the domain 
of 7’, such that w;-w and ¢;=7'w;-0 Then 
(2) 
ii 


where for some pair ” and m, Sn.m70. Now since w, is in the domain of T’, 


YD + (1/86) @ Yo + 


i=1 j=l 


(3) 


ll 


and 
Ne Ne 


on = Tron = pu — f)? + 


t=1 j=l 


Now since =lim;...¢%, 


Ny N 
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= (8, Xnom) = Tim = lim pr.m((n — m)? + 1). 


Thus 
(k) Sn,m 
4 li = 
(n — m)?+ 1 
On the other hand, 


(Go + (1/i)b:) @ + bn @ Ym) = 
for n and m=1. With (3), this implies 


(cor, $n @ bm) = (1/n-m) pom. 


Since w=lim;,...w:, (4) now implies (w, ¢,.@¢m)~0. Hence w+0. Thus if 
{w, o} is a pair in the closure of the graph of 7’, then ¢~0 implies w¥0. 
Hence closure is the graph of a transformation or [7’| exists. 

Let F be related to [T’] as in Theorem 5. 

We now wish to discuss F, the closure of F’, and, in particular, its domain. 
To do this, we define Fy as the bilinear transformation whose domain con- 
sists of pairs f@g in the form 


and for which 


(5) D| ai | 6; — + 1)? < 


t=1 j=1 


and which is defined by the equation 


(6) Fo(f, 8) = — + 1)xi. 

j=1 i=l 
If either f or g is zero, we simply demand that the other be in the manifold 
determined by the y’s or ¢’s, respectively. It is easily seen that for f and g, 
both not zero (5) is equivalent to 


(7) Dl alit<0, 

i=1 j=1 
These last conditions also insure that for f and g both not zero f shall be in 
the form >>. ,a:(¢0+(1/i)¢;) since for this it is sufficient that }-#,a; exist 
and that >>;.,| a;|2/i2< ©. The second condition is trivial, and the first fol- 
lows from the fact that 
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(Lake) 


Now F, is closed. For suppose a sequence {,@g,—f@g for which 
Fo(fn, gn) —h. If g=0, then f,®g,—0, and by a proper choice of \,, we can 
let =Anfny g=(1/An)gn in such a way that while Fo(f, , g) =Fo(fn, gn) rh, 
we also have both f,—0 and g,/ -0. Thence a/™-—0, b/ ™—0, and (6) then 
implies that (h, x;,;) =0 for every i and j and hence that /=0. But obviously 
F,(f, 0) =0. A similar argument will apply if f=0. 

Now if neither f nor g is 0, then we can find sequences f,, and g,’ such 
that gf og with Fo(f. , ) =Fo( fn, £n) ~h. These results and (6) for f,/ 
and g,, yield that 


= aib((i — 7)? + 1). 


Hence (5) holds for f@g, and, furthermore, when we form F,(f, g) by (6), we 
get Fo(f, g) =h. 

Now F, is obviously an extension of F’, and since it is closed it must be an 
extension of the closure of F’; that is, F. But, on the other hand, if Fo(f, g) =k, 
then by taking partial sums in the expressions for f and g, given above, we see 
that {f@g, h} is the limit of the pairs {f,@g,, 4n}, where F’(fx, gn) =hn. This 
implies that Fp is included in F. Thus we have F =F». 

Now condition (7) above implies that the domain of F is rectangular 
(Definition 1.5); hence, by Theorem 6, F is completely linear. Now let 
Tf®g=F(f, g) as in Theorem 4. Furthermore F=F,j is closed. If ¢;=yi, 
the domain is even symmetric. 

To show our statement then, it remains only to prove that (a) F and F 
are related as in Definition 5.2 and (b) F is a proper extension of F. 

(a) follows from the fact that since F is the closure of F’, [1(§’) ] = [1( §) ] 
and hence [7] =[T’]. 

To prove (b), we note first that ¢o.@yo=f is not in the domain of F = Fy. 
For otherwise we would have that 


do = ( go+ (a;/i)¢; 
i=1 i=1 
or a;=0 for every i and >> ,a;=1. 


But, on the other hand, assume 


= (bo + (1/10) @ Wo + HOS. 


t=1 


Then we obtain the relation 
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2 


— fll? = | (1/n)(bo + @ (Yo + — b0 Yo 


t=1 


2 


((1/ni)d: wo + (1/ni)do @ Wi + yi) 


(2/n2i? + 1/itn2) = + 1/i') 


i=1 i=1 


— 0. 


Also by (1) above, we obtain 


n 2 


i=1 


= >) (1/n?) = 1/n = 0. 
i=1 

Hence f,—¢0@wWo, T’f,—0. Thus since 7’ has a closure, we have [T ]¢@o@yo 
= [T’ This implies that F(¢o, Yo) exists. Since F(¢o, does not, 
we have shown (b). 

EXxamPLe 4. Let F(f, g)=f, Jg)h, where (,) denotes the inner product, 
J is a conjugation (cf. [14], pp. 357-365), is some fixed element, and f and g 
are any two elements. Then F is easily seen to be bounded, bilinear, and with 
domain all f@g. Thus F is completely linear by Theorem 6. Let T be related 
to F, as in Theorem 4. 

But F is not hyperclosable. For if we let ¢:, ¢2, - - -_ be an infinite ortho- 
normal set, then if f, Tf, =h and f,—0. Thus T has no 
closed extension. 


=| 
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